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Preface

devised to help develop more aspirant-friendly engineering entrance tests, the need to standardize the selection pro-

cesses and their outcomes at the national level has always been felt. A combined national-leyel engineering entrance
examination has finally been proposed by the Ministry of Human Resource Development, Goverriment of India. The Joint
Entrance Examination (JEE) to India’s prestigious engineering institutions (IITs, NITs, ITITs, ISM; HSERS and other engineer-
ing colleges) aims to serve as a common national-level engineering entrance test, thereby el:minanng the need for aspiring
engineers to sit through multiple entrance tests.
While the methodology and scope of an engineering entrance test are prone to change, fhere are two basic objectives that any
test needs to serve:

‘ ) J hile the paper-setting pattern and assessment methodology have been revised many times over and newer criteria

1. The objective to test an aspirant’s caliber, aptitude, and attitude for the engineering field and profession.

2. The need to test an aspirant’s grasp and understanding of the concepts of the subjeets of study and their applicability at the
grassroots level.

Students appearing for various engineering entrance examinations cannot bank solely on conventional shortcut measures
to crack the entrance examination. Conventional techniques alone.are not enough as most of the questions asked in the ex-
amination are based on concepts rather than on just formulae. Henee, it is necessary for students appearing for joint entrance
examination to not only gain a thorough knowledge and understanding. of the concepts but also develop problem-solving skills
to be able to relate their understanding of the subject to real-life app]rcations based on these concepts.

This series of books is designed to help students to get an all-round grasp of the subject so as to be able to make its useful
application in all its contexts. It uses a right mix of fiindamental principles and concepts, illustrations which highlight the ap-
plication of these concepls, and exercises for praetice, The objective of each book in this series is to help students develop their
problem-solving skills/accuracy, the ability to reachthe crux of the matter, and the speed to get answers in limited time. These
books feature all types of problems asked in the examination—be it MCQs (one or more than one correct), assertion-reason
type, matching column type, comprehension type, or integer type questions. These problems have skillfully been set to help
students develop a sound problem-solying fhethodology.

Not discounting the need forskilled and guided practice, the material in the books has been enriched with a number of
fully solved concept application exercises so that every step in learning is ensured for the understanding and application of the
subject. This whole series’ofbooks adopts a multi-faceted approach to mastering concepts by including a variety of exercises
asked in the examination. A mix of questions helps stimulate and strengthen multi-dimensional problem-solving skills in an
aspirant.

[t is imperative to note that this book would be as profound and useful as you want it to be. Therefore, in order to get maxi-
mum benefit from this book, we recommend the following study plan for each chapter.

Step 1: Go through the entire opening discussion about the fundamentals and concepts.

Step 2: After learning the theory/concept, follow the illustrative examples to get an understanding of the theory/concept.

Overall the whole content of the book is an amalgamation of the theme of mathematics with ahead-of-time problems,
which equips the students with the knowledge of the field and paves a confident path for them to accomplish success in the
JEE.

With best wishes!

GHANSHYAM TEWANI



1.2 Coordinate Geometry

COORDINATE GEOMETRY

The coordination of algebra and geometry is called coordinate
geometry. Historically, coordinates were introduced to help
geometry. And so well did they do this job that the very
identity of geometry was changed. The word ‘geometry’ today
generally means coordinate geometry.

In coordinate geometry, all the properties of geometrical
figures are studied with the help of algebraic equations.
Students should note that the object of coordinate geometry
is to use some known facts about a curve in order to obtain
its equation and then deduce other properties of the curve
from the equation so obtained. For this purpose, we require
a coordinate system. There are various types of coordinate
systerms present in two dimensions e.g., rectangular, oblique,
polar, triangular system, ctc. Here, we will only discuss
rectangular coordinate system in detail.

Cartesian Coordinates

Let X' OX and ¥'OY be two fixed straight lines at right angles.
X 0X is called axis of x and ¥'OY is called axis of y, and O is
named as origin. From any point ‘P’, a line is drawn parallel
to OY. The directed line OM = x and MP = y. Here, OM is
abscissa and MP is ordinate of the point ‘P’. The abscissa
OM and the ordinate MP together written as (x, y) are called
coordinates of point ‘P’, Here, (x, y) is an ordered pair of real
numbers x and y, which determine the position of point ‘P’

Since X'OX is perpendicular to Y'OY, this system
of representation is called rectangular (or orthogonal)
coordinate system (Fig. 1.1(a)).

When the axes coordinates X'OX and Y'OY aretnot at
right angles, they are said to be oblique axes.

Y
&
N .
X'+ ) M > X AY
I 1
¥ Xe X
(a) @
111 v
vY
(b)
Fig. 1.1

The axes of rectangular coordinate system divide the
plane into four infinite regions, called quadrants, each bounded
by two half-axes. These are numbered from 1st to 4th and
denoted by roman numerals (Fig. 1.1 (b)). The signs of the
two coordinates are given below:

. x y
First quadrant + +
Second quadrant - +
Third quadrant - -
Fourth guadrant =+ -

Lattice point- (with respect is coordinate geometry):
Lattice point is defined as a point whose abscissa and ordinate
are integers.

DISTANCE FORMULA

The distance between tw points P(x, y)) and O(x, y,)
is given by

POIS \(x, —x )+ 07, ~ 7))’

Oxs, »1)

Fig. 1.2
Therefore, distance of (x,, ,) from origin = X+

Note:

« If distance between two poinis is given, then use
=+ §ign. .
* Distance between (x, 0) and (x,, 0) is |x — x,|.

* Distance between (0, y,) and (0, y,) is [y, = y,}.

* Circumcentre P(x, y) is a point which is equidistant
from the vertices of triangle A(x, y), B(x,, y,)
Clx,, y,)-

Hence, AP = BP = CP, which gives two egquations in
x and y, solving which we get circumcentre.

In AABC, prove that AB* + AC -
=12 (40" + BO", where O is the middle point of BC.

Example 1.1



Sol.
¥
Ala, f)
(—k, 0) o0, 0) Clk, )
Fig. 1.3

We take O as the origin and OC and OY as the x-and y-axes,
respectively.

Let
Let
Now L.H.S.

BC =2k, then B= (- k, 0), C = (k, 0).
A= (as ﬁ)

= AB*+4C° ‘
=@+B+ B0y + @~k +( -0y
=a’ + K+ 2ak+f + &* + I 2ak+ B
=2a*+ 287+ 2k
=2@*+B*+ 1)

and R.H.S
=2(40" + BOY)
= 2[(a~0)*+(B — 0)*+(=k—0)*+(0 - 0)]
=2(a* + B 1Y

L.HS. =RHS.

Find the coordinates of the-circumeentre

of the triangle whose vertices are A(5, —1),.B(-1,'5), and
C(6, 6). Find its radius also. '

Sol.

A5,51)

Fig. 1.4
Let circumcentre be O(x, y), then
(0A4)" = (OB)*=(0C)*=(radius)’= R* (i)
= G-+ + 1P =@+ +@-5)7
=(x—-6)+(y—6)

Straight Lines 1.3

Taking first two relations, we get

x=5P+@+ 1Y =@+ 1)+ (-5

= xX=y (ii)
Taking last two relations, we get

G+ 1Y+ -5 = -6+ -6)
= x+1P+E-57=@-6P+(x-6)° [from (ii)]

= 2 - 8x+26 = 2x* — 24x + 72
x=23/8
= Circumcentre = (23/8, 23/8)

= R = (=57t By 1= (047
= = [(2378)= ST [(23/8) + 1T
= (- 17%(64) + (31)/(64)
= 1250/64
= ‘Radius = 25v2/8 units

[STITEER  Two, points O(0, 0) and A(3, 3) with
anuther__ggi;]t-? form an equilateral triangle. Find the
coordinates of P.

Sol. Let the coordinates of P be (h, k).

P(h, k)
0(0, 0) i AGAB)
Fig. 1.5

04 = OP=AP or O4* = OP* = AP*

o4* = OP
= 12 =K+ K (i)
and OP* = AP
=5 B+ = (h—3) + (k-3
= 3h+\Bk=60rh=2—-kN3 (i)

Using Eq. (ii) in Eq. (i), we get
(2-kNBY +E =120t ¥ — VBk—-6=0

or (k—2v3) (k+V3)=0
; k=2v3or—\3



1.4 Coordinate Geometry

From Eq. (ii), we get that Proof:
when k=23,h=0, P e
when k=-\3,h=3 A

Hence, the coordinates of P are
€0,2v3) or (3, —\3)
e NS If O is the origin and if coordinates of any
two points 0 , and @, are (x,, y)) and (x,, y,), respectively,
prove that 0Q, . 00, cos L0, 00,=xx,+y 7y,
Sol. b0

Y4

Cly, 33)

Fig. 1.7

(i 3) Let ABC be a triangle whose vertices are A(x , ¥ ), B(x,, y,),
and C’(xi, ¥,)- Draw AL, BM, and CN as perpendiculars from
A, B, and C on the x-axis. Clearly, ABML, ALNC and BMNC

O4x:, y2) are all trapeziums.
We have, "

0 »X " Area of A ABC = Area of trapezium 4BML + Area of

trapezium ALNC — Area of trapezium BMNC

Fig. 1.6 L 9 1
I AQ20Q1, - = Areaof AABC= .2-_(_BM:P ALY (ML) + 3 (AL + CN) (LN)

0,0,=00; +0Q, ~ J(BM 1 CN) (@N)
-200Q,0Q, cos £0 00,

=(x,~x Y+ 0y =y = @)+ (45D =2 ) 300 ) G- x)

-200, 0Q, c0s£Q,00, _ % 0, +2) (6, —x)
(using cosine Rule) ol 'i:'. o " ]
= xx,+yy, =00, 00, cos 0,00, f{ PRI RO
) ) N, fx, ¥ 11
1l Let A4 = (3, 4) and B is a variable point on _1] x: J"i i
the lines |x| = 6. If AB < 4, then the number of position.of AT
B with integral coordinates is
4 8 3, Note:
S d. 10 «  Area of a triangle can also be found by easy method,
ie. i thod.
Sol. B= (%6, ). So, AB< 4 i.e., Stair metho.
=  (BF6;+(y-4"<ab 1 H
; 9+ (y A4y’ < 16, a=1[2 72
(- 81+ (y — 4)2 2,16 is absurd) *3 s
2 o NN
= y—-8+9<0 :
P 4T sys4+\7 =§|{(x]y2+x2};3+x3yi)—(ylx2+y2x3+y3x|)}|
: . ' « [f three points A, B, and C are collinear, then area of
t 1 ; ?
FEy IR A DIRRSS triangle ABC is zero.
== y=2,3,4,56 « Sign of area: If the points A, B, C are plotted in
two-dimensional plane and taken on the anticlockwise
AREA OF A TRIANGLE sense, then the avea calculated of the triangle ABC will

be positive, while if the points are taken in clockwise
sense, then the area calculated will be negative. But, if
- _ the points are taken arbitrarily, then the area calculated
T3 may be positive or negative, the numerical value being
1 the same in both cases. In case, the area calculated is
L - + - + = i . . i
2 h’l (yz B4 1) * (ys Y I) *3 (yl Y 2) ] negative, we will consider it as positive.

The arca of a triangle, whose vertices are (x , ), (X, ,)» and



Area of Polygon

The area of polygon whose vertices are xp 7)) %, pAR
(e Y3)oa (x,, 9 i

=S, = xp) + e, —xp) + o0+ ey, —x )

Stair Method

Repeat first coordinates one time in last for down arrow use’

+ ve sign and for up arrow use — ve sign,
i B
e

1 X N
Area of polygon = 2 s

xﬂ yﬂ

4 K
1

=H 10, b bt a0 b oty )

Note:

Points should be taken in cyclic order in coordinate plane.

Eanipie L

Find the area of a triangle whose vertices
are A(3, 2), B(11, 8), and C(8, 12).

Sol. Let 4 = (x,, y) = (3, 2), B(x,, y) = (11, 8), and &=

(“:3! y3) = (S, [2)
Then, area of A ABC

=%[{x| (yz—y3)+x2 0, =») +x, 0’1 _yz-w
=213@-12)+ 11(12-2) +8 2 )|
=21~ 12+110-48}|

= 25 sq. units

Prove that the area of the triangle whose

vertices are (£,7—2), (¢ +2, 1+ 2), and (¢ + 3, £) is independent
of 7.

Sol. Let4 = (xl,yi) =(t,t-2),B= (xz,yz) =(t+2,t+2),and
C=(x,,»,) = (1+3, 1) be the vertices of the given triangle.

Then, area of A ABC

=315, 0,=3) 2,0, =3) + 5,0, -y}

=S+ 2=+ ((+D) (=t +2) + (+3) ((—2 1
- 2)}]

Straight Lines 1.5

~ 2 [{20+26+4 41~ 12} | =| - 4| = 4 sq. units.

Clearly, area of A ABC is independent of r.

Example 1.8
whose vertices are respectively A(1, 1), B(7,-3), (12, 2), and
D(7,21).

Find the area of the quadrilateral ABCD

Sol. Here, given points are in cyclic order, then

E

. 7 =3

Area = 3 12, 2
7 21

| T |

= % I3~ 7) +.14 +36) +(252= 14) + (7 -21)|
= 132 sq. units,
For ‘what value of k are the points
(ks 2 — 2K), (- k +1,2k) and (- 4 — k, 6 — 2k) are collinear?
Sol. Let three given points be A = (x, ) =(k, 2 - 26), B=(x,,»,)
=(~k+1,2k), adC=(x,, y,) =(~ 4~k 6 - 26).
If the given points are collinear, then A =0
2 00, )t -y) X, 0,-y)=0
e K2k — 6 +2k) + (- k+ 1) (6 — 2k ~2 +2k)
+(~4-k) (2-2k-20)=0
= k(4k—6)—4 (k— 1)+ (4 +k) (4k—2)=0
4% — 6k — 4k + 4+ 4k + 14k -8 = 0

Example 1.9

—

=5 8K +4k-4=0

= W+k-1=0

= k-1 (k+1)=0

= k=1/20r-1

Hence, the given points are collinear fork= 1/2 or — 1.

mplé 110 If the vertices of a triangle have rational

coordinates, then prove that the triangle cannot be
equilateral.

Sol. Let Ax, y,), B(x,, ¥,), and C(x,, ;) be the vertices of a

triangle ABC, where x,,i=1,2,3 are rational. Then, the area
of A ABC is given by

A= 3 [x,0,-3)+x, 0,y x, 0, )]

= arational number {7 x,y are rational]

If possible, let the triangle 4BC be an equilateral triangle,
then its area i$ given by

A= i} (side)’ = l? (4B)’ (4B =BC=CA)



1.6 Coordinate Geometry

= -{} (a rational number) [ vertices are rational
. AB’ is a rational]
= an irrational number
T his is a contradication to the fact that the area is a rational
number. Hence, the triangle cannot be equilateral.

b 1 (MIWEE If the coordinates of two points 4 and

Bare (3,4) and (5, - 2), respectively. Find the coordinates of
any point P if P4 = PB and area of A PAB = 10 sq. units.

Sol. Let the coordinates of P be (x, y). Then, P4 = PB.

=5 P4* = PB?
= (-3P+@—47=@-5+@p+2)
=5 x-3y-1=0 (i)
Now, area of A PAB = 10 sq. units
x: H 1
—-3 3 3 4 1’=t10
5-21
=5 6x+2y-26=%20
= 6x+2y—46 =0
or 6x+2y—-6=0
=5 3x+y-23=00r3x+y-3=0 (i)
Solvingx—3y—-1=0and3x+y-23=0, we getx=17,
y=2
Solvingx—3y—1=0and 3x+y -3 =0, we getx = I,
y=0

Thus, the coordinates of P are (7, 2) or (1, 0).

PH Given that P(3, 1), O(6, 5), and R(x, y)

are three points such that the angle PRQ is.a right angle
and the area of ARQP = 7, then find the pumber of such
points R.

Sol. Obviously, R lies on the circle with PandQ as end points
of diameter. '

Fig. 1.8

Distance between points P(3, 1) and Q(6, 5) is 5 units.
Hence, radius is 2.5 units

Area of triangle PQR =5 RM x PQ =17 (given)

= RM=%=2.8

Now the value of RM cannot be greater than the radius.

Hence. no such triangle is possible.

SECTION FORMULA
Formula for Internal Division
Coordinates of thé point that divides the line segment

joining the points (x, y,) and (x,, ) internally in the ratio
m : n are given by

mx, + mcl
= "m+tn
my, + 1w,
Y= Tt
Proof:
Y.IL
B(x,, ¥2)
H
(x, M E
K
(x,y) ™
A H
X'« » X
0 7 N M
vy’
Fig. 1.9
From the figure,

Clearly, A AHP and A PKB are similar.

. AP _ AH _PH
BP PK BK
m_ X% ¥=¥
= B % ¥
Now,
sz—xl
nT XX
=5 MX, = mx = nx — nx,
Jnmc2+h'):I
s x=—tt
y—=x
Similarly 255



= my, —imy:=ny—ny,
my2+ny|
== Y= "mFn

mx, +nx, ’ my,+ ny, )

2
m+n m+n

Thus, the coordinates of P are (

Formula for External Division

Coordinates of the point that divides the line segment joining
the points (x,, y ) and (x,, y,) externally in the ratio m: n are
given by

mx, — "y, ~ ",
X="m-n Y= "m-n
Proof:
L& P(x,y)
B(x,, y, K
(s 32)
A H
¢ »X
= (0] L M N
1I"Y‘
Fig. 1.10
From the figure,
Cleaﬂy, triangles PAH and PBK are similar. Therefors;e'_,
AP _ AH _ PH
PB BK PK
- m_ X —xl ¥y —y1
7oX-X, Vi .
Now,
X=X,
noX=E
- mx — mg = hx — e,
mx;—nx,
= Y =—p—F
and
m_ YV,
n ¥ y2
= my = my, =ny—ny,
my, —=ny,
= Y=—m=n_

mx, — nx, myz—nyl)
“m-n '~ m—-#n I

Thus, the coordinates of P are (

Straight Lines 1.7

Note:

o [fthe ratio, in which a given line segment is divided, is to
be determined, then sometimes, for convenience (instead
of taking the ratio m:n), we take the ratio A: 1 and apply

A, +x Ay +y,

A+l 7 A+1 )

If the value of A turns.out to be positive, it is an internal

division, otherwise it is an external division.
tx oty

'+ The midpoint -:)f(Jr],yl).a.wm'(xz,y2 is( 5t )

the formula for internal division(

» Toprove that A, B, C, D are vertices of

Show that diagonals AC and BD bisect
each other

Parallelogram

Show that diagenals AC and BD bisect
each other and adjacent sides AB and BC
are equal = _ "

Show that diagonals AC and BD are
equal and bisect each other and adjacent
‘sides AB and BC are equal

| Show that diagonals AC and BD are

| equal and bisect each other

Rhombus

Square

-Rectangle

_ 151':1_3:_ Find the coordinates of the point which
divides the line segments joining the points (6, 3) and

(-—4,5)in the ratio 3 : 2 (i) internally and (ii) externally.
S0l Let P (x, y) be the required point.

i. For internal division, we have

3 . 3
A(6,3) Per.y)  B(-4.9)
Fig. 1.11
 3(=4)+2(6)
*=T3+%3
3(5) + 2(3)
and Y=—73%3
=% x=0andy=21/5

So the coordinates of P are (0, 21/5).

ii. For external division, we have

v
(Y]
r

v

24

A63) 4.5 P(x, y)

Fig. 1.12
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_3=4-2(6)
N =
3(5) - 2(3)
and LR
= x=-24andy=9

So the coordinates of P are (— 24, 9).

el CEBER In what ratio does the x-axis divide the
line ségment joining the points (2, — 3) and (5, 6)?

Sol. Let the required ratio be A:1.

Then, the coordinates of the point of division are
[(54+2)/ A -1), (64 -3)/(A +1)]

But, it is a point on x-axis on which y-coordinates of
every point is zero.

=  (6A-3)(A+1)=0

el
== 2_2

Thus, the required ratio is (1/2): 1or1:2

Given that A(1, 1) and B(2, - 3) are

two points and D is a point on AB produced such that
AD = 3A4B. Find the coordinates of D.

Sol. We have, AD = 34B. Therefore, BD = 248B.

AL4 B.3) B

Fig. 1.13
Thus, Ddivides AB externally in the ratio AD.: BD= 372

Hence, the coordinates of D are

(ﬂn—%USFQ—ﬂD
322 N Aa=0

]= 4, -1l

E\ampie (B3 Determine tiie ratio in which the line
3x +y — 9 =0 divides the ségment joining the points (1, 3)
and (2. 7).

Sol. Suppose the line 3x + y — 9 =0 divides the line segment
joining A(1, 3) and B(2, 7) in the ratio k : 1 at point C. Then,
the coordinates of C are

(2k+1,jk+3)
k+1 " k+1
But, Clieson3x+y—9= 0. Therefore,
2kt 1) Thk+l o
(5Tt ==
—=6k+3+7k+3-9%-9=10
-3
= k—4

So, the required ratio is 3 : 4 internally

Prove that the points (-2, — 1), (1, 0),

(4, 3), and (1, 2) are the vertices of a parallelogram. Is it a
rectangle?

Sol. Let the given points be 4, B, C, and D, respectively.
Then, the coordinates of the midpoint of 4C are

—2+4 —-1+3)_
(=54=72) -8
Coordinates of the midpoint of BD are

(5295 0.

Thus, AC and BD have the same midpoiﬁt,

Hence, ABCD is a parallelogram: -

Now, we shall see whether ABCD is a re¢tangle or not.
We have

ACNA- 2P +(B - 1)
= 2413,
and
BD = \(1-1+(0-2)*=2
Cleatly, AC# BD. So, ABCD is not a rectangle.

i el BN EE [f P divides OA internally in the ratio

Jl'l .:_'A_z and O divides OA externally in the ratio 21 :,11, then
prove that OA is the harmonic mean of OP and 0Q.

Sol.

0 * - 0
P A
Fig. 1.14
1 'll +'12
We have, P = W—
A=A
0
and OP ~ 7,04
Al o B
= oP Y00~ 04

= OP, OA and OQ are in H.P.

Example 1.19 OIS R Ay Ay A, ... A are n points
in a plane whose coordinates are (xl, yl), (xz, yz),...(x", »)
respectively. A A, is bisected at the point P , P A, is divided
in the ratio 1 : 2 at Pz, PzA , is divided in the ratio 1 : 3 at
Ps, PJA . is divided in the ratio 1 : 4 at P > and so on until all
n points are exhausted. Find the final point so obtained.



Straight Lines 1.9

Sol. The coordinates OfP ,(midpoint of 4 A,) are Coordinates of a points G dividing 4D in the ratio 2:1

X +Xx + are
('—'“l % i Bie yz) ¥, Ty Y, T
[1e+2(272), 100+2(272)

1+2 1+2

P2 divides P1 A 5 in 1 : 2; therefore, coordinates of Pz are

x1+x2 : )’|+J’2 24 (x|+x2+x3’yl+y2+},3)
2 2 X 2 2 Y, : 3 3

P 2+1
Xohx tx. yAp-ty
i.e ( - S 3)

Incentre of a Triangle

33 . : o
The peint of concurrency of the internal bisectors of the

Now P, divides P A, in1:3, therefore, angles of a triangle is called the incentre of the triangle.
The coordinates of the incentre of a triangle with vertices as
3 (xl + x2 +x3) . 3 0’1 + y2 +y3) 3 A(xl, yl)’ B(xz, }’2} and C(X], ys) are
7 - 3 *4 3 Y4 (m[-f- bx tex ay +by + cya)
3 3+1 ' 3+1 , s
; atb+c athtg
= [-4— G x HxER), ;}(yl +y, 0, +y) ] where a =BC, b=ACand C=48

o . Proof: Let A(x, y ), B{x -?z 5 C(x ,) be the vertices of
Proceeding in this manner, we can show that the coordinates e triangle 4 BC, and let a, byc be the lengths of the sides

of the final point are BC, CA, AB, respectively:
[Gx, %, + = +x )n, (7, +p, + -+ n] :

COORDINATES OF THE CENTROID, INCENTRE,
AND EX-CENTRES OF A TRIANGLE

Centroid of a Triangle

The point of concurrency of the medians of a triangle is called (., v,)B
the centroid of the triangle. The coordinates of the :,cmroié of c
the triangle with vertices as () (3 7,)4 and' (x yj} are
Fig. 1.16
) 2 The point at which the bisectors of the angles of a triangle
intersect is called the incentre of the triangle.

Clx,p)

(xl +x2+x3,yl Nty
3 3

Proof:
Let A(x . ), B(x,,»,), and C(’vc ) b W vertices of A ABC Let AL, BM, and CN be respectively the internal bisectors
? 21
whose meéians are f‘ID BE, and CF  tespectively. So D, E, Gt theangles. 4, Band G
and F are respectively the midpoint, of BC, CA, and AB. As AL bisects ZBAC internally, we have
A, 1) BL _ B4 _c :
X IC AC b (M)
II"‘I: }’:"‘)’«. xl"’x }’- y
(225 \NEF2 2 = e
E
= ég+ 1= —?.-r 1
B C LC+BL_ bte
(x5 ) (x_, f-?,‘ yz+_p!) x5 33) = BL -
P - BC_ bic
Fig. 1.15 BL i &
dinates of D a _obte
Coordinates of D are - BL =
(xzzxs,yzzys) = BL = bafc (i1)
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Since Bl is the bisector of ZB, so it divides A/L in the
ratio .4 1 : IL

Al_AB_ ¢ _b+c
IL BL  (ac)/(b+c) z
[Using (ii)]
= Al'IL= (b+c):a (iii)

From (i), L divides BC in theratioc : b
—> Coordinates of L are
(bxz +ex, ’ by2+cy3)
b+e b+e

From (iii), / divides AL in the ratio (b + ¢) : a. So the
coordinates of [ are

bx. +cx by +cy
(ax|+(b+c)(—b2+c 3),@|+(b+c)( b2+c 3))
a+b+e a+b+e

+
( ax, bx2 + x,
or

ay, -+ byz + oy, )
at+b+e

atb+c

Ex-centre of a Triangle

Let A(x, y)), B(x,, ,); Cx,, y,) be the vertices of the triangle
ABC, and let a, g, ¢ be the lengths of the sides BC, C4, 4B,

respectively. The circle which touches the side BC and the

other two sides 4B and AC produced is called the escribed
circle opposite to the angle 4. The bisectors of the external
angle B and C meet at a point Z, which is the centre of the
escribed circle opposite to the angle 4.

Fig. 1.17
Al ,
BL. i (btoy
IC- 50 I=-"1

The coordinates of /, are given by

—ax +bx,+cx, —ay|+by2+cy3)
—a+tb+e —a+b+c

Similarly, coordinates of I and /, (centres of escribed circles
opposite to the angles B and C, respectively). are given by

- (axl —bx, +cx, ay, ~by, + cy})
a-b+e ' a-btec

- (axl+bx2—cx3 ay, +by2—cy3)
atbh-¢c ’ atbh-c

Circumcentre of a Triangle

Circumcentre P(x, y) is a point which is equidistant from the
vertices of triangle A(x, y)), B(x,, y,), Clx,, y.).

Hence, 4P = BP = CP, which gives two equations in
xand y, t;olvmg which we get circumcentre.

Also circumcentre is given by

(xl sin 24 + X, sin 2B+ xa stC :
sin 24 + sin 2B + sm2C
yi:.'sm 24 +y, sin 2B+ y, sin ZC)
sin 24 + sin 2B + sin 2C

Orthocentre

The pomt o:f concurrency of the altitudes of a tnangle is called
theorthogentre of the triangle.
A (I e ])

E

(x, ¥,)B D Clx; ¥;)

Fig. 1.18
In Fig. 1.18, point H is an orthocentre of A4BC, and it is
given by
(xj tan 4 + xé tanB+x tanC y tand +y tanB+y, tan C)
tand +tan B +tanC  tand +tan B+tan C

Note:

»  Circumcentre O, Centroid G, and Orthocentre H of an
acute AABC are collinear. G divides OH in the ratio 1 : 2,
ie,0G:GH=1:2

* In an isosceles triangle, centroid, orthocentre, incentre,
and circumcentre lie on the same line. In an equilateral
triangle, all these four points coincide.

If a vertex of a triangle is (1, 1), and the

middle points of two sides passing through it are (-2, 3) and
(5, 2), then find the centroid and the incentre of the triangle.



Sol.
A(1, D)

(-2,3)E F(5,2)

(a, BB Cly, 6)

Fig. 1.19

Let E and F be the midpoints of 4B and AC.

Let the coordinates of B and C be (¢, ) and (y, 9),
respectively, then

lte o _1+8
w2 = 2 :3 2R
4y 144
S S inias T

a=-5p=5y=90=3

Therefore, coordinates of B and C are (-5, 5) and
(9, 3), respectively.

Then, centroid is

(524500 e 39)

and a=BC=\(-5-97+(5-3)=10\2
b=CA=1O-1)*+(3-1P =217
and  ¢=AB=\(1+5) (1-5) =813

Then incentre is

( 10V2(1) + 2VT7(- 5 #2413 %),
10VZ + 2917 + 2130 )

10V2(1) + 2V17(5) + 2@(3))
10v2 + 2417 + 2413

i e (S\E—Sxfl_+9wfﬁ,5ﬁ+5m+3vrl_§
52 +417+¥13  5¥2++17 +413

[RPFISHAR Find the orthocentre of the triangle whose
vertices are (0, 0), (3, 0), and (0, 4).

Sol. This is a right-angled (at origin) triangle, therefore
orthocentre = (0, 0).

Straight Lines 1.11

If the vertices P, 0, R of a triangle

Example 1.22

PQR'are rational points, which of the following points of
the triangle POR is (are) not necessarily rational?

a. centroid b. incentre

¢. circumcentre d. orthocentre

(A rational point is a point both of whose coordinates
are rational numbers)
Sol.If4 = (xl,y]), B= (xz, yz), C= (xz, ys), where X ¥, ete,
are rational numbers, then Zx , Zy, are also rational.

So, the coordinates of the centroid (2x /3 Zy /3) will be
rational.

As AB = ¢ = \(x, — x,* + (y, — J)* may or may not

be rational and it may be an irrational number of the form
\p. Hence, the coordinates of the incentre (Eale’Za Zay /Za)
may or may not be rational. If (G, ) is the c;rcumcemre or
orthocentre, & and § areffound by Solving two linear equations in
a ﬁ with rational coefﬁcleﬁts So ¢, f must be rational numbers.

2% If the circumcentre of an acute angled
trlangle lies at the origin and the centroul is the middle
point of the line joining the points (@ +1,a*+1) and (2a,
— 2a), then find the orthocentre.

Sol. .We know from geometry that the circumcentre (Q)
centroid () and orthocentre (H) of a triangle lie on the line

_]eming the circumcentre (0, 0) and the centroid ((a + 1)%/2,

fa— 1)%2).

HG 2

Go-1= H has coordinate

Also

[3(a+ 1 2 )y
7 i° 3

If a vertex, the circumcentre, and the

Example 1.24.
ceniroid of a triangle are (0, 0), (3, 4), and (6, 8), respectively,
then the triangle must be

a. a right-angled triangle

b. an equilateral triangle

c. an isosceles triangle

d. a right-angled isosceles triangle

Sol. Clearly, (0, 0), (3, 4), and (6, 8) are collinear. So, the
circumcentre M and the centroid G are on the median which
is also the perpendicular bisector of the side. So, the A must
be isosceles.

1501111 [ &k Orthocentre and circumcentre of a A ABC

are (a, b) and (¢, d), respectively. If the coordinates of the
vertex A are (x oY ‘), then find the coordinates of the middle
point of BC.
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Sol.
{xl- »
@b 2 & 1 C'(c,d)
(a)
Alx;, y)
B—"Mp.p €
(b)
Fig. 1.20
_a+t2ec  _b+2d
- W e T
Now
__xl+2p' _y1+2q

A T 3

at2c—x b+2d-y’

T N &

__[ Concept Application Exercise 1.1 '——

1. Ifthe points (0, 0), (2, 23), and (p. g) are the ver‘;i_g,é's}.
of an equilateral triangle, then (p, g) is

a.(0,-4) b. (4,4) c (4,0) fd.750)

2. The distance between the points (a cos @, @sin ) and
(acosf, asinf)is

a. g cos a_gﬁ b, 2acos ;‘j‘—Eﬁ
2

¢. 2a'sin d. asin “—gﬁ

3. Find the length of altitudi;‘-ihrough A of the triangle
ABC, where 4 = (-3, 0), B= (4, -1), C=(5, 2).

4. Ifthe point (x,—1),(3, ), (-2, 3),and (- 3, - 2) taken
in order are the vertices of a parallelogram, then find
the values of x and .

5. If the midpoints of the sides of a triangle are (2, 1),
(=1, =3), and (4, 5). Then find the coordinates of its
vertices.

6. The three points (-2, 2), (8, —2), and (—4, —3) are the

vertices of
a. an isosceles triangle

¢. aright angled triangle
d. none of these

7. The points (a, b), (c, d), and (%%—?) r

a. Vertices of an equilateral triangle
b. Vertices of an isosceles triangle
c. Vertices of a right-angled triangle
d. Collinear
8. The points (—a, — b), (a, b), (d’, ab) are
a. Vertices of an equilateral triangle
b. Vertices of a right-angled triangle
¢. Vertices of an isosceles triangle
d. Collinear
9. Circumcentre of the'triangle formed by the line y = x,
y=2x,and y =3k +4is
a. (6,8) b:.(6, -8)
¢ (3.4) d. (-3,-4)
10.Find the area of the pestagon whose vertices are
A(L ), B 21), C(7,-3), D(12, 2), and E(0, -3).
11. 1fthe ‘middle points of the sides of a triangle are
(=2, 3); (4, -3), and (4, 5), then find the centroid of
the friangle.

12The line joining A(b cos &, b sin @) and B(a cos 3,
' a sin B) is produced to the point M(x, y) so that
AM and BM are in the ratio b : a. Then prove that
x+ytan (a+p/2)=0.
13. A point moves such that the area of the triangle
formed by it with the points (1, 5) and (3, -7) is 21
sq. units. Then, find the locus of the point.

14.1f (1, 4) is the centroid of a triangle and the coordi-
nates of its any two vertices are (4, —8) and (-9, 7),
find the area of the triangle.

15. A triangle with vertices (4, 0), (—1,— 1), (3. 5) is
a. isosceles and right-angled
b. isosceles but not right-angled
c. right-angled but not isosceles
d. neither right-angled nor isosceles

b. an equilateral triangle

LOCUS AND EQUATION TO A LOCUS

Locus

The curve described by a point which moves under given
condition or conditions is called its locus. For example,
suppose C'is a point in the plane of the paper and P is a variable



point in the plane of the paper such that its distance from
C is always equal to a (say). It is clear that all the positions
of the moving point P lie on the circumference of a circle
whose centre is C and whose radius is a. The circumference of
this circle is, therefore, the “Locus” of point P when it moves
under the condition that its distance from the point C is always
equal to constant a.

Let 4 and B be two fixed points in the plane of the paper,
and P be a variable point in the plane of the paper which
mowves in such a way that its distance from 4 and B is always
same. Thus, the “locus™ of P is the perpendicular bisector of
AB when it moves under the condition that its distance from A
and B is always equal.

Equation to Locus of a Point

The equation to the locus of a point is the relation which is
satisfied by the coordinates of every point on the locus of the
point.

Steps to find locus of a points

Step I: Assume the coordinates of the point say (%, k) whose
locus is to be found.

Step II: Write the given condition in mathematical form
involving A, k.

Step III: Eliminate the variable(s), if any.

Step IV: Replace A by x and k by y in the result obtained-in.

step II1.

The equation so obtained is the locus of the point which
moves under some stated condition(s).

Exam iﬁle 1.2_6 The sum of the squares of the distances of a
moving point from two fixed points (a, 0)yand (=, 0) is equal
to a constant quantity 2¢%. Find the equation to its locus.

Sol. Let P(h, k) be any position of ‘the.moving point and let
A(a: 0)5 B(_ a, 0} be the glven pOint&

Then, we have
PA* + PR = 207 (given)
= (h—a)’ + (k-0 + (h+a)’* + (k- 0 = 2
21+ 202+ 2a° = 2¢
= w+=-4

2 3

Hence, equation to locus (h, k) is x*+3* = ¢* - 4%

PERATTSENIER Find the locus of a point, so that the join

of (-5, 1) and (3, 2) subtends a right angle at the moving
point. '

Sol. Let P(h, k) be a moving point and let A(— 5, 1) and
B(3, 2) be given points.

Straight Lines 1.13

By the given condition, we have

£ APB = 90°
= A APB is a right-angled triangle
= AB’ = AP’ + PB?
S>@B+5+Q2-1P=h+5+k-1)]+ (h-3)?
+(k-2) :
=5 65 =2(W* + 12 +2h - 3k)+ 39

= W+EP+2h-3k-13=0

Hence, locus of (A, k) is x> + y* + 2x ~ 3y — 13 =0.
A rod of length / slides with its ends on
two perpendicular lines. Find the locus of its midpoint.
Sol. Let the two perpendicular lines be the coordinates axes.

Let 4B be a rod of length i

Let the coordinates of 4. and B be (a, 0) and (0, b),
respectively.

Y4
©, )8
P(h, k)
0 A@ o)
Fig. 1.21

As the rod slides, the values of @ and b change.
So a and b are two variables.

Let P(h, k) be the midpoint of the rod 4B in one of the
infinite positions it attains.

Then, =230 and =070
. h=Sandk=4 (i)
From A OAB, we have

AB* = 04* + OB?
= a+b =0
= (2R + 2k =1 [Using (i)]
= an* + 42 = PP

Hence, the locus of (h, k) is 4x* + 47 = >

SSPENNEEBIR 4B is a variable line sliding between the
coordinate axes in such a way that A lies on x-axis and
B lies on y-axis. If P is a variable point on 4B such that
PA=b, PB=a, and AB = a + b, find the equation of the
locus of P.
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Sol. et P(h, k) be a variable point on 4B such that
ZLOAB =6. ’
Here 6 is a variable.

Yll

» X
Fig. 1.22
From triangles ALP and PMB, we have
; k :
sinf =% (i)
_h 4
cosf=g5 (ii)

Here 0 is a variable. So, we have to eliminate 6.
Squaring (i) and (ii) and adding, we get

©, hz -

b2 a
Hence, the locus of (4, k) is

— ZRQP is a positive constant 2c. Find the Tocus of the
point R.

Sol. Let the x-axis along OP and the middle. pmm of PO be
origin and let R = (x oY ).

Let OP =00 =a and AR_PM=.9 and ZROM=¢

In A RMP,

: Two points P and Q are given, R is a
varlable pomt on one side of the line PQ such that'/RPQ'

y
tan 8 = 3 = 7= (i)
In A ROM,
_RM__ % )
mn(’b—QM—a"'xl (i)
But given ZRPQ — ZROP = 2a (constant)
= 6—¢=2a
= tan (9 — ¢) = tan 2a
tanf—-tang
= Tranftng 2
b4 Y
a—,rl—a+x w
= e fan 2ar
1+ o=
2%,
— m—tanZa

= d’ ARt yi5 2x y, cot 20 or x; — i + 2xp, cot 2

=

Hence, locus of the point R(x,, y,) is * -+ 2y
mtﬂa—dz

If the coordinates of a variable point P is

(a cos 0, b sin 6), where 6 is a variable quantity, then find
the locus of P.
Sol. Let P=(x, ). According to the question
x=acosf (i)
y=bsinf (i1)

Squaring and adding (i) and (ii), we get

2
7
Yo X cos? 0+ sin? 6

a b
xz }:2

or e ]
a b

% Find the locus of a point such that the sum

of its distance from the points (0, 2) and (0, — 2) is 6.

Sol. Let P(k, k) be any point on the locus and let 4(0, 2) and
B(0, — 2) be the given points.

By the given condition, we get
PA+PB=0



= \(h— 02+ (k—2) +y(h-0) +(k+2)’ =6

6 —\(h—0) + (k+2)

=> VI + (k=2)* =

= W+ (k—2) =36 - 12 {K* + (k+ 2)°
+h+ (k+2)

= ~8k-36=— 12 VK +(k+2)

= (2k+9) =3 VI + (k+2)

= 2k +9)* = 9(h* + (k+2))

= 4% + 36k + 81 = 9K* + Ok* + 36k + 36

= OK* + 5k = 45

Hence, locus of (h, k) is 9x° + 5° = 45.

——[ Concept Application Exercise 1.2 Ii

1. Find the locus of a point whose distance from (a 0) is
equal to its distance from y-axis.

2. The coordinates of the points 4 and B are (a, 0)
and (—a, 0), respectively. If a point P moves so that
P4* — PB* = 2I2, when k is constant, then find the
equation to the locus of the point P.

3. If A(cos a, sin @), B(sin a, — cos a), C(1, 2) are the
vertices of a A 4BC, then as ¢ varies, then find the
locus of its centroid. '

4. Let4(2,-3)and B (- 2, 1) be vertices of a tiangle
ABC. If the centroid of the triangle moves.on the line
2x + 3y =1, then find the locus of the vertex C.

5. (s a variable point whose logus 18 2x + 3y + 4=0;
corresponding to a particular pesition of O, P is the
point of section of OQ, O being the origin, such that
OP : PO =3: 1. Findthelocusof P?

6. Find the locus of the middle point of the portion of
the line x cos & + vy sin @ = p which is intercepted
between the axes, given that p remains constant.

7. Find the locus of the point of intersection of lines
xcosat+tysing=gandxsinag —ycosa=~hb
(e 1s a variable).

SHIFTING OF ORIGIN

Let O be the origin and let X'OX and Y'OY be the axis of
x and y, respectively. Let O" and P be two points in the plane
having coordinates (4, k) and (x, y), respectively referred to

Straight Lines 1.15

X'OX and Y'OY as the coordinates axes. Let the origin be
transferred to O’ and let X'0Q'Xand ¥'O'Y be new rectangular
axes. Let the coordinates of P referred to new axes as the
coordinates axes be (X, Y).

Ya AY
: _P(x,y)
B
o X—— T
X' @ orceccenasomnaeetaan s ¢
O'thk) N |
A
by
X - p X
0 i o "' - M
 Figad.24'
Then,
O'N =X, PN&¥;OM=x, PM=p,OL=h,and O'L =k
Now,
x =0OM= GL"+EM=OL+O’N=!;+X
and”

y =PM=PN+NM=PN+OL=Y+k
—%=X+handy=Y+k
Thus, if (x, y) are coordinates of a point referred to old

- .axes and (X, Y) are the coordinates of the same point referred

to new axes, then x = X+ h and y = ¥ + k. Therefore, the origin

" is shifted at a point (k, k), we must substitute X+ s and ¥ + k

for x and y, respectively.

The transformation formula from new axes to old axes is
X=x-hY=y-k

The coordinates of the old origin referred to the new axes
are (— h, — k).

If the origin is shifted to the point

(1, —2) without rotation of axes what do the following
equations become?
i. 2 +y? —dx+4y=0and
ii. ) —4x+dy+8=0.
Sol. i. Substituting x =X+ 1,y =Y+ (= 2) =Y - 2 in the
equation 2x” + y* — 4x + 4y = 0, we get
20X+ 1Y +(Y=2P2-4(X+1)+4(Y-2)=0
or2X+ Y =6
ii. Substituting x = X+ 1, y = ¥ - 2 in the equation y* — 4x
+4y +8=0, we get
(Y=2P—4(X+1)+4(Y-2)+8 =0
or ¥ =4X
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¢S I CHEER At what point the origin be shifted, if the
coordinates of a point (4, 5) become (- 3, 9)?

Sol. Let (h, k) be the point to which the origin is shifted.
Then,
x=4,y=5X=-3,Y=9

x=Xt+thandy=Y+k
= 4=-3+hand5=9+k
=N h=T7and k=-4
Hence, the origin must be shifted to (7, — 4).

JRCTLIOLWIEEN Shift the origin to a suitable point so that

the équation »* + 4y + 8x — 2 = 0 will not contain term in
v and the constant term.

Sol. L et the origin be shifted to (%, £). Then,
x=X+handy=Y+k

Substituting x = X + h, y = ¥ + k in the equation y* + 4y
+8x —2=0, we get

Y+ +4Y+k)+8X+h) -2=0
= P+@+2) Y+8X+ (K +4k+8h—-2) =0

For this equation to be free from the term containing
Y and the constant term, we must have

4+2k=0and K> +4k+8h—2=0
k=-2and h=3/4
Hence, the origin is shifted at the point (3/4, — 2).

=

ISy IIREETE The equation of a curve referred to new
axes, axes retaining their directions, and origin (4, 5) is_Xz‘
+ ¥ = 36. Find the equation referred to the original axes,

Sol. With the above notation, we have
' x=X+4,y=Y+5
X=x-4Y=y-5
.". The required equation is:
(-4 + (-5 =36
= x*+)’ - 8x— 10y + 5=0, which is equation referred
to the original axes.

=

Find the equation to which the equation
X+ Ty -2+ 17x - 26y — 60 =0

is transformed if the origin is shifted to the point (2, —
3), the axes remaining parallel to the original axis.

So

. Here the new origin is (2, - 3).
Then, x=X+2,y=Y-3.
and the given equation transforms to
(X+2P+7(X+2) (Y-3)-2Y -3+ 17(X +2) - 26
(Y-3)-60=0
= X+7XY-2V-4=0

ROTATION OF AXIS

Rotation of Axes without Changing the Origin

Let O be the origin. Let P = (x, y) with respect to axes OX and
OY and let P=(x', ") with respect to axes OX' and OY" where
LX' OX= £LYOY' =8

AY
¥ .P(x,y)
1_':\(1’ )
BN My
: .‘..‘\ X;
o :
: £ - E_‘ » X
O\¢——a—R

Fig. 1.25

In Fig. 1.25, we have
SR =xtan#, OS =x sec ),

PS=y—-xtan@
Now in triangle POS,
. G_Q_x’—xsecl?
SN0 = 55 =5 "3tang
_ sinff
=3 x'=y51n9—x-55§-§+-55—5—§
_ 1 - sin’ 6
=ysm€+x—w
= x'=xcosf+ysinb
B . [
Also GOSB—-?ST—W
=5 Yy =—xsin@+ycosf
e x=x"cosf -y sinb,
y=x"sinf@+y cos @
x Y
b cos 6 sin
i —sinf cos B
Note:

Compare real and imaginary parts of the equation (x
+iy) = (' + i) (cos @ + i sin 6) to remember the
Sformula

I TR The equation of a curve referred to a given
system of axes is 3x* + 2xy + 3y = 10. Find its equation
if the axes are rotated through an angle 45°, the origin
remaining unchanged.



Sol. With the above notation, we have

s ’

x=y

x=x'cos 45° —y' sin 45° =

’

X4y

’

and y=x"sin 45° + )’ cos 45° = s
Thus, 3x* + 2xy + 3y* = 10 transforms to

(55 (<))

= wlty?=5,

’ ’2
x+y) —1p

7

Removal of the term xy, from f(x, y) = ax* +
2hxy + by? without changing the origin

Clearly, /0.

Rotating the axes through an angle 8, we have

x=x"cos 8-y sin 0

y=x"sin 8+y' cos 6.

= fx, y) = ax’ + 2hxy + by?

=a(x' cos 8- sin 6)* + 2h(x' cos 8— 6’ sin ). (x' sin O
+' cos )+ b (x' sin 8+ cos 6

=(acos’ 8+ 2k cos Osin 6+ b sin® 6) x> +2 [(b - a)cos 0
sin @ + h (cos’ 0- sin’6)] x'y' + (a sin” 6 2k cos Bsin B+ b
cos” 6) y*

=F(x', y"), (say).

In F(x', '), we require that the coefficient of the X¥V-term

to be zero.
. 2[(b - a) cos Bsin 8+ h{cos® @ - sin’ 6)] =
= (a—b) sin 260 =2h cos 26.
2h a-b

=>tan 260= orcot20=

o —

We use the former or the later equation’according as a #
b or a = b. These yield 6, the angle through which the axes
are to be rotated (the origin remaining unchanged) in order to
remove the xy-term from j(x,y)

IRl Given the equation 4x” +23 xp+2)* =1.
Through what angle should the axes be rotated so that the
term xy is removed from the transformed equation.

Sel. Comparing the given equation, with
ax’ + 2hxy + by’ we geta=4, h= J3,6=2.
Let 6 be the angle through which the axes are to be ro-

tated.
Then tan 20 = 2
a-b
T
= tan 28 = —— = /3 =tan —
n T V3 =tan 3

Straight Lines 1.17

= 30=L gl
3 3
T 2r

= f= — —
6" 3

Change of Origin and Rotation of Axes

If origin is changed to O’ (¢, §) and axes are rotated about the

‘new origin O' by an angle € in the anticlockwise sense such

that the new coordiantes of P(x, ¥) becomes (x', "), then the
equations of transformation will be
x=a+x'cosf—y sinf
and
- ﬁ-&-x‘ Sin 0+ 3" cos O

Fig. 1.26

What does the equation 2x* + dxy — 5°

+ 20x — 22y — 14 = 0 become when referred to rectangular
axes through the point (-2, — 3), the new axes being inclined
at an angle of 45° with the old axes?

Sol. Let .O' be (-2, -3). Since the axes are rotated about
O’ by an angle 45° in anticlockwise direction, let (x', y') be
the new coordinates with respect to new axes and (x, ) be the
coordinates with respect to old axes. Then, we have

. x =Y
=_72+ oyt o=_ 24—
2+x cos45° -y sin4 2 ( NGy ]
’ H o ! Q i 'r' )J')
— -+ <+ = - -+
¥ 3+ x"sin45°+y cos 45 3 ( Ny

The new equation will be

22+ () - F) o+ (55

-s(-3+( g #2255

f+ !
-22(—3+( a y)]—14=0
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=

Hence, new equation of curve is
X’ — 14xy -

- ey -t - 2=0

7 -2=0

« The slope of a line equally inclined with the axis is 1 or

— 1, as it makes 45° or 135° angle with x-axis. Slope of
a line in terms of coordinates of any two points on it is
given as shown below:

STRAIGHT LINE

A straight line is a curve such that every point on the line

segment joining any two points on it lies on it.

Slope (Gradient) of a Line

The trigonometrical tangent of an angle that a line makes with
the positive direction of the x-axis in anticlockwise sense is
called the slope or gradient of the line.

Y;IL

(b)
Fig. 1.27

Note:

+ The slope of a line is generally denoted by m. Thus,
=tanf.

+ Since a line parallel to x-axis makes an angle of 0° with
x-axis; therefore, its slope is tan 0°= 0,
* A line parallel to y-axis, i.e., perpendicular to x-axis

makes an angle of 90° with x-axis, so its slope is tan 7z/2
= w‘

YA
005 32) /
Plx,y) A8 J
’ l N.Va
> W
< ’ 6 T 2 I »X
X% Wi
OLspr e L gl
;v——b §A—
' Fig.1.28
From the figure, slope is
h M o
Zrar_r‘ﬂ = Q—ﬁ xz_ :
_ Difference oﬁora':’nares
Difference of abscissae

Angle between Two Lines

The angleﬂ between the lines having slope m and m, is given

by

Proof:

Ya

tan @ = +

m_—-m
2 1

1 +m]m2

Let m and m, be the slopes of two given lines 4B and

Fig. 1.29

CD which intersect at a point P and make angles 6, and 6,,
respectively with the positive direction of x-axis.

Then,

m =tan@ andm =tanf,

Let £ZAPC = 0 be the angle between the given lines.



Then,
0,=0+0,
= =8~
e tan = tan (6, -6 )
1am(5‘2—tan9I )
= tan @ = [+tan 6, tan 6,
. m ;
= tanﬂ—m - D

Since LAPD = x — 0 is also the angle between 4B and
CD.

Therefore,
tan ZAPD =tan (m — @) =—tan 6
m'? = m‘ - . ;
= T T g (i) [Using (i)]
' Bl

From (i) and (ii), we find that the angle between two lines
of slopes m and m_ is given by

1 +mm
| T
3 ¢ = tan :I:T"q_"mlmz)

The acute angle between the lines is given by

mz—ml
tan f = ‘——l +mm,
Examp, If A (-2, 1), B(2, 3), and C(-2, —4)-are

three points, then find the angle between BA.and BC.

Sol. Let m, and m, be the slopes of BA and .BC respectively.
Then, i

and

Straight Lines 1.19

Beh BEPE Determine x so that the line passing
through (3, 4) and (x, 5) makes 135° angle with the positive
direction of x-axis

Sol. Since the line passing through (3, 4) and (x, 5) makes an
angle of 135° with x-axis; therefore, its slope is

tan 135° = — 1.

But, the slope of the line is also equal to
5-4
x-3

_5-4

= -1'%573

= —af3 =1

= x=2

Condition for Parallelism of Lines

It two lines of slopes m, and mg are parallel, then the angle 6

between is 0°.
¥ tan@ = tan 0°=0

mz_ml
= _— =
1+mm 0
1>
= o om,=m

2 1
“Thus, when two lines are parallel, their slopes are equal.

Condition for Perpendicularity of Two Lines

If two lines of slopes m and m, are perpendicular, then the
angle # between them is 90°.

cot@ =0
l+m]-m2

2 ——et—= = ()
=,

=5 mom =—1

|

Thus, when lines are perpendicular, the product of their
slope is — 1.

If m is the slope of a line, then the slope of a line
perpendicular to it is — (1/m).
Let A(6, 4) and B(2, 12) be two given
points, Find the slope of a line perpendicular to 4B.
Sol. Let m be the slope of AB, than

Example 1:.43.

_12-4 8 _
L e e

So, the slope of a line L to 4B
1

1
w2
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Intercepts of a Line on the Axes

If a straight line cuts x-axis at 4 and the y — axis at B then
0A and OB are known as the intercepts of the line on x-axis and
y-axis respectively.

YA
Nz
y-intercept
+ A
X'+ - % + X
> xintercept ¢—
Yf

Fig. 1.30

) The intercepts are positive or negative according as
the line meets with positive or negative directions of the
coordinates axes.

In figure OA = x-intercept, OB = y-intercept
(OA is positive or negative according as 4 lies on OX or
OX respectively. '
Similarly OB is positive or negative according as B lies
on OY or OY respectively.
Note:
» [f line has equal intercept on axes, then its slope is -1,

Equation of a Line Parallel to x-Axis

Equation of a line parallel fo x-axis at a di§tanée b from it.
Then, clearly the ordinates of eachpointon'45 is b.
Thus, AB can be considered as the locus of a point at a

distance b from x-axis.

Thus, if P(x, y) is any pointonAB, then y = b,
YJL

¥y =b P("'vy)

* *—r

!
1

Hence, the equation of a line parallel to x-axis at a distance
bfromitisy=>b.

Since x-axis is parallel to itself at a distance 0 from it;
therefore, the equation of x-axis is y = 0.

Equation of a Line Parallel to y-Axis

Let AB be a line parallel to y-axis and at a distance a from
it. Then the abscissa of every point on 4B is a. So it can be
treated as the locus of a point at a distance a from y-axis.

Thus, if P(x, y) is any point in 48, thenx=a.

) L
1! P(x,y)
q4---q -_-.-::_’
X'« » X
(9}
x=a
4 v
Yv
Fig. 1.32

DIFFERENT FORMS OF LINE

Slope Intercept Form of a Line

The equation of a line with slope m that makes an intercept ¢
on y-axis is N

y=mxtc¢
Proof: Let the given line intersects y-axis at Q and makes an
angle 6 with x-axis. Then m = tan 8. Let P(x, y) be any point
on the line as shown in the figure.

Y4

oLAe
i—-bxd—
X Ao g .y
W 0 L
Y\P

Fig. 1.33



From APMQ, we have

PM_Y—c¢
tan 0 = Q_ﬂff %
—
—— m=)"—x—
— y=mx+tc

which is the required equation of the line.

-Point-Slope Form of a Line

The equation of a line which passes through the point (xt, )
and has the slope ‘m’ is

Y=y, =mx—x)
Proof: Let O(x , »,) be the point through which the line passes

and let P(x, y) é)e any point on the line. Then, the slope of the
line is

But m is the slope of the line. Therefore,
y i J’
=mx—x D)

Thus, y — y, = m(x —x,) is the required equation of the
line.
T ULERER Find the equation of a straight line which
cuts-off an intercept of 5 units on negative direction of

y-axis and makes an angle of 120° with the positive direction
of x-axis,

Sol. Here, m = tan 120° = tan (90 + 30°) = — cot 30° = — 3
and ¢ = — 5. So, the equation of the line is

=-3x-5=>V3x+y£5=0

SIS EEE Find the equation of a straight linecutting

off an intércept — 1 from y-axis and being equally inclined
to the axes.

Sol. Since the required line is equally inclined with coordinates
axes; therefore, it makes an angle of either 45° or 135° with
the x-axes.

Ya
R P
+ - x\l35 45° .
X% 0 —rX
o(0,-1)
Y Jr\

Straight Lines 1.21

So, its slope is either m = tan 45° or m = tan 135°, j.e.,
m=1or— L. Itis given that ¢ = — 1. Hence, the equations of
the lines are

y=x—landy=—x-1

Example 1.46 BB IR TS equation of a line that has

y-intercept 4 and is perpend:cuiar to the line joining (2, — 3)
and (4, 2).

Sol. Let m be the slope of the required line.
Since the required line is perpendicular to the line joining

. A(2,—3) and B(4, 2). Therefore,

m % slope of AB = — 1

L8
=2

= = 2
B 5

e

The required line cutsoff'an intercept 4 on y-axis, so ¢ = 4,
Hence, the equation of'the required line is

Ve —§x+4

=% 2x+ 5__}!-—20 =0

Two-Point Form of a Line

The equation of a line passing through two points (x ;+¥,) and
(rady) s

Y=y = (?—x )(x x)

Proof:

Let m be the slope of the passing through (x,, »,) and
(x,.7,), then
Y7

m= —
%

So, the equation of the line is
Y=y, =mx- xl) (Using point — slope form)
Substituting the value of m, we obtain
Y7 H
y=y =x=x *-x)

This is the required equation of the line in two-point
form.

blsecter of the line segment joining the points 4(2, 3) and
B(6,-5).
Sol. The slope of A8 is given by m



1.22 Coordinate Geometry

-
T 6-2 -

— The slope of a line L to 4B

P
m 2

Let P be the midpoint of AB, then the coordinates of
Pare

(%2353 8,0, = .1)

Thus, the required line passes through P(4, —1) and has
slope 1/2.

So its equation is
y+1= 1 -4 ((Usingy~y, =mx—x)]

or x—2y—-6=0

Ex ﬁﬂph §:L 8 Find the equations of the medians of

the trlang]e ABC whose vertices are A(Z 5), B(— 4, 9), and
-2, 1).

Sol. Let D, E, F be the midpoints of BC, C4 and 4B,

respectively. Then the coordinates of these points are
D(—3, 4), E(0, 2), and F(— 1, 7), respectively.

A(2,5)
F E
-4, 9B D (] 2,7 1)
Fig. 1.35
The median AD passes through jpoints A(2, 5) and
D(-3. 4).
So, the equation of 4D is.
M — S
y- ARG @Y
= y—5=%(x'~2)
=3 x=5p+23=0

The median BE passes through points B(— 4, 9) and £(0, 2)

So, the equation of median BE is

== (0+4](I+4)

=5 Tx+4y-8=10
Similarly, the equation of the median CF'is
7'
o+ 1) =Lt +2)

= Bx—y+15=0

In what ratio does the line joining the
points (2, 3) and (4, 1) divide the segment joining the points
(1,2) and (4, 3)?

Sol. The equation of the line joining the points (2, 3) and
4, 1)is

= 4:%(-""“2)
=% —3 =—x-rlt
= x+y S 0 (0

Suppose the line joining (2, 3) and (4, 1) divides the
segment joining (1, 2) and (4, 3) at point P in the ratio A : 1.
Then the coordinates of P are

(§ Ta)

Clearly, P lies on (1)

PERE
= A=

Hence, the required ratiois A : 1,i.e, 1: 1.

. Find the equations of the altitudes of the

triangle whose vertices are A(7, —1), B(-2, 8), and C(1, 2)
and hence orthocentre of triangle.

Sol.

& =0

+

Example 1.50

A(T,-1)
E

(-2,8B D 1,2y
Fig. 1.36
Let AD, BE, and CF be three altitudes of triangle ABC.

Let m, om, and m, be the slopes of 4D, BE, and CF,
respectively.

Then, AD 1L BC

=> Slope of 4D x Slope of BC=—1
2-8)_

= mx(}55)--

- s

BE 1 AC

=> Slope of BE x Slope of AC=—1
-1-2
= mx(74)=1

m =
= ) 2




And, CF L 4B
== Slope of CF x Slope of AB=—1
e 71_'_ 28 -1
== e 1
Since AD passes through A(7, — 1) and has slope
= 1/2.
So, its equation is
y*+1=36-17)
— x—2y-9=0
Similarly, equation of BE is
y—8=2x+2)
== 2x—-y+12=0
Equation of CF is
y—2=1(x-1
== x—y+1=10

Intercept Form of a Line

The equation of a line which cuts-off intercepts a and b,
respectively from the x and y-axes is

X% ¥
a+3= 1

Proof: Let AB be the line which cuts-off intercepts Q4. = a

and OB = b on the x and y-axes respectively. Let P(x, y) be
any point on the line,

Ay
Nz

l

dM

I ¥ N
> X

0 L ANy
Y!

X <

Fig. 1.37
From the diagram, we get that
Area of AOAB = Area of AOPA + Area of AOPB

LoaxpL+1oBxpPu

1 _
= 504> 0B = 3

1

=5 'z—ab=l

vty

Straight Lines 1.23

= %+%= 1

This is the equation of the line in the intercept form.

el (EEi8 Find the equation of the line which passes

through the point (3, 4) and the sum of its intercepts on
the axes is 14.

Sol. Let the equation of the line be

S+y=1 o)

This passes through (3, 4), therefore

oW

+2- (n‘j

o=

It is given that e + b= 14
- b=14—a
Putting b = 14 — afin.(ii), e get

N €
+.14_a S |

= ad=13a+0*=0

= Aa—TN(a—6)=
=D a=17,6
Fora=7,b=14-7=17
andfora=6,b=14-6=8

Putting the values of a and b in (i), we get the equations
of the lines

. P
7+5 1and6+8 1
or x+y=Tand4x+3y=24

I BelildCEEYE Find the equation of the straight line that

i. makes equal intercepts on the axes and passes through
the point (2, 3),

ii. passes through the point (-5, 4) and is such that the
portion intercepted between the axes is divided by the
point in the ratio 1 : 2.

Sol. i. Let the equation of the line be

A

e Tl
Since it makes equal intercepts on the coordinates axes,
therefore a = b.

So, the equation of the line is

i’(—~!-y— lorx+y=a

The line passes through the point (2, 3).

Therefore, 2+3=a
=5 a=>5
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Thus, the equation of the required line is x +y = 5.
ii. Let the equation of the Jine be
X ¥

=L = l
a4 p
Clearly, this line meets the coordinate axes at 4(a, 0)

and B(0, b), respectively.

The coordinates of the point that divides the line joining
Al(a, 0) and B(0, b) in the ratio 1 : 2 are

(1(0)+2(a), l(b)+2(0).)=(gg,_)
1+2 1+2 3.3

It is given that the point (=5, 4) divides 4B in the ratio
1:2,

Therefore, 2a/3=-5andb/3=4

=] =-152and b=12

Hence, the equation of the required line is

X
_—1—5——1—

_ 2
= 8x—-5y+60=0

=]

Sl

Normal Form or Perpendicular Form of a Line

The equation of the straight line upon which the length of
the perpendicular from the origin is p and this perpendicular
makes an angle & with +ve direction of x-axis is

xcosatysina=p
Proof: Let the line 4B be such that the length. of the

perpendicular OQ from the origin O to the line be p.and
ZX0Q =a.

Y
'\“
F 9
a
NE
p cosec ¢
P
A
XX = > X
Ole P sec o e
Y
¥
Fig. 1.38

From the diagram, using the intercept form, we get
Equation of line 4B is

y
p cosec &

x -
pseca

+ =1

or xcosa+ysina =p

The length of the perpendicular from the

Example 1.53

origin fo a line is 7 and the line makes an angle of 150° with
the positive direction of y-axis. Find the equation of the line.

Sol. Here p =7 and & = 30°

\“"'

9
30°
> X
0 A
| N

Fig. 139

Equation of the requiired line is
x cos 30° +y sin30° =7

ded1 ¥
-~ g =7
= Wx+y =14

ANGLE BETWEEN TWO STRAIGHT LINES
WHEN THEIR EQUATIONS ARE GIVEN

Let the angle 6 between the lines ax + by + ¢ = 0 and
ax+ bzy Hig= 0 is given by
i ab — alsz

+
aa,+bb,

tan @ =

Proof: Let m, and m, be the slopes of the lines a x + b y + ¢,
=() and ax+ bzy +te, = 0, respectively.

Then,
m, =—a|151 andm1=—azr’bz
Now,
| m —m,
Ia’m(?-—|1_'_mlm2
a, a
A5 NG |
| 787,
= tanf =|—F a7 ax
2
(55
ab —-ab
= tan @ = |2——12
alaz-l-blb2
ab -ab_|
= 6 =tan ! zl_'_-“}gz—}
ala2 121




Condition for the Lines to be Parallel

If the lines ax + bly +e = 0 and ax + b,y +c,=0are
parallel, then %

3
[
3

I
|8
[
|
3

Condition for the Lines to be Perpendicular

If the lines ax+byte =0andax+by+c, =0are

perpendicular, then
a, a,
mm, = —.1 —_~>(—-~b ) x (_——b )—__

= aa, + b1b: =0

It follows from the above discussion that the lines

am byte, =0andazx+b2y+c2=0m
§ o 1 &
i. Coincident, lf*a;—g;—-e—zv

£ 4 b] 4

ii. Parallel, if 7 =1 #+

a, bz %
a b|

iii. Intersecting, if 7~ # 7
2
< 2

iv. Perpendicular, if g a, + brbz =0

'F.'f-i!'.np-.l'é BTN Find the angle between the pairs of
straight lines _
i.x-pV3-5=0and Bx+y-7=0 .
ii. y=@2-\V3)x+5andpy=2+\3)x~7
Sol. i. The equations of two Straight lines are
x— W3 -5=0 (1)
and
Bx+y-7=0 (i)

Let m and m, be the slopes of these two lines. Then,

—

m = =

&
G-

and m1=—-T=_.\,f§

&

Clearly, m m, = — 1. Thus, the two lines are at right
angle.

Straight Lines 1.25

ii. Let m and m, be the slopes of the straight lines
y=2—Y3)x+5andy=(2+3)x -7, respectively.
Then,

m, =2—'\I'§andm2=2+ﬁ
Let @ be the angle between the lines. Then,
(m, —m,) )

tan @ =:I:(] +m]mz

_i((z—ﬁ)—(zmﬁ))
1+ -2 +3)

:i(_lff —3]=i“'|r§

So, the acute angle betweensthe lines is\given by

fan @ = | 48] =3
IRACRECLE  Alstraight canal is 471 miles from a place

and the shortest route from this place to the canal is exactly
north-east. Avillage is 3'miles north and four east from the
place. Does it lie by the nearest edge of the canal?

Sol. Let the given place be O. Take this as the origin and
the east and north directions through O as the x-and y-axes,
respectively.

Yy
North
B
L
1
4 2 Canal
45° East
0 7 » X
Fig. 1.40

Let AB be the nearest edge of the canal. From the

question, OL is perpendicular to AB such that OL = 4 % miles
and ZLOA = 45° -

So, the equation of the canal is
x cos 459 + y sin 45° =4%

Tin V2(x+y) =9 (1)

The position of the village is (4, 3). The village will lie on
the edge of the canal if (4, 3) satisfies the Eq. (i).

Clearly, (4, 3) does not satisfy (i). Hence, the village does
not lie by the nearer edge of the canal,
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intercept, interi:ept, and normal forms.

Sol.y=%+%’lan6=m=2f‘3,c=—§—

Intercept form:
(-3) (3)
Normal form:
-
\I’ﬁ VI3 13
= L —
sin & =G se=-3 P s

8 A rectangle has two opposite vertices at

the pomts (1, 2) and (5, 5). If the other vertices lie on the
line x = 3, find the other vertices of the rectangle.

Sol. LetA=(1,2),C=(5,5)
D(3,y,)

(1,2 G, 5)

B(3,y)
Fig. 1.41

Since vertices B and D lie on line x = 3; ther_t_‘;_ftirq,'.let
B=(3,y)andD=(3,y,).

Now since ACand BD bisect each other, ﬂ_i_g,_r_efore,'_ middle
points of AC and BD will be same

Lake £ =1 O
Also ,_33‘ = ACYy
0, =) -5 +(@2-5Y=25
or ¥~y =E (i1)

Solving (i) and (i), we get
y, =by.~lory =l3= 6

Hence, other vertices of the rectangle are (3, 1) and (3, 6).

) A vertex of an equilateral trlangle is (2,3)
and the equation of the opposite side is x + y = 2, find the
equation of the other sides of the triangle.

Sol. Given line is

p+y-—2 =10

(i)

E\amph 85-[® Reduce the line 2x — 3y + 5 = 0 in slope-

Its slope . ==1,
A(2,3)

60° 60°
B x+yp=2 €
Fig. 1.42

Let the slope of the line be m which makes an angle of
60° with line in Eq. (i), then

tan 60°

or - A3

or Vi =T (m-1)
_N3+1 \N3-1

¥ 31 \3+1
=2++3,2-43

Equ;ilipn@qu other two sides of the triangle are
=2+3)x-2)

y-3=02-3)(-2)

Two consecutive sides of a parallelogram

are 4x + 5y = 0 and 7x + 2y = 0. If the equation to one
diagonal is 11x + 7y = 9, find the equation of the other
diagonal.

Sol.
27)
D(‘3‘§
H
Tx+2p=0
5 4]
533
A(0,0)  4x+5y=0 \
Hx+7y=9
Fig. 1.43

Let the equation of sides A8 and AD of the parallelogram
ABCD be as given in Egs. (i) and (ii), respectively, i.e.,

4x+5y =0
Tx+2p=10

(@
(ii)

and



Solving (i) and (ii), we have

x=0,y=0
A =(0,0)
Equation of one diagonal of the parallelogram is
lx+7y =9 (iii)

Clearly, A(0, 0) does not lie on diagonal as shown in
Eq. (iii), therefore Eq. (iii) is the equation of diagonal BD.

Solving (i) and (iii), we get B = (g-’ - %)
Solving (ii) and (iii), we get D = (- 2 37—)
Since /{ is the middle point of BD
()
. Now, equation of diagonal 4C which passes through 4(0, 0)
and A (3 %) is .

3|

y—-0= (x-0)ory—x=10

rof—

Example 160

A(2, — 7) meets the line BC whose equation is 3x — 4y + 1
=0 at the point B. Find the equation of the line AC, so that
AB = AC.

A line 4x + y = 1 through the point

Sol.
A(2,-T)
dx+y-1=0
- “ -
) B 3_4+1=0 C h
Fig. 1.44
Let the equation of BC be
3x—4y+1=10 (1)
and the equation of 48 be
de+y—1 =@ (i1)

Since AB=AC .. ZABC = ZACB =« (say)
Slope of line BC = 4/3 and slope of AB=—4.

Let slope of AC = m, equating the two values of tan «,
we get

4—%_‘=| z—m !

1—4x}[ \1+3m|
. L19 _3-4m
8 ~ 4+3m

= m = 52/89 orm=—-4
Therefore, equation of AC is

y+7=—(52/89) (x—2) or 52x+ 89y +519=0

Straight Lines 1,27

fExa'l_nplé I8 A variable straight line is drawn through

the point of intersection of the straight lines x/a + y/b =1
and x/b + y/a = 1 and meets the coordinate axes at 4 and
B. Show that the locus of the midpoint of 4B is the curve

2xy (a+ b)=ab (x +y).
Sol.

©.5) e

(0, ol

\ita, 015, (b)0)

0
v
Fig. 1.45
Given lines are ”
X .
artp=1 (M
and Eeg=1 (ii)
Solving (i) and (ii), we get
__ab __ab
x"a+bandy_a+b

Now a variable line passing through these points meets
the axis at points 4 and B. Let the midpoint of 48 be (1, k)
whose locus 1s to be found.

Then coordinates of 4 and B are (24, 0) and (0, 2k).
Now points 4, B and [ab/(a + b), ab/(a + b)] are coliinear.
Then

ll 2h 0 1)
A=§ 0 2% ¢|=0
agfg__ ab 1
atb a+b
_ab_ ab__
:$4Jrk—2ha+b—2ka+b-0
== 2xy(a+ b) = ab(x+y)

If the line (x/@) + (3#b) = 1 moves in such a

way that (lfaz) + (lfbx) = (lfcz) where ¢ is a constant, prove
that the foot of the perpendicular from the origin on the
straight line describes the circle x* + y* = ¢%.

Sol. Variable line is
F+5=1 (i)
Any line perpendicular to Eq. (i) and passing through the
origin will be
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X %=0 (i)

Now the foot of the perpendicular from the origin to the
line EEq. (i) is the point of intersection of Eq. (i) and (ii).

Letbe P (a, §), then & g 1 (iii)
and

NI~

3-a=0 (iv)

Squaring and adding Eqgs. (iii) and (iv), we get

ol e )
But
1

L
az o (gwen]

Hence c is a constant and a, b are parameters (variables).
Therefore,

2,01 _
(@ +p) &
Hence, the locus of P (a, f) is

x -l-y2 =c?
Equation of a Line Parallel to a Given Line

The equation of a line parallel to a given line ax + by + ¢ =0 is
ax+by+4 =0
where 4 is a constant. Find A by using given condition.

Equation of a Line Perpendicular to a'Given .Lilie

The equation of a line perpendicular to a givemline ax + by
+c=0is
bx—ay+i =0

where A is a constant. Find ‘A by using given condition.

| Find the equation of the line which is
parallel to 3x — 2y + 5 = 0 and passes through the point
(5, — 6).

Sol. The equation of any line parallel to the line 3x — 2y + 5
=01is
Ix-2v+d =0 (1)
This passes through (5, - 6), therefore we get
Ix(5)-2x(—6)+A =0

= A==27
Putting A = — 27 in (i), we get
3x—-2y-27 =0

which is the required equation.

BT EMRER Find the equation of the straight line that

paéses through the point (3, 4) and perpendicular to the
line3x+2y+5=0.

Sol. The equation of a line perpendicular to 3x +2y+5=101s
2x—-3y+iA=0 : (1)
This passes through the point (3, 4), therefore we get
2x(3)-3xM@)+A=0

= A=6
Putting 4 = 6 in (i), we get
2x-3y+6=0

which is the required equation.

Find the coordmates of the foot of the

perpendlculsr drawn from the point (1, 2) on the line
y=2x+1

Sol. Let M be the foot of the perpendicular drawn from
P(1,—-2) on the lingy.=2x +1.

P(1,-2)
At i »B
=2x+1
Fig. 1.46

Then M is the point of intersection of y = 2x + 1 and a line
passing through P(1, — 2) and perpendicular to y = 2x + 1,

The equation of a line perpendicular to y = 2x + 1
or2x—y+1=0is

x+2p+4 =0 (1)
This passes through P(1, — 2), therefore we get
= 1-4+1=0
=Y ' A=3

Putting 1 =3 in (i) , we get
x+2y+3 =0

Point M is the point of intersection of 2x —y + 1 =0 and
x+2y+3=0

Solving these equations by cross-multiplication, we get

£ SO LI 4
-5 -55
= x=-landy=-1

Hence, the coordinates of the foot of the perpendicular
are (-1,-1).



§R0T VORI Find the image of the point (-8, 12) with
resiiéct to the line mirror 4x + Ty + 13 = 0.

Sol. Let the image of the point P(~8 12) in the line mirror AB be
Q. B).
Then, PQ is perpendicularly bisected at R.

< P(-8,12)
: R 5
0.8
Fig. 1.47

= +12
The coordinates of R are (a 3 8, B 3 ]

Since R lies on 4x + 7y + 13 = 0, we get
2a-16+ (78 +84)2+13=0

= 4a+T7B+78 =0 (i)

Since PO L AB, therefore (slope of AB) x (slope of PO)

4 B-12 _
= ~ 7 R |
= To —4f + 104 = 0 (ii)
Solving (i) and (ii), we get
a=-16,p58-2

Hence, the image of (-8, 12) in the line mirror 4x + 7y
+13=0is(=16, - 2). &

A ray of the light is sent along the line

— 2y —3 = 0. Upon reaching the line 3x — 2y — 5= 0, the
ray is reflected. Find the equation of the line containing
the reflected ray.

Sol. Solving the equations of LM and P4 coordinates of 4 can
be obtained.

If slope of AQ is determined, then the equation of AQ
can be determined.

If slope of AQ is m, then equating the two values of
tan & (considering the angles between 4L and AP and between
AM and AQ, m can be found.

Straight Lines 1.29

[ T

A 3x-2y-5=0_

N
Fig. 1.48
Equation of line LM is _
3x-2y-5=0 (1)
Equation of P4 is
x=2y-3 =0 (it)
Solving (i) and (ii), weget
S x=iy=-1
A= (1,-1)
Let slope 0fA@=m, slope of LM = 3/2, slope of P4 = 1/2
Let  ZLAP = LQAM=a
As ZLAP = ¢
3.1
b tana = ]fliLIZ% (iii)
2772]
“Again ZOAM =«
m _% 2m—3 ;
tana = -|-—1— z = |2—+3—;;;! (1v)
2

From Eq (iii) and (iv), we have

2m—3 4

12+ 3m ?

2m-3 4

o 2+3m =7
=1.29
m*z’z

But slope of 4P = ;

.. Slope of A0 =5~

Now, the equation of AQ will be
yr1=2 -1

or 29x-2y-31=0

i § A ray of light is sent along the line
2x 3y 5. After refracting across the linex +y =1 it enters
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the oppposite side after turning by 15° away from the line
x +y = 1. Find the equation of the line along which the
refracted ray travels.

Sol.
P
L
P x—39=5
P !
D S
Fig. 1.49
Equation of line 4B is
xty=1 (i)
Equation of line QP is
2x-3y =5 (i)

QR is the refracted ray. According to question
ZSOR =15°
Solving Egs. (i) and (ii), we get

8 3
x =—5~andy=—§

-8 &
= 0=(3-3)
e
Slope of QP <5
-
= Slope onS—§
Let slope of OR=m
But ZSOR = 15°
I
%-—iﬂt.
- tan 15° = |== 3 ’
QR
= 2-43 —13:425‘?!
2-3in _
= T 0m = :I:(Q—ﬁ)
= 2-3m =+[6-3V3 +(4-2V3)m]

6-3V3+(4-2Vm

ur 2-3m = | _643V3 - (4-2¥3)m
- 334 33-8
7-243"1-243
For required line m = 3V3-8
: 1-243

—rl:oncept Application -Exercise"-l.ah-

1. Find the angle between lines x =2 and x — 3y = 6.

2.If the coordinates of the points 4, B, C, and D, be
(a, b), (a', b"), (— a, b), and (a', — b'), respectively,
then find the equation of the line bisecting the line
segments AB and CD.

3. If the coordinates of the vertices of the triangle ABC
are (—1, 6), (-3, —9), and (5, —8), respectively, then
find the equation of the median through C.

4.Find the equation of the line perpendicular to the
line £ %= 1 and passing through a point at which it
cuts x-axis.

5.1f the middle points of thes§ides BC, C4, and AB
of the triangle ABC.are (1,,3). (5, 7) and (-5, 7),
respectively, thenfind the.equation of the side 4B.

6. Find the equations of the lines which pass through the
origin and are inclined at an angle tan™' m to the line
y=mx+e,

7.1f (-2, 6) is the'image of the point (4, 2) with respect
to line:L =0, then find the equation of line L.

8.1f the lingsx + (@ — )y +1=0and 2x+a’y—1=0
are perpendicular, then find the values of a.

9, Find the area bounded by the curves x + 2[y| = 1 and
x=0

10. Find the equation of the straight line passing through
the intersection of the linesx —2y =l andx + 3y =2
and parallel to 3x + 4y =0.

11. A straight line through the point (2, 2) intersects the
lines V3x +y =0 and V3x — y = 0 at the points 4 and
B. Then find the equation to the line 4B so that the
triangle OA4B is equilateral.

12.Find the equation of the straight line passing
through the point (4, 3) and making intercepts on the
coordinate axes whose sum is —1.

13. A straight line through the point 4(3, 4) is such that
its intercept between the axis is bisected at A. Find its
equation.

14. The diagonals 4C and BD of a rhombus intersect at
(5, 6). If 4 = (3, 2), then find the equation of diagonal
BD.

15.1If the foot of the perpendicular from the origin to
a straight line is at the point (3, —4). Then find the
equation of the line.

16.If we reduce 3x + 3y + 7=0to the foomx cos ¢ + y
sin & = p, then find the value of p.

17.Find the equation of the straight line which passes

through the origin and makes angle 60° with the line
x+V3 y+343=0.




18. A line intersects the straight lines 5x —y — 4 =0 and
3x —4y — 4 =0 at 4 and B, respectively. If a point
P(1, 5) on the line AB is such that AP : PB=2: 1
(internally), find point 4.

19. In the given figure POR is an equilateral triangle and
OSPT is a square. If OT= 2V2 units, find the equation

of lines OT, OS, SP, OR, PR, and PQ.

P'TM z

45
S
454457
45° 450 45° T
« >y
M (0] o
Fig. 1.50

20. Find the obtuse angle between the linesx—2y +3=10
and3x+y—1=0.

21. Two fixed points 4 and B are taken on the coordinates
axes such that O4 = a and OB = b. Two variable
point 4’ and B' are taken on the same axes such that
OA' + OB' = 04 + OB. Find the locus of the point of
intersection of AB" and 4'B.

DISTANCE FORM OF A LINE (PARAMETRIC
FORM)

The equation of the straight line passing through (8 ) and

-making an angle & with the positive direction’ ofx-axis 15
xr=x bt Y=X,

—_— ==y
cosf sinf

where r is the distance of the point (x, y) on the line from

point (x,,,).

Proof: Let the given line imeets x-axis at 4, y-axis at £ and

passes through the point Q(x”yl

Ya _
(X_V
Q L0 N
vl
¥
Y
.4 | }
X'« »X
/A OlexpM L
“— ¥ —p
o

Fig. 1.51

Straight Lines 1.31

Let P(x, y) be any point on the line at a distance » from
Q(x,y)ie, PO=r.

In APQON, we have

_‘QN_I—Il
cos&—@——,:-——
g=x
EN cosf = (i)
and o PN
sinf = 55
- Y= ?
= sinf =— (i1)

From Egs. (i) and (i1), we get

> . |
cos _ sinf
This is the required quation of the line in the distance
form.

= x—x, Apeos Band y —y, =rsin6
= xz=x hrcosfandy=y +rsinf.

'_I‘_hus,,_'t']ie? coordinates of any point on the line at a distance
r from the given point (x,, »,) are (x, +r cos 0,y +rsin6).
If' P is on the right side of (x, y,), then r is positive and if
Pis onthe left side of (x , ), thcn ris negative. Since different
values of » determine different points on the line, therefore
the above form of the line is also called parametric form or
symmetric form of a line.

In the parametric form, one can determine the coordinates
of any point on the line at a given distance from the given point
through which it passes. At a given distance » from the point
(x,,y,Jon theline (x—xl)fcosﬁ =(y— yl)!sinﬁ therearetwopoints

viz., (x, + 7 cos B,yi + r sin 0) and (x, —rcos 9,y1 —rsin 6).

© A straight line is drawn through the
pomt P2, 3) and is inclined at an angle of 30° with the

x-axis. Find the coordinates of two points on it at a distance
4 from P.

Sol. Here (xl,yl) =(2, 3), 8 = 30°, the equation of the line is

x—2 _ p=3
cos 30°  sin 30°
x=2_y—3
2 2
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= x=2=V3(y-3)

=> x-V3y=2-3V3
P oints on the line at a distance 4 from P(2, 3) are
(x, £ rcos 6, Yk rsin 0)

or (2+4cos30° 3 +4sin30°)
or (2+2v3,3+2)or(2+23,5)and (2-2v3, 1)

IO UIERIR  Find the equation of the line passing
through the point 4(2,3) and making an angle of 45° with
the x-axis. Also determine the length of intercept on it

between 4 and the linex+y+1=0,

Sel.
YJV
/ A(2,3)

Y"r\.

Fig. 1.52

The equation of a line passing through 4 and making an angle
of 45° with the x-axis is

_x€3 Wit 3
cos 45° ~ sin 45°
xee Yo
g% 1
N2 V2
=1 x—y+1 =0

Suppose this line meet§ the\line x + y + 1 = 0 at P such
that AP = r.

Then, the coordinates of P are given by

y-3

cos 45°  sin45°

x—-2

= x=2+rcosd5° y =3+rsin45°

e T R I
= x=2 5 y=3 5
. r ¥
5 ol = +—_
Thus, the coordinates of P are (2 L 3 NG ]

Since P lies on x + y + | = 0. Therefore,

2+ =+3+F5+1=0

V2 2
= NZr=-6
=3 r=—32
Therefore, length AP = |r{ =32

Thus, the length of the intercept = 32

Example 1.71-

% _ The line joining two points A(2, 0),
B(3, 1) is rotated about 4 in anticlockwise direction
through an angle of 15°. Find the equation of the line in
the new position. If B goes to C in the new position, what
will be the coordinafes of C?

Sol. The slope m of the line 4B is given by

m = -]—‘_—él =1

Ya
C -
B(3, 1)
) 45°
e »X

g A2,0)
Y'v

Fig. 1.53

So, 4B makes an angle of 45° with x-axis. Now 4B is
rotated through 15° in anticlockwise direction and so it makes
an angle of 60° with x-axis in its new position AC.

Clearly AC passes through 4(2, 0) and makes an angle of
60° with x-axis, therefore the equation of AC is

= o y=0
cos 60°  sin 60°
x-2 _¥y=-0
1 3
2 i3

We have

AB = (3 -2+ (1-0) =+2.

So, the coordinates of C are given by

X—Z_Z'_p_ o

;A =2

B 2

1 56
= .r=2+§@=2+-randy=7\5=§—

s
s

Hence, the coordinates of C are



Example 1.72

the Line 2x — 3y + 9 =0 measured along a linex —y+1=0.
Sol. The slope of the line x — y + 1 =0 is 1. So it makes an

angle of 45° with x-axis.

The equation of a line passing through (1, 3) and making

an angle of 45° is
x=1 _ y=3 _
sind5° "

cos 45°
2a-3p+9=0

.3

Fig. 1.54

Coordinates of any point on this line are (1 + r cos 45°,

H oy = +L +L
3 + 7 sin 45°) (1 53 ﬁ)
If this point lies on the line 2x — 3y + 9 =0, then

i =
2+r\f2_'—9—\5+9 0

= r=2\2
Hence, the required distance = 212

Find the distance of the point (1, 3) from

x—y+1=0

Concept Application Exercise 1.4

1. Two particles start from the poimty(2, =1), one
moves 2 units along the line x + y =1 and the other
5 units along the line x -2y 4. if the'Particles move
towards increasing, then find their new positions.

2. Find the distance’between A(2, 3) on the line of
gradient 3/4 and the point of intersection P of this
line with Sx -+ 7y +40 = 0.

3. The centre of a square is at the origin and one vertex
is A(2, 1). Find the coordinates of other vertices of the
square.

CONCURRENCY OF THREE LINES

Three lines are said to be concurrent if they pass through a

common point, i.e., they meet at a point.

Straight Lines 1.33

axt+byte =0 (1)
ax+ bzy te, = 0 . (ii)
ax+ bzy = 0 (iii)

Then the point of intersection of Eqgs. (i) and (i) must lie
on the third.

The coordinates of the point of intersection of Egs. (i)
and (ii) are
( be,~be, e83=¢9, )
ab,~ azblf ab,=ab,

This point lies on line (iii). Therefore, we get

(blc" B bzcl) b (rlaz e )
= a = | Hp |+ =0
#lab, - azbr ™ 'qi'b_z —a.b 3

= aybe,~be)# 'sifca_‘fé-r* ¢a) +c(ab,—ab)=0
ay 31 -?;_‘
s ‘?2 'bz IQR =0
a bj b
This is rhercqum:d condition of concurrency of three lines.
Alternative Method:
Threehms,f.l =axtby+tc =0L=ax+by + ¢, =0

L Sax+by+c =0are concurrent iff there exist constants 4, , Ay

. A, not all zero at the same time so thatd L +A4,L +2.L =0,ie,

.?.!(a1x +b yte)+tAlax+ by+c) +.-13(a3x thy+ c)=0.

BERTIEEE Find the value of A, if the lines 3x — 4y — 13
=0, 8x— 11y — 33 and 2x -3y + 1 = 0 are concurrent.

Sol. The given lines are concurrent if

i3 -4 —13
IB -11 =33} =0
2 =3 A
= 3(—11A-99)+4 (8L +66)—13 (-24+22)=0
= ===l ==
Alternative Method: The given equations are
3x—4y—-13 =0 (i)
Sx—1ly—-33=0 (ii)
and 2x—3y+4 =0 (i)

Solving Egs. (i) and (ii), we get
x=1landy=35
Thus, (11, 5) is the point of intersection of Egs. (i) and (ii).

The given lines will be concurrent if they pass through

Thus, if three line are concurrent the point of intersection of “the common point, i.e., the point of intersection of any two
two lines lies on the third line. Let the three concurrent lines be  Jines ties on the third.
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T herefore, (11, 5) lies on Eq. (iii),
2x11-3x 5+1=0
A=-7

18,
=

anlnple_lﬂ If the lines ax + by + 1 = 0,
ax+ by+1=0and a,x+b y+1=0 are concurrent,

then show that the points (a » b ‘}, (“z’ bz) and (a 2 ba) are
collinear.

Sol. The given lines are

axtby+1=0 (i),
ax+by+l1=0 (ii)
and ax+t b3y +1=0 (iii)

If these lines are concurrent, we must have

a
a
a

(%
= el

=

1
1|=0
1

-
=
o

which is the condition of collinearity of three poims.
(@, b)), (ay,b),and (a, b).

Hence, if the given lies are concurrent, the given points
are collinear.

DISTANCE OF A POINT FROM A LINE

The length of the perpendicular from a point (x , y,) to a ling
ax+ by +e=0is

ax + by +c
N+ b |
Proof: The line ax + by + ¢ = 0 meets x-axis &fﬂ:(%ﬁ;, 0) and
y-axis at B(O, s %) )
Let P(x,, y,) be the point. Draw PN 4B.
Now, area of APAB
=5 |(0+5) - & - 58y + 00, ~0)|

cx, oy 2

AT Gl e gl 0
Y
\il
B0~7%)
P(x, )
N
- »X
T\ Ao
v

origin to Eq. (i). That is,

Also, area of APAB

-
=5 4B x PN

5
-1 -§+§5><PN

-5 0

From Egs. (i) and (ii), we get

a’+ b’ x PN

C L. 2
I(axl‘l'byl‘l’c)zi—g‘ —m\iaz'*b x PN

lax, + by, +df

= PN = —
e+ B

Distance between Two Paraltel lines

(3, ) ax+by+e,=0
ax+b;+c=0
Fig. 1.56

Distance of a point (x,;»,) from the line ax + by +c=0is

= ax, + by, =—c,
- _le=c)
Pz +o

If p is the length of the perpendicular

from the origin to the line % +% = 1, then prove that
) S -
Py

Sol. The given line is
bx +ay—ab =0 (i)

It is given that p = length of the perpendicular from the

_ |b(0) + a(0) — ab)
e
ab
a+h

i



. d¥
= P a2+b2
=5 _1__=a‘2+.b2

P a‘zbz

1 |

S =24
= P 7

Example 1.76°

Find the points on y-axis whose
perpendicular distance from the line 4x — 3y —12=101is 3.

Sol. Let the required point be P(0, ). It is given that the length
of the perpendicular from P(0, @) on 4x— 3y —12=0is 3

s et O
4+ (-3)°
— [Ba+12] =15
= la +4] =5
=5 a+4l=15ll
=% a=1,—-9

Hence, the required points are (0, 1) and (0, — 9).

IRETN A Two sides of a squares lie on the lines

x+y=landx+y+2=0. Whatis its area?

Sol. Clearly, the length of the side of the square is equal to the -

distance betwceen the parallel lines.

x+y=-1=0 Ly
and x+p+2=0 (i)
-1 3

Hence side length is e

. = Area of square is% :

J Find the coordinates of a point on x + y
+3 =0, whose distance from x + 2y +2 =0 is V5.

Sol. Putting x=7inx+y+3 =0, we gety=—3 - . So, let the
required point be (t, =3 — t). This point is at a distance of V5
units from x + 2y + 2 = 0. Therefore,

e=82202) L g5

V12422
—t—4| _
. PN =
= (+4==x5
=% =1,—9

Hence, the required points are (1, —4) and (=9, 6).

Straight Lines 1.35

e Jsell Find the equations of straight lines

pﬁssiﬁg through (—=2,-7) and having an intercept of length
3 between the straight lines 4x + 3y =12 and 4x + 3y = 3.

Sol.

Fig. 1.57
Given lines aré
4xi- 3y =12 =0 (i)
and .
4x+3y-3=0 (i1)
Given AB=3

AL = distance between parallel lines Eq. (i) and Eq. (ii)

_|=12+3] _9
\||42+32 5
From A ALB, we get
LB* = AB* - AL?

= 32_81/25= (9 x 16/25)
LB =12/5

tan & = AL/LB = 3/4. Also tan 8 = slope of line (i)
=—4/3. Let Slope of PB is m.

,,,,(_.__.4) '
Now tana=-3-=%

tem(-5)
= m=°°0rm=—-2%

:>Equationofiineisx+2=03ndy+?=_2—;(x+2)

orx+2=0and 7x+24y+ 182=0
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Examaple 1.80 Show that the four lines ax £ by £ ¢ = 0

enclose a rhombus whose area is (i—b)' 2

Sel.
Fig. 1.58
Clearly from the above figure,
Artea of parallelogram
= 4 x (area of AAOB)
=4axllelle
~4%3 I a‘ ‘b'
2
=
=8 ab

1. Find the equation of a straight line passing through'
the point (-5, 4) and which cuts off an intercept:o_f-ﬁ \
units between the linesx+y+ |=0andx+y—-1=0,

2. Find the ratio in which the line 3x + 4y £2 = 0 divides
the distance between 3x +4y+5=0and3x + 4y — 5
=0.

3. Find the equations of lines parallel63x = 4y — 5=0
at a unit distance from it,

4. If p and p' are the distances of origin from the lines
x seca +ycosec @ = frand.x cos @ — y sina = k cos
2a, then prove that 4p° + p2 = i,

POSITION OF POINTS RELATIVE TO A LINE

Let the equation of the given line be
ax+by+tc=0 (1)
and let the coordinates of the two given points be
P(x,.y,) and Ox,, y,).
The coordinates of the point P which divides the line
joining P and Q in the ratio m : 1 are

(mx2+nxl my2+r:yl) 2z
m*n * m+n (i)
\AL ¥
0
P[xisy:)
P(xi, )
e » X
(0]
‘F}ﬂ \
Fig. 1.59
If this point lies on Eq. (i), then
e+ i
2 1y 2 | w
m+n ) ( m+n +e=0 B
= mlax,+ by Fe)+ nlax +by +c)=0
ax, + byl +e
(iii)

Ed ™" T Ae
+by +
_ ax, + by, te

If point R is between the points P and O, i.e., points P and
Q‘are on the opposite sides of the given line, then the ratio

Concept Application Exercise 1.5 I'— \m: nis positive.

So, from Eq. (iii), we get

= ax + byl + ¢ and ax, + iby2 + ¢ are of opposite signs

If the points R is not between P and O, i.e., points
P and Q are on the same side of the given line, then the ratio
m : n is negative.

AY

Fig. 1.60



So, from Eq. (iii), we get

ax +by +e¢
1 1 <0
ax2+by2+c

ax1+by1+c

== 0

T R
+

ax, by2+c

= ax +by +cand ax, + by, + c are of the same sign.

Thus, the two points (x,; »,) and (x,, y,) are on the same
(or opposite) sides of the straight line ax + by + ¢ = 0 according
as the quantities ax, + by +cand ax,+ by, + ¢ have the same
(or opposite) signs.

E Are the points (3, 4) and (2, — 6) on the

same or opposite sides of the line 3x — 4y=8?

Sol. Let L = 3x — 4y — 8. Then the value of L at (3, 4) is
LI = — 15 and the value of L at (2, — 6) ist = 22.

Since L and L, are of opposite signs, therefore the two
points are on the opposite sides of the given line.

.E_X;-_.l;!_.l.l'[’._l!';-__,l,sf‘?: ¥ If the point (a, a) is placed in between the
lines |[x + y| =4, then find the values of a.

Sol. Lines x + y = 4 and x + y = —4 is parallel and points (2, 2)
and (—2, —2) lie on these lines.

If point (a, a) lies between the lines, then a > —2 and

a<2ie —2<ag<2.

= la| <2
ij
v .
By
v Ry’
S £ GO —
2,-2)# g Y
o
.‘x+y=—2
v
Fig. 1.61

L ample183 Find the range of values of the ordinate
of a point moving on the line x = 1, and always remaining
in the interior of the triangle formed by the lines y = x, the
x-axis and x +y =4,

Sol. From the figure, y-coordinates of P vary from 0 to 1, So,
to be an interior point, 0 < ordinate of P < 1.

Straight Lines 1.37

¥
&
'\ ' o
:
F X@2,2)
1
a,n
< T0.0) »X
1 R X
v f *hyed
x=1
Fig. 1.62

E\apl.i If the point P(a% a) lies in the region

corresponding to the acute angle between the lines 2y = x
and 4y = x, then find the values of a.

Sol. Acute angle is formed.by lines in first and third
quadrants p -

Fig. 1.63
But a” > 0, hence point P(’, a) lies in first quadrant,
We have a — (a’/4) >0 and a— (a’/2) <0 (" (1, 0) and P

lies on same side of x — 2y = 0 and (1, 0) and P lies opposite
sides of x — 4y =0)

=) O<a<4andae (—w,0)uU(2,w0)
= ae(2,4)

ﬂ&mcept Application Exercise 1.6 ’_‘

1. The point (8, —9) with respect to the lines 2x + 3y — 4
=0 and 6x + 9y + 8 = 0 lies on the
a. same side of the lines
b. different of sides the line
¢. one of the line

d. none of these
2. Which pair of points lies on the same side of 3x — 8y
~7=0?
a. (0,—1)and (0, 0) b. (4,-3)and (0, 1)
c. (—3,~4)and (1, 2) d. (-1,-Dand(3,7)
3. Find the range of & for which the points (&, 2 + &)

and (3a/2, @®) lic on the opposite sides of the line
2x+ 3y =6.
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EQUATIONS OF BISECTORS OF THE ANGLES
BETWEEN THE LINES

Angle Bisectors

A bisector of angle between lines L : ax + byte =0 and
L:ax+ by+ec,=0 is the locus of a point, which moves
such that the length of perpendiculars drawn from it to the two
given lines, are equal.

ax+by+ec,=0

[ B
g
=
B
=

ax+by+ec =0 OQ 5

Fig. 1.64

From Fig. PN=PM
Then equations of the bisectors are

+hy+
axtbyte,

Vai+b]

axtbyte,
Vai+ b

i. To determine the acute angle bisector and the
obtuse angle bisector

AP is the bisector of an acute angle if,
tan (£PAN) = tan (6/2) is such that [tan &&[ <l

= 012 < m/4
— 0 <m/2

AP is an obtuse angle bisector if;
tan (£PAN) = tan (6/2) i§ such'that [tan 6/2 > 1

= 0/2 = mi/4
= 0 > nf2

ii.To determine the bisector of the angle contaning
the origin and that of the angle not containing the
origin
Rewrite the equations ax + by + ¢ =0 and ax + by
te,=0 such that the constant terms ¢, ¢, are positive.
Then, we have
axtbyte

va, + b,

+
_ a,x bzy +c,
Va, + b,

it gives the equation of the bisector of the angle containing
the origin and

alx+.bly+c':1 rzz,wr~|~b2y+|:-2
Va, + ] Ve, +8,
gives the equation of the bisector of the angle not
containing the origin.
Proof :
L:ax+ b|y+c] =0
and L :ax+ byte,=0 (wherec, ¢, > 0)

Since any point P(h, k) and O (origin) are on the same
side of the line L = 0 and L, = 0 or on opposite sides of L, =
0 and L2 =0 P(h, k) will give the same sign with respect to Ll
=4{ andL2=0 i € c2>0)

a x+by-l-c ax+tbyte,.
T S R

gives the bisector of'that angIe which contains the origin.

Now, consider the point O (h, k) on other bisector.

Note that Q'and\O are on different side of L, = 0, where-

as 0 and O.are on the same side of L, =0 (orQ and O lie on
same side of £,= 0 and on different sides of L, =0)

Therefore, the equation

ahkbk+c ” ahtbk+te,
S L an have opposite signs.
'J_g; + bf \Iq + b '
axt+by+e, axtbytec,

Therefore, the equation — ==
Vi + ] \C

will give the bisector of that angle which does not contain

the origin.
Bisector of the angle containing the point (a, ff) is

e;le+biy+cI

\a +b,

_ axtbyte,
va + b,

ifaa+b f+c andaa+ b,p + ¢, have the same sign.

Shortcut Method for Identifying Acute and Ob-
tuse Angle Bisectors

Equations of the bisectors of the lines L :ax + byte = 0
andL :ax+bytec,= 0

(.«:.rljt':2 #a,b ) where ¢ > 0andc,>0are



(a1x+bly+cl) =i(a1x+b2y+c2)

\(@ +5) (@, +8;)
o Conditions Acute anglé Obtuse angle
i ~ bisector bisector
S e et LT
R T o : =

A line which is equally inclined to given two lines is parallel
to fhe angle bisectors of the given lines.

Example BL® For the straight lines 4x + 3y — 6 =0 and

5x + 12y +9 =0, find the equation of the
i. bisector of the obtuse angle between them,
ii. bisector of the acute angle between them,
iii. bisector of the angle which contains (1, 2).

Sol. Equations of bisectors of the angles between the given
lines are

dx+3y-6  Sx+12p+9.
V4% + 32 V5% + 122
=5 9% —Ty—41 =0
and Tx+9—-3=0

If 8 is the angle between the line 4x + 3y — 6 = 0 and the
bisector 9x — Ty — 41 =0, then

AFETN N
~\o

tan 6 =

1+ (- A1

—

&
3

e

Hence,

i. The bisector of the obtuse angle is 9x — 7y — 41 =0.
ii. The bisector ofthe aghie angle is 7x+9y—3=0.
jii. The bisector of the angle containing the point (1, 2).

For the point (1, 2), we have
4x+3p—6=4(1)+3(2)-6>0
Sx+12y+9 =5(1)+12(2)+9>0

Hence, the equation of the bisector of the angle containing

the point (1, 2) is
4x+3y-6 Sx+12p+9

5 a 3
= 9x—Ty—-41 =0
IBELTIEEIR  Find the equation of the bisector of
the obtuse angle between the lines 3x — 4y + 7 = 0 and
12x+5y—2=0.

Straight Lines 1.39

Sol. Firstly, make the constant terms (c, ¢,) positive

I—4p+7=0

and  —12x-Sy+2=0

= aa, +bb, =(3)-12)+(-4)5)
= -36+20=-16

Hence, “—" sign gives the obtuse bisector.

=  Obtuse bisector is
(3x—4y+.7) _ (-12x—-5y+2)

VOP+(4P 127+ (5)
= 13(3x—4y+7) = —5(-12x — 5y +2)

=  2lx+77y—101 =0

is the obtuse angle bisector

The verfices of a triangle ABC are (1, 1),
4, — 2) and (5, 5) respectively. Then find the equation of
perpendicular dropped from € to the internal bisector of
angle A.

Sol. The internal bisector AD of angle BAC will divide the
opposite sidé BC in the ratio of arms of the angle i.e., AB : AC
or 3V2 42 or3: 4.

AL

4R

B 3 4
(4,-2) DU 1)

32

G
(5,5)

Fig. 1.65

Hence, the poini D on BC by section formula is (31/7, 1)
and 4 is (1, 1).

Therefore, slope of AD = 0. Hence, slope of CL which is
perpendicular from C on 4D is .

Therefore, equation of CL isx—5=0.

Example [ETE Two equal sides of an isosceles triangle

are 7x—y+3=0and x+y—3 =0 and its third side passes
through the point (1, —10). Determine the equation of the
third side.

Sol. Since triangle is isosceles, the third side is equally inclined
to the lines 7x—y+3=0andx+y—3=0.

Hence, the third side is parallel to angle bisectors of the
given lines.

The equations of the two bisectors of the angle are
Tx—y+3
V50

x+y-3
V2
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x+y—-3=0 @)
and x=3y+9=0 (ii)

The line through (1, =10) parallel to Eq. (i) is 3x + y + 7
= 0 and parallel to Eq. (ii) isx — 3y — 31 = 0.

or

Image of a Point with Respect to the Line Mirror

Let the image of A(x, y,) with respect to the line mirror
ax+by+c=0be B(x,, y,) then it is given by

=% %Y~ +by +¢)

“ b (@ + b

A(x.,_y,}

ax+tby+e=0

"Bk )

Fig. 1.66

Also let the foot of perpendicular from point A(x, ) on
the line ax+ by + ¢ =0 be C(xa,y3) which is given by

(ax, + by, +c)

% _}’3-—}‘!___
(@’ +b)

g b

Proof:

Equation of line 4B is
“ax+byt+te=0 (i)
P=(x,y) 0=, )

F

Let
P(x,, )

ax+by+ec=0

L B

4
v

N

l' Olxy, )
Fig. 1.67

Slope of AB = ——g- and slope of PO = (y, ~ y,J(x, - x,)
Since PQ L AB, we get

X —-x y. -y

or g =" = k(say) (ii)
From Eq. (ii), x,- x = ka and M = kb
Now,
alx,~x) +b@p,~y) = ka'+b)
or ax, +by, - (ax, + by)) = ka* + b’
or ax, +by, +c—(ax, + by, +c) = kd +b%) (iii)

Let L be the point of intersection of lines 4B and PQ,
then

Lis (___x-i 2y J_’:_‘_”ﬁ)
)

Since L lies on line Eq. (i)

a(x! +‘x-;lr) b-(yi+yz) _
= 2 + 3 +e=10

or ax, +-_¢‘:___yl +c+ax2+by2+c= 0
or . a;j(;__j+by2+c=—(axi+byl+c)

Ther'éfare,-’ﬁ'ﬁrh Eq. (iii), we get
- 2(ax, +by, +c) = kd +b%)

2(ax, + by, +c)

a + b

(1v)

or k=
From Egs. (ii) and (iv), we have

X, =X =-V2_y1 :—2(a>cI +byl+c)

a b aZ L b2
Find the image of the point (4, 13) in the
line 5x+y+6=0.
Sol.

F£(4,-13)

5X+y+

Plx, )

Fig. 1.68

Let P’(x],yi) be the image of (4, ~13) with respect to the line
mirror 5x + y + 6 =0, then



Straight Lines 1.41

x, =4 y +13  _2[54)-13 +6] Then, the general equation of any straight line passing
5 -1 57+ 1)) through the point of intersection of lines L and L, is given by
L +AL,=0
. x|_4=y1+13=_2_§_ where Ae R.
5 1 26 These lines form a family of straight line from point P.
= x —4=-5andy +13=-1 Also this general equation satisfies point of intersection
: ¥ fL and L_ for any value of A
= x, =—landy =-14 4 p forany :
Hence, P'(-1,-14). - Note:

et { ) CBRIR Find the foot of the perpendicular from o Consider variable straight line ax + by + ¢ =0, where a,
b, c are real. This lines do not form a family of concurrent
straight line, as for different values.of a, b, c the lines

not necessarily concurrent. But if a,' b, c are related to

the point (2, 4) upon x +y = 1.
Sol. Required foot (A, k) of the perpendicular is given by

h-2 k-4 -(2+4-1) _5 each other by any linear relqg‘_i_"oﬂ',f‘f.g., al + bm + cn
s e G e & =0, wherel, m, n are constants, then lines are concurrent

Jfor different values of a, b, ¢: The given variable line

h=2-(5/2) =-1/2and k=4-(5/2) =3/2 can be adjusted as ax + by~ (al + bm)/in = 0. This is,

alx — (IIn)] + by~ (min)] = 0, which passes through
point (Iin , min) for different values of a and b.

eI RIE In triangle 4ABC, equation of the right e A straight bne issuch that the algebraic sum of the
bisectors of the sides AB and AC are x + y=0andy-x perpendiggangglsaw upon it from any number of fixed

=( respectively. If 4 = (5, 7) then find the equation of side poing :'.S_.zem,' then the line always passes through a
BC. et o

: ; ‘Proof* Let the fixed points be (x , ¥ ); r=1,2,3, ..., 0
Sol. ‘B’ and ‘C” will be the image of 4 in y + x = 0 and andge S B bep e (x yr)
y—x = 0 respectively. and tf

ax+by+c =0 i)
Thus B =(-7,-5),C=(7, 5). 7 ¢

Hence, equation of BC is

Required foot is (- 1/2, 3/2).

Given,

y=5 =273 (x- 7) s, 149 10x. 5, BT o
717 : ; e
FAMILY OF STRAIGHT LINES < or 3 (@ by 0 =0

r=1

=5 azn:xr+biyr+ i c=0
r=1

r=1 r=1

LetL =ax+by+c =0 an¢-£25:¢21+.,_b} +e,=0

e =
e by =alx, +x,+ x)+by +y,+ o ty)ten=0

_____ - e o S R =7 yty ooty
______________ =>u( Lty ")+§;( L2 ) 4e=0(ii)
------------------- From Eq. (ii) it is clear that Eq. (i) passes through the
ax+by+c=0 fixed point

Fig. 1.69 ; a + b for different values of a and b pass
through a fixed point. Find that point.
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Sol. Given equation is
x(a+2b) +y(a+3b) =a+bh
a(x+y—1)+b2x+3y-1)= 0 0)

Both a and b cannot be simultaneously zero, therefore at
least one of @ and b will be non-zero. Let a # 0.

or

Now Egq. (i) can be written as

xt+ty—1+®Ba)2x+3y-1)=10
x+y—-1+M2x+3y—1)=0,

where A = bla

From Egq. (ii) it is clear that Eq. (ii) passes through the
point of intersection of lines

x+y-1=0

-

oOT

(ii)

(iti)
and

2x+3y—-1=0
Solving Egs. (iii) and (iv), we getx =2,y =—1.

Hence, lines represented by Eq. (i) pass through the fixed
point (2, —1) for all values of @ and b.

BT IISEER If a, b, ¢ are in AP, then prove that ax +
by + ¢ =0 will always pass through a fixed point. Find that

fixed point.
Sol. Since a, b, c are in AP, therefore 2b = a + c. Putting the
value of b in ax + by + ¢ =0, we get
atc e
ar+ (£ e

= a@x+y)+ep+2)=0

= @ +7)+(3) @ +2) =0

This equation represents- a family of strai'g:ht_line_s' passing
through the intersection of 2x + y = O.and p'+ 2 = 0, i.e;
(1,-2).
Alternative method:
Given line is

(iv)

ax+by+ =0 (i)
where a, b, ¢ are in AP then
a-2b+c=10 (ii)

Now comparing ratio of coefficient of g, b and c in Eq.
(i) and (ii), we have

Ll =i
1 21
= x=landy=-2

VI RES Find the straight line passing through the
point of intersection of 2x+ 3y +5=10,5x -2y —-16 =0 and
through the point (-1, 3). -

Sol. The equation of any line through the point of intersection
of the given line is

2x+3y+5+A(5x—-2y—-16)=0 5 (i)
But the required line passes through (- 1, 3), hence we get
-2+9+5+4(-5-6-16)=10

Hence, A =4/9 . Use this value of A in Eq. (i) and the
required line is

9(2x+ 3y +5) +4(5x—2y ~16)=0

or on simplification, we get
2x+p—-1=0

:.': Consider a family of straight lines (x + y)
+A (2x—y +1)=0. Find the equation of the straight line
belonging to this family that is farthest from (1, -3).

Sol.

x+y=0

00,3

A-y+1=0

Fig, 1.70

Given family is concurrent at ‘P> (— 1/3 , 1/3). If 0 = (1, -3),
then m,,, = [~ 3~ (1/3)J[1 + (1/3)] = -5/2.

Now, member of the family that is farthest from ‘0’ will
have its slope as 2/5. (" line will be L to PQ)

As a result, we get

2 (1+21)
ST a=-0
.
= .»1——8

Thus, the equation of required line is

(x+y)—% (2x—y+1)=0 ie. 15y—-6x-7=0

BB WIS  Find the values of non-negative real

numbers hl, hl, "'3’ ki, kz, ks such that the algebraic sum
of the perpendiculars drawn from points (2, k‘), a3, kz),
7, ks}’ (h,, 4), (h,, 5), (hs, —3) on a variable line passing
through (i, 1) is zero.
Sol. Let the equation of variable line be ax+ by + ¢ =0, it is
given that

6, ax + by te



e Z)efZeens

So, the fixed point must be Zx, /6, Zy, /6. But fixed point
is(2, 1)so(2+3+7+h, +h2+h3)f6=2.

= hl + hz + h3 =0
— h =0,h,=0,h =0
(as h h, are non-negative)

1’ 2’
Similarly, we get

}'cl~1—;’chr-kz,+4+S-—E’;='I

——i Concept Application .Exgtcise 1.7 f——

1. Ifaand b are two arbitrary constants, then prove that
the straight line (@ — 2b)x + (a + 3b)y + 3a+4b =10
will pass through a fixed point. Find that point.

2. [Ifa, b, care in harmonic progression, then the straight
line (x/a)+ (y/b) + (l/c) = 0 always passes through a
fixed point, then find that point.

3. If algebraic sum of distances of a variable line from
points (2, 0), (0, 2) and (- 2, — 2) is zero, then the line
passes through the fixed point is

a. (-1-1) b. (0,0)
e {1, 1 d. (2,2) :

4. Consider the family of lines Sx + 3y — 2=t 4 (3x —'p
—4)=0andx-y+1+4,(2x-y-2)=0. ind the
equation of a straight line that belongs to both the
families.

PAIR OF STRAIGHT LINES

If separate equations of two lines be ax + by + ¢ = 0 and
ax+ b y+c =0, then their combined equation will be

(ax+by+c)(ax+byte)=0
and conversely if the combined equation of two lines be
(ax+ bytc)(ax+by+c)=0,then their separate equations
willbe ax +by+c=0andax+by+c =0.

For example, the combined equation of lines 2x +y + 3 =
Dandx—y+4=0is(2x+y+3) (x—y+4)=00r 26’ —xp—)*
+1lx+y—-12=0.

Separate equations of lines represented by the equation

6x° + 5xy— 47 =0, ie., (2x-y) Bx +4y)=0 are 2x -y =0
and 3x+4y=0

Straight Lines 1.43

Note:

In order to find the combined equation of two lines, make
R.H.S. of equation of straight lines equal 1o zero and then
multiply the two equations.

Homogeneous Equation

An equation (whose R.H.S. is zero) in which the sum of the
powers of xand y in every term is the same, say », is called a
homogeneous equation of nth degree in x and y.

Thus, ax’ + 2hxy + by* = 0 is a homogeneous equation
of second degree and cx’ + dxy” + e° = 0 is a homogeneous
equation of third degree in x and y.

Pair of Straight Lines through, the Origin
To show that any homogeneous equation of second degree in x
and y represents two straight lines through the origin.
Lets consider a general homogeneous equation of second
degree inx and y as'
@+ 2y + By =0 (i)
Dividifig bothsides by x’, we get

#3) +24(})+a=0 (i)

Sirice Eq. (ii) is an equation of second degree in y/x, it
has two roots. Let the roots be m, and m,. If @, B be the roots
9£equatwnax2+bx+c—0 thenax + bx +c=alx —a)
x (x — ). Therefore, Eqs. (ii) can be written as

o) G-m) =0

or b(y— mlx)(y - mzx) =0

Thus, Eq. (i) represents two straight lines y —m x =0 and
y-mx=0 both of which pass through the origin.

Comparing b(y — mx) (v — mx) =0 with Eq. (i), we
have

bm m, =_b(m|+m2)=l
a 2h 1
__2h _a
= m +m, L

An Angle between the Line Represented by ax’
+ 2hxy + by’ = 0

Let @ be the angle between the lines, then

2
= + -
m—m, -J(ml mz) 4m1m2

+ B +
1 m m, 1 mm,

tan 0 =
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40’ 4 a
T 1+(alb)

4 — 4ab
atb

WH —ab

tan @ ==+ oy >

==

or

Acute angle between the lines is given by

_|2VK* —ab
tan @ = [=—————
a+b

Note:

o [f'the lines are perpendicular, then @ = 90°

= cotd =0

= 840 g
W —ab

or a + b = 0 which is the required condition or

(coeff, of ) + (coeff. of ¥) =0
e If'the lines are parallel, then 6 =0

= tan @ =0
= H—ZW=G
= i —ab =0
— W =ab h |

which is the condition for the lines to be par’aﬁef
(coincident).

Since both the lines pass through the ;m‘gin, therefore
they will be coincident if parallel..

Bisectors of Angle between the Lines Represented
by ax’ + 2hxy + by* = 0 ;
Let the given equation represent the straight lines
y=mx = 0 (1)

(i)
(iii)

The equations to the bisectors of the angles between the
straight lines in Eqgs. (i) and (ii) are

y-mx =0
then
m +tm, =- 2h/b and m m, =alb

y-mx y-mx

Vi+m \i+m

y—mx y—mx

Nl+m __\ll+m;

and

Therefore, the combined equation of the bisectors is
y-mx\(y-mx y-mx
3 3 - T
Vi+m A1+m||N1+m  1+m

=mx? (y-mpx)’
1+m — 1+m

y—mx

or
or (1+m) ("~ 2mxy+mp’) -

(1+m) 0F =2mxy+mx?) =0
or (= )(x* = 5°) + 20— 1)om, —m )y =0
or (m +m )= yt).'.+'2{m1m2 ~ Dxy=0

Hence, by Eq. (iii), we get

l}%ﬁ(x2 _}914_2(% -1y =0,

& A
a—b h

General Equation of the Second Degree

We ‘have proved that homogeneous equation of the second

degreemx and y represents two straight lines passing through

the origin. But every quadratic equation in x and y may not

\.always represent two straight lines. The most general form of

a quadratic equation in x and y is
ax® +2hxy + by’ + 2gx + 2+ e =0
Since it is an equation inx and y, therefore it must represent
the equation of a locus in a plane. It may represent a pair of
straight lines, circle, or other curves in different case. Now we

will consider the case when the above equation represents two
straight lines.

Condition for General 2nd Degree Equation in
x and y Represent Pair of Straight Lines

The given equation is
ax’ + 2hxy + by’ + 2gx + 2fy +e =0 (i)
If a # 0, then writing Eq. (i) as a quadratic equation in x
we get
ac® + 2x(hy + @) + by + 2 +¢c=0
Solving, we have

= 2(hy + ) £ 4(hy + )’ —4a(by* + 2/ + c)
- 2a

= (hy+g) £\ - ab)y’ + 2Agh—af)y + (& —ac)
- a



Equation (i) will represent two straight lines if left-
hand side of Eq. (i) can be resolved into two linear factors;
therefore, the expression under the square roots should be a
perfect square.

Hence,
d(gh - af)* — 4(* - ab)(g" —ac)=0 (ii)
(as Ax* + Bx + C is a perfect square if B> — 44C = 0)
= W +df - 2afgh— W'g" + abg" + ach® — a*bc =0
= a(af* + bg* + ch* — 2fgh— abc) =0

or abe+ 2fgh—af* —bg* —ch* =0  (iii)
which is the required condition.

If ax® + 2hxy + by’ + 2gx + 2fy + ¢ = 0 represents two
straight lines, then the equation of the pair of lines through the
origin and parallel to them is ax” + 2Axy + by* =0

If ax” + 2hxy + by* + 2gx + 2fy + ¢ = 0 represents two lines,
then the left-hand sides can be resolved into two linear factors.

Let the factors be Ux+tmy+n)(x+my+n)

Multiplying we see that (/x +m y) (/x + m_y), the terms
of second degree, must be identical with ax” + 2hxy + by’
Therefore, ax’ + 2hxy + by’ = 0 is identical with (/.x +m y)
X (12x+m2y)=0.

Thus, equation ax” + 2hxy + by” represents two lines
Ix+my= 0and Lx + my =0, which are parallel to lines
llx Famyia, = 0 and fzx +my+n, = 0, respectively.

Note:

The arzgle between the lines represented by ax 4 2hxy
+ by + 2gx + 2fy + ¢ =0 is equal to the angle between the
lines represented by ax* + 2hxy + by* <0. Thatis,

=

at+b
Point of Intersection of Pair of Straight Lines

The point of infersection of the two lines represented by
a + 2y + by +2gx + 2/ +e=01is
—hf af—gh
W —ab’ hz—ab)

The point of intersection can also be determined with the
help of partial differentiation as follows.

Let ¢ = ax’ + 2hxy + by’ + 2gx + 2y + ¢ =0.

Differentiating ¢ with respect to x, keeping y constant,
we get

Example 1.98
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% -2&x+2ky+2g

Similarly, diﬂ'erentiatmg ¢ with respect to y, keeping x
constant, we get

i@
3y = 2t 2by+of

For point of intersection, we get

P _ 9 _

Thus, we have ax+ hy+g=0and hx + by + f=0.

Solving the two equations, we get

fi-tg " gh —é? ab - 'hz
o (b= /h af-gh
Y (hz—ab’hz——ab)

(SO SEHl Find the value of 1 if 2x° + Txy + 3% + 8
+ 14y + A = 0 represents a pair of straight lines,

Sol. The‘given equation ax” + 2hxy + bf+2gx+2ﬁ+c 0
represents a pair of lines, if abe + 2fgh - af® - bg* — bc* =0,
iegif

61+27) @)(2) -2 -3 -2 (1) = 0

= 61+ 196 - 98 - 48 -4 = ¢
i A% _61=196- 146=50
= i 50
= A=22%g=8

If the angle between the two lines
represented by 2x* + Sxp + 3p* + 6x + Ty + 4 = 0 is tan”" (m),
then find the value of m.

Sol. The angle between the lines 2x* + 5xy + 3)* + 6x + 7y + 4

=0 is given by
— ( :th—a)
an @ = tan™
at+b
wherea=2,b=3,h=15/2
f25
+20==-6
= tanf = —n o —

2+3

= 8=mn“(¢§)=>m=t§
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_ Find the value of ‘4’ for which the
lines represented by ax’ + 5xp + 2)* = 0 are mutually
perpendicular.

Sol. The lines given by ax® + Sxy + 2)* = 0 are mutually
perpendicularifa +2=0,i.e,a=-2.

Ifx* - 2pxy—y" =0 and xX* - 2qxy -y =0
bisect angles between each other, then find the condition.

Sol. The equation of the bisectors of the angles between the
lines x* — 2_.0.7c}'—y2 =0is

¥~
I-(1) P
i
= z - B
=  p+2y-p =0

This is same as x* ~2gxy — y* = 0, therefore

2__ 2 -B
1 =2¢ =1
=S pg+1 =0

BT B BIUE If the pair of straight lines ax® + 2hxy

+ by* = 0 is rotated about the origin through 90°, then find
the equations in the new position.

Sol. Let y =m x, y = m, x be the lines represented by
ax’ + 2 hxy + by* = 0. Then, we have

o

= % and mm, =4

m +m
| 2

Lety=m’ xandy m’ xbe new posmons of p= m x
and y = m,x, respectwe]y

Then, y=m xis perpendicular to y = x"
mm =<1

=% ml mia Similarly, m; = mLz

So, the new lines are y = I x andy=

1 s~ x and so their
2
combined equation is

(my+x)(my+x)=0

= mm, y2+x3+xy{m tm)=0
= 8yt (2) -0

= bx* = 2hxy +ay* =0

RO AL If the pair of lines ax® + 2hxy + by* + 2gx

+ 2fy + ¢ = 0 intersect on the y-axis, then prove that 2fgh
=bg’ + ch’.

Sol. We must have

abc+2fgh-af* - bg’ —ch’=0 (i)
Let the point of intersection on the y-axis be (0, 4). Then,
bg—hf af—gh ) '
from (—“h2 R ab) we have

fh=bg (i)
The equation of the y-axis is x = 0. Solving this and the
equation of the pair of lines, we get

426 +c=0
which must have equal roots.
fA=be (iii)

Equation (ii) can be written as fgh= l.lgq

Putting f* = be, foh=bg" in Eq. (i), we get
bg? =k’
2feh ='bg’ + ch’

Example 1.103 Find the distance between the pair of
parallel lines.x* + dxy + 45" + 3x + 6y — 4 = 0.

Sol. Given lines are
(x *2))" +3(x +2y) -

Therefore, i+ =—3:i:\|'29+ 16 :-—32:]:5
=-4,1
Therefore, lines are
x+2y+4=0
x+2y-1=0
. . _|4- (-1
Required distance = e
.
- 5

Combined Equation of Pair of Lines Joining Ori-
gin and the Points of Intersection of a Curve and
a Line

Lets find the equation of the straight lines joining the
origin and the points of intersection of the curve

ax’ + 2hey + by? +2gx + 2fy +¢=0 (i)
and the line _

Ik+my+n=0 (ii)
Equation (ii) can be written as

Ix + my
+my=-nor—p Y1

(3ii)



X

9]
Fig. 1.71
L et A and B be the points of intersection of the (ii) and

Eq. (1) |
In order to make Eq. (i) homogeneous with the help of
Eq. (iii), we write Eq. (i) as
ax® +2hxy + by + 2gx + 2)1 + ¢(1 =0
+
=>ax2+2hxy+by2+(2gx+2ﬁ»)x(b‘_’:}’)

Ix +my\?
T dd (iv)

Since coordinates of 4 and B satisfy Egs. (i) and (ii),
therefore these satisfy Eqs. (iv) which is formed by combining
Egs. (i) and (ii).

Thus, Eq. (iv) is a locus through points 4 and B.

Also Eq. (iv) being a homogeneous equation of second degree
in x and y represents two straight lines through the origin.

Hence, Eq. (iii) is the joint equation of O4 and OB.
25 ALRBIE] Prove that the straight lines joining the

origin to the points of intersection of the straight line

hx + ky=2hk and the curve (x — k)’ + (y - h) “= " are right

angles, if B> + k¥ = .

Sol. Making the equation of the curve homogemous with the
" help of that of the line, we get

This is the equation of the pa'ir- tr‘_f_:--.i:"ncs joining the origin
to the points of intersection of the given line and the curve.
These will be at right angles if

Pty —2(loc+hy)(

coefficient of x* + coefficient of > =0, i.e.,
P+ H+EB-) =0
= R+i2=¢ (- B+ #0)

el dCEWLA Prove that the angle between the lines

joining the origin to the points of mtersect:on of the
straight line y = 3x + 2 with the curve x’ + 2xy + 3y +dx+
8y — 11 =0 is tan™ (2¥2/3).

Sol. Equation of the given curve is
PHy+H+ac+8y - 11=0

Straight Lines 1.47

and equation of the given straight line is
y=-3x=2
y—3x
2

Making Eq. (i) homogeneous equation of the second
degree in x any y with the help of Eq. (i), we have

o el 5 onft ) o5

or 73 — 2y —y* =0

This is the equation of the lines joining the origin to the
point of intersection of Eqs. (i) and (ii).

Comparing Egs. (iii) with the equation ax® + 2hxy + by*
=0, we get

a=7,b=—1and2h=— 2;"'fie., h=1

If 6 be the acufe.angle between pair of lines as shown in
Eqy. (iii), then

=]

tan9=12 | ‘21-'_ ‘
a+b |~
_28_2V2
6 3
6 = tan 1%

Example 1.106

2 If the lines joining origin and point
of intersection of curves ax’ + 2hxy + by* + 2gx = 0 and
lrxl.u'2 + 2hlxy +b Iy2 + Zglx = 0 are mutually perpendicular,
then prove that g(a + b ) =g (a+Db).

Sol. ad +2hxy+ by* =—2gx
ax? +2hxy+ by =-2gx

ax’+ 2y + by’ _ g
alxz 2hxy + bly2 &

(ag, —a,g)x’ +2(hg, — h gy + (bg, —b,gy" =0

The lines will be perpendicular if ag —a g+ bg — bg
=0

ie., if(atb)g, =(a +b)g
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__—.I Concept Application Exercise 1.8 ]7

1.

Find the combined equation of the pair of lines
through the point (1, 0) and parallel to the lines repre-
sented by 2x* —xy—y* = 0.

If the slope of one line is double the slope of another
line and the combined equation of the pair of lines
is (/a) + (2xy/h) + (*/b) = 0, then find the ratio
ab: K.

Show that straight lines (4> — 3B%)x* + 84B xy
(B* - 34%)y” = 0 form with the line Ax+ By + C=0an
equilateral triangle of area C%/ V3(4* + B%).

If one of the lines denoted by the line pair ax® + 2Axy

+ by? = 0 bisects the angle between coordinate axes,
then prove that (a + b)’ = 44°.
Prove that the equation 2x” + 5xy + 3y” + 6x + 7y + 4
= () represents a pair of straight lines. Find the coordi-
nates of their point of intersection and also the angle
between them.

A line L passing through the point (2,1) intersects the
curve 4x” +y* — x + 4y — 2 = 0 at the points 4 and B.

—

Subjective Type

1.

————— EXERCISES

Solutions on page 170

Show that the reflection of the line ax +by + ¢ = 0 ivthe
linex +y + 1 =0is the line bx + ay +(@a+ b =c) =0,
where a = b.

. Astraight line cuts intercepts from theaxis of coordinates,

the sum of the reciprocals of which is @ Constant. Show
that it always passes through a fixed point.

. If the equal sides 4B'and 4 C of aright angled isosceles

triangle be produced to Pand.O so that BP x CQ = AB’,
then show that the line PQ always passes through a fixed
point.

. Straight lines y = mx + €, and y = mx + ¢, where m € R,

meet the x-axis at 4 and 4, reSpectiveQIy, and y-axis at
B, and B, respectively. It is given that points A,A4,B
and B, are concyclic. Find the locus of intersection of
lines 4 B, and AB.

. Aline L =3y —2x - 6 =0 is rotated about its point of

intersection with y-axis in clockwise direction to make it
L, such that the area formed by L , L , x-axis and line x
=5 18 49/3 sq. units if its point of mtersection withx =5
lies below x-axis. Find the equation of L.

. Find the locus of the circumcentre of a triangle whose

two sides are along the coordinate axes and the third side

10. If the equation 2x* + kxy #2)* = 0 represents a pair

11. Find the point of initerseetion of the pair and straight

12.Find the angle between the lines represented by x*

. If the equation x* + (4 + u)xy + Auwy” + x + uy = 0

If the lines joining origin and the points 4, B are such
that the coordinate axes are the bisectors between
them, then find the equation of line L.

represents two parallel straight lines, then prove that
A=u.

If one of the lines of the pair @’ + 2hxy + by> =0
bisects the angle between positive direction of the
axes, then find the relation for a, b, and h.

If the pair of lines V3% — 4xy + V33" = 0 are rotated
about the origin by /6 in the anticlockwise sense,
then find the equation of the pair.in the new position.

of real and distinct lines, then find the values of £.

lines represented by: the €quations 6x* + 5xy — 21y*
+13x + 38,850, = 2

+ 2gpsecf ) = 0.

10.

11.

passes through the point of intersection of the lines ax +
by+c=0and Ix+my+n=0.

. A regular polygon has two of its consecutive diagonals

as the lines V3x + y = V3 and 2y = ¥3. Point (1, ¢) is
one of its vertices. Find the equation-of the sides of the
polygon and also find the coordinates of the vertices.

. A diagonal of rhombus 4BCD is member of both the

families of lines (x +y - 1) + A(2x + 3y - 2) = 0 and (x
—y+2)+A(2x -3y + 5) =0 and one of the vertices of the
rhombus is (3, 2). If the area of the rhombus is 12v/3 sq.
units, then find the remaining vertices of the rhombus.

- A triangle has the lines y = m x and y = m x as two of its

sides, with m,m, being roots of the equation bx* + 2hx
+a=0.If H (a, b) is the orthocentre of the triangle, then
show that equation of the third side is (¢ + b) (ax + by)
=ab(a+ b—2h).

LetA=(6,7),B=(2,3)and C=(-2, 1) be the vertices of
a triangle. Find the point P in the interior of the triangle
such that APBC is an equilateral triangle.

Find all the values of @ for which the point (sin” 6, sin 8)
lies inside the square formed by the lines xy = 0 and 4xy
—2x=2p+1=0.



12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

Two sides of a triangle have the joint equation x* — 2xy —
3y*+ 8y — 4 = (. The third side, which is variable, always
passes through the point (5, — 1). Find the range of the
values of the slope of the third side, so that the origin is
an interior point of the triangle.

Let ABC be a given isosceles triangle with 4B = AC.
Sides 4B and AC are extended up to £ and F, respectively,
such that BE x CF = AB’. Prove that the line EF always
passes through a fixed point.

Let L =0 and L, = 0 be two fixed lines. A variable line
is drawn througﬁ the origin to cut the two lines at R
and S. P is a point on the line 4B such that (#m + #)/OP
= m/OR + n/OS. Show that the locus of P is a straight
line passing through the point of intersection of the given
lines (R, S, P are on the same side of 0).

A variable line cuts n given concurrent straight lines at

A, 4, ..., 4 such that Z OLAf is a constant. Show that
i=1

it always passes through a fixed point, O being the point

of intersection of the lines.

Two sides of a rhombus lying in the first quadrant are
given by 3x — 4y =0 and 12x — 5y = 0. If the length of
the longer diagonal is 12, then find the equations of the
other two sides of rhombus.

If D, E, F are three points on the sides BC, AC and 4B of
a triangle ABC such that AD, BE and CF are concurrent,
then show that BDxCEXAF = DCXEA%FB.

Let the sides of a parallelogram be U=a, U=b, K =2a'
and ¥ =b" where U=Ix + my +n, V=U>x tim'y&n"
Show that the equation of the diagonalthrough thepoint
of intersection of U=ag and V=a' and Ui=b and U=’
is given by

iy v 1
a g 1|=0"
b p i

Consider two lines Liand . given by x—y=0,and x +y
=0, respectively, and a moving point P(x, y). Let d(P, L),
i= 1, 2 represents the distance of point ‘P’ from the line
L . If point *P’ moves in certain region ‘R’ in such a way
that 2 < d(P, L)+ d(P, L )= 4. Find the area of region R.
If (x, ) and (X, ¥) be the coordinates of the same point
referred to two sets of rectangular axes with the same
origin and if ux + vy, where u and v are independent of
x and y, becomes VX + UY, show that o® + v = U* + V2.

Consider two lines L and L, given by ax + by + ¢,
=0 and ax + by + ¢, = 0, respectively, where s €,
# 0, intersecting at point P. A line L_ is drawn through
the origin meeting the lines L, and L at 4 and B,
respectively, such that P4 = PB. éimilarly, one more line
L, is drawn through the origin meeting the lines L, and

22.

23.

24,

25.

26.

27.

Objective Type

Straight Lines 1.49

L,atA and B, respectively, such that P4 =PB . Obtain
the combined equation of lines L, and L .

Show that if any line through the variable point A(k + 1,
2k) meets the lines 7x+y—16=0,5x—y-8=0,x -5y
+8=0at B, C, D, respectively, then AC, AB and 4D are .
in harmonic progression. (The three lines lie on the same
side of point 4.)

Show that the lines 4x +y—-9=0,x-2y+3=0, 5x -y
— 6 = 0 make equal intercepts on any line of slope 2.
Having given the bases and the sum of the areas of a
number of triangles which have a common vertex, show
that the locus of the vertex is a straight line.

Find the locus of the point at which two given portions of
the straight line subtend equal angle.

A right angled triangle ABG having C as right angle is
of given magnitude and the angular points 4 and B slide
along two given perpendicular.axes. Show that the locus
of C is the pair of straight lines whose equations are
y==(bla) x.

Let 2x + 3y= 6'be a line meeting the coordinate axes at
A and B, respectively. A variable linex/a+y/b=1 meets
the axés at P and @, respectively, in such a way that the
lines BP and AQ always meet at right angle at R. Find
the locus of the orthocentre of the triangle ARB.

. If@ is'an angle between the lines given by the equation
X+ Sxy —4y” + Tx + 13y — 3 = 0, then find the equation
‘of the line passing through the point of intersection of

these lines and making an angle € with the positive
X-axis.

Solutions on page 1.79

Each question has four choices a, b, ¢ and d, out of which
only one is correct. Find the correct answer.

1.

2.

Equations of diagonals of sqiiare formed by lines x = 0,
y=0,x=1landy=1are

b. y=x,x+y=2

d, y=2x,p+2x=1

If each of the points (x1, 4), (-2, yl} lies on the line
joining the points (2, —1), (5, —3), then the point
P(x],y1) lies on the line
a. 6(x+y)—25=0

c. 2x+3y—6=0

a y=x,ytx=1
c. 2y=x,y+x=1/3

b. 2x+6y+1=0
d. 6(x+y)+25=0

: Tf
Jxl Yot |4 b 1
!xz Y 1= |% bz 1
i T T a bs 1

then the two triangles with vertices (x5 y1}, (x,» yz},
(x,y,) and (a, b), (a,, b.). (a, b) are )
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10.

11.

12.

a. equal in area b. similar

. congruent d. none of these

. The area of a parallélogmm formed by the lines ax + bx

+ c=0is
a. cl(ab)
c. 2ab

b. 2c%/(ab)
d. none of these

. The straight line ax + by + ¢ = 0 where abc # 0 will pass

thrrough the first quadrant if
a. ac>0,bc>0 b. ¢>0and be<0

c. be>0andlorac>0 d. ac<0and/orbec<0

. If the point (x, +1(x,—x),y, + v, ~ »,) divides the join

of (x,y)and (x,,y,) internally, then
a. t<0 b. 0<¢<1
c: i>1 d t=1

. A square of side a lies above the x-axis and has one vertex

at the origin. The side passing trough the origin makes
an angle a(0 < a < 7/4) with the positive direction of
x-axis. The equation of its diagonal not passing through
the origin is

a. y(cosa +sina)+x(sina —cosd) =a

b. y(cosa +sina)+x(sina +cosa)=a

¢. y(cosa +sina)+x(cosa —sina) =a

d. y(cosa —sina) —x(sina—cosa)=a

. If sum of the distances of a point from two perpendicular

lines in a plane is I, then its locus is
a. asquare b. acircle

c. a straight line

. The area enclosed by 2!x| +3}y| <6 is
a. 3 sq. units b. 4 sq. units
c. 12 sq. units d. 24 sq. units.,

If two vertices of a triangle ar€)(-2, 3)and (5, - 1),
orthocentre lies at the origin and centroid on the line

x +y =17, then the thizd vertex lies.at
a. (7,4) b..(8, 14)
c. (12,21) d. none of these

OPOR is a square and M, N are the middle points of the
sides PQ and OR, respectively, then the ratio of the areas
of the square and the triangle OMN is

a. 4:1 b. 2:1
c. 8:3 d 7:3

The vertices of a triangle are (pg. 1/(pq)), (gr, 1/(qr))
and (rg, 1/(rp)) where p, g, r are the roots of the equation
3? = 3y” + 6y + 1 = 0. The coordinates of its centroid are

a. (1,2) b. (2,-1)
e (1,-1) d. (2,3)

13.

14.

15.

16.

17.

-

18.

19.

20.

- a. x=5

21.

The lines y = mx, y = mx and y = mx make equal
intercepts on the line x +y = 1, then

a. 20 +m)(1+m)=(+m)Q2+m +m)

b. (1+m)(A+m)=1+m)(1+m +m)

i (1+m1)(1+m2)=(1 +m3)(2+m|+m3)

d 2(1+m)(A+m)y=(1+m)(1+m+ m,)

The condition on a and b, such that the portion of the line

ax + by — 1 =0, intercepted between the lines ax +y =0
and x + by = 0, subtends a right angle at the origin is

a. a=b b. at+b=0
c. a=2b d. 2a=5b

One diagonal of a square is along the line 8x — 15y = 0
and one of its vertex is (1, 2). Then the equations of the
sides of the square passing through this vertex are

a, 23x+7y=9, Tx+23y=53

b. 23x—T7y+9=0/Tx+23p+53=0

c. x-Ty—-9=0,Tx+23y—-53=0

d. none of these

fu= ax +_b.1-?y . 0,v= ax+ bzy te,= 0 and a]/a2
=b/b, =c]fc2,ﬂken the curve u+ kv =01is

a. thesame straight line »
b, different straight line

. not a straight line

d. none of these

The point A(2, 1) is translated parallel to the line

x —y =3 by a distance 4 units. If the new position 4’ is
in third quadrant, then the coordinates of 4" are

a 2+2V2,1+2V2) b, ((2+2,-1-2V2)
¢. (2-2v2,1-2¥2)  d. none of these

The area of the triangle formed by the lines y = ax,
x+y— a= 0 and the y-axis is equal to

1 _a

& T +a b T+4]
Ly _a
S er d M +a

An equation of a line through the point (1, 2) whose
distance from the point (3, 1) has the greatest value is

b p=xtl
c. x+2p=35 d. y=3x—1
A rectangle ABCD has its side 4B parallel to line y = x

and vertices 4, Band Dlieony=1,x=2and x = -2,
respectively. Locus of vertex ‘C” is

a, y=2x

b. x—y=5
Co y=13 d. xtp=3
The centroid of an equilateral triangle is (0, 0). If two

vertices of the triangle lie on x + y = 2v2 then one of
them will have its coordinates



22.

23.

24.

25.

26.

27.

28.

a. (V2 ++6,V2-6)
¢. (V2 ++5,V2-45)

Vertices of a variable triangle are (3, 4), (5 cos 6,
5 sin @) and (5 sin 6, —5 cos 8), where 6 € R. Locus of
its orthocentre is

a (x+y—172+@x-y—77=100

b. x+y-7}+@x-y—1*=100

e (x+y—7+(x+y—17=100

d (x+y-7P+x-y+1Y=100

The line x/3 + y/4 = 1 meets the y-axis and x-axis at
A and B, respectively. A square ABCD is constructed
on the line segment 4B away from the origin. The
coordinates of the vertex of the square farthest from the
origin are

a. (1,3) b. 4,7

c. (6,4) d. (3,8)

A line of fixed length 2 units moves so that its ends are
on the positive x-axis and that part of the linex +y =0
which lies in the second quadrant. Then the locus of the
midpoint of the line has the equation

a. X*+5+4xy—1=0 b. x**+5/ +4p+1=0

c. X457 —dxy—1=0 d. 4*+ 5 +4xp+1=0
Consider the points 4(0, 1) and B(2, 0), and P be a point
on the line 4x + 3y-+ 9 = 0. Coordinates of P such that
|PA — PB| is maximum are

a. (—12/5,17/5) b. (—84/5, 13/5)

c. (—6/5,17/5) d. (0,-3)

Consider points A(3, 4) and B(7, 13). If P be.a point
on the line y = x such that P4 + PB is minimum,-then
coordinates of P are

a. (12/7,12/7) b. (13/2:18/7)

c. (31/7,31/7) d. (0,0) "

Aline ‘L’ is drawn from P(4, 3) toaneet the lines L, and
L, givenby 3x+4y#5%0and3x + 4y + 15=0at points
A and B, respectively. From.'A’, a line perpendicular to
L is drawn meeting the line L_at 4 . Similarly from point
‘B’, a lime perpendicular to L is drawn meeting the line Ll

at B . Thus a parallelogram 44 BB is formed. Then the
the equation of ‘L’ so that the-area of the parallelogram
AA BB is least is

a x—Ty+17=0 b. 7x+y+31=0

¢. x—Ty—17=0 d x+7y—-31=0

Line L has intercepts a and b on the coordinate axes.
When the axes are rotated through a given angle keeping
the origin fixed, the same line L has intercepts p and g.
Then,

a d+b¥=P+q

b. (N2 +3,V2—-43)

d. none of these

| S S |
bh. =+—=—=—+—=
al bz pZ qZ

29.

30.

31.

32.

33,

34.

3s.

36.

37.

Straight Lines 1.51

P s SO, 1 | G P |
c. a+p’=h+ d S+5=3+3
P q 7 p2 B qz

If the straight lines 2x +3y—1=0,x+2y~1=0 and
ax + by — 1 =0 form a triangle with origin as orthocentre,
then (a, b) is given by

a. (6,4) b. (-3,3)

c. (-8,8) d. (0,7)

A light ray emerging from the point source placed at
P(2, 3) is reflected at a point Q" on the y-axis and then
passes through the point R(5, 10). Coordinates of ‘Q’
are

a. (0,3) b. (0,2)

c. (0,5) d. nong of these

A straight line passing through P(3, 1) meets the
coordinate axes at A and B._It is\given that distance of
this straight line from the origin ‘O’ is maximum. Area
of triangle OAB is equal to

a. 50/3 sq. units “b. 25/3 sq. units

c. 20/3 sq. units ‘d. 100/3 sq. units

Let O be thesorigin. If A(1, 0) and B(0, 1) and P(x, y) are
points such that xy> 0 and x + y < 1, then

a. P lies either inside the triangle OA4B or in the third
b, P cannot lie inside the triangle OAB

‘€. Plies inside the triangle O4B

d. P lies in the first quadrant only

The graph y* + 2xy + 40[x| = 400 divides the plane into
regions. Then the area of bounded region is

a. 200 sq. units b. 400 sq. units

c. 800 sq. units d. 500 sq. units

In a triangle ABC, A = (a, ), B=(2,3)and C=(1, 3)
and point A lies on line y =2x + 3 where @ € I. Area of
AABC, A, is such that [A] = 5. Possible coordinates of 4
are (where [-] represents greatest integer function)

a. (2,3) b. (5,13)

€ =3, d. (-3,-5)

If a/bc — 2 = \blc + \c/b, where a, b, ¢ > 0, then family
of lines vax + Vby + & = 0 passes though the fixed point
given by

a. (L1 b. (};~2)

g (=1,2) d. -1,1)

P(m, n) (where m, n are natural numbers) is any point
in the interior of the quadrilateral formed by the pair of

lines xy = 0 and the lines 2x +y — 2 =0 and 4x + 5y = 20.
The possible number of positions of the point P is

a7 b. 5
c. 4 d. 6

If the area of the rhombus enclosed by the lines
Ix £ my £+ n =0 be 2 sq. units, then
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38.

39.

40.

41.

42.

43.

44.

45.

46.

a. |, m,narein G.P, b. I, n, marein G.P.
d. In=m

P, O, R and § are the points of intersection with
the coordinate axes of the lines px + gy = pg and

gx + py = pq, then (P, 0> 0)

a. P, O, R, S from a parallelogram
b. P, 0, R, S from a rhombus

c. P, O, R, S are concyclic

d.

In atriangle 4BC if 4 = (1, 2) and internal angle bisectors
through B and C are y =x and y = — 2x, then the inradius
r of the AABC is

a. IN3 b. 1N2
c. 23 d. none of these

In a wiangle ABC, the bisectors of angles B and C lie
along the lines x =y and y = 0. If 4 is (1, 2), then the
equation of line BC is

a. Zx+y=1 b. Ix—y=5
eprx—2p=d d. x+3y=1

If the vertices of a triangle are (V5, 0), (v3, V2) and
(2, 1), then the orthocentre of the triangle is

a. (\5,0) b. (0,0)
c. (V5+~3+2,v2+1) d. none of these
One of the diagonals of a square is the portion of the

c. Im=n

none of these

line x/2 + y/3 = 2 intercepted between the axes. Then the.

extremities of the other diagonal are

a: (5L b. (0,0),(4,6)

c. (0,0),(-1,1) d. (5.5),(4,6)

Two sides of a triangle are along the coordinate axes'and
the medians through the vertices (other than the origin)
are mutually perpendicular. The numberof suchitriangles
is/are y

a. zero b. two . ¢ four” d. infinite

A rectangular billiard table has vertices at P (0, 0), O
(0, 7), R (10, 7) and 8 (10,:0). A'small billiard ball starts
at M (3, 4) and moves in a straight line to the top of the
table, bounces to the right side of the table, then comes
to rest at N (7, 1). The y-coordinate of the point where it
hits the right side, is

. 37 b. 3.8 c. 3.9 d. 4

In A4BC the coordinates of the vertex A are (4, —1) and
lines x — y — 1 =0 and 2x —y = 3 are internal bisectors of
angles B and C. Then, radius of incircle of triangle ABC
is

a. 45 b. 35

¢. 6\3 d. 75

Distance of origin from line (1 +v3)y + (1 —=V3)x = 10
along the line y=V3x+k is

a. SN2 b. 52 +k

c. 10 d. 0

47. If it is possible to draw a line which belongs to all the

- given family of lines y = 2x +1+4 2y —x —1) =0,

3y—x~6+lz(y-3x+6)='0,ax+y-2
+23(6x+@!—a}=0,then
a. a=4 b. a=3

c. a=—12 d. a=2

. If the equation of any two diagonals of a regular pentagon

belongs to family of lines (1 + 24y — (2 +Ax+1-1=0
and their lengths are sin 36°, then locus of centre of circle
circumscribing the given pentagon (the triangles formed
by these diagonals with sides of pentagon have no side
comimon) is

a. X +12—2x—2y+ 1 +sin’ 7290

b. x* +3% = 2x— 2y + cos’ I2* =0

¢ X*+y4 -2 _2)’""1{'-]' cos?72° =0

d. X+’ —2x ~ Zyskgin 42° =0

49. ABC is a variable trianglé’such that 4 is (1, 2), B and C

lie on line y =.__x4-3_-3;-'_{whére A is a variable), then locus of

the orthoget;lﬁtjjﬂf triangle ABC is
a. (x—])ai'+y2=4 b. x+y=3
c. 2x—y=0 d. none of these

s/ the image of the point (2, 3) in the line

51.

52.

53.

-2y +3)+A(2x-3y+4)=0is(A€R)
A, X+y -3x—dy—-4=0

b. 2x*+3)° +2x+4y—-T7=0

¢ X +y —2x-dy+4=0

d. none of these

If one side of a rhombus has end points (4, 5) and (1, 1)
then the maximum area of the rhombus is

b. 25 sq. units
d. 20 sq. units
The equations of the sides of a triangle are x + y— 5 =0,
x—y+1=0andy— 1=0. Then the coordinates of the
circumcentre are
a. (2,1) b. (1,2)
¢ (2,-2) ) d. 1,-2)
Two vertices of a triangle are (4, —3) and (-2, 5). If
the orthocentre of the triangle is at (1, 2), then the third
vertex is
a, (—33,-26)
¢. (26,33)

4

a, 50 sq. units
¢. 30 sq. units

b. (33,26)
d. none of these

LIf Z () +¥) <2xx, +2x.x,+2y,y, + 2y, the points

f=
(20 (X 7)), (53, ), (X, v,) are

a. the vertices of a rectangle



55.

56.

5%

58.

59,

60.

61.

62.

b. collinear

<. ftrapezium

. none of these

Tocus of a point that is equidistant from the lines
x+y-2V2=0andx+y—V2=0is

a. x+y—5V2=0 b. x+y—3v2 =0

€ Ax+2=32=0 d 2%+2y-5V2=0

If the intercept made on the line y = mx by lines y =2 and
» =6 s less than 5, then the range of values of m is

a. (—oo,—4/3) U (4/3, + )

b. (-4/3,4/3)

c. (-3/4,43)

d. none of these

If P (1 + {2, 2 + t/N2) be any point on a line, then
the range of the values of ¢ for which the point P lies
between the parallel lines x + 2y = 1 -and 2x +4y=151s

a. —42/3<1<52/6
b. 0<t<5V2/6
c. N2/<t<0
d. none of these

P is a point on the line y + 2x = 1 and, Q and R are two
points on the line 3y + 6x = 6 such that triangle POR is an
equilateral triangle. The length of the side of the triangle
is

a. 2\5
c. 45

b. 35

d. none of these

The coordinates of two consecutive vertices' 4" and’

B of a regular hexagon ABCDEF are (140Wand (2, 0),
respectively. The equation of the diagonal CE is

a. V3x+y=4 b. x+\3ys#d=0
c. x+3y=4 d. none of these

The foot of the perpendicularon the line 3x +y =1 drawn
from the origin is C. Ifthe line cuts the x-axis and y-axis
at A and B, respectively, thenBC:CA is
& =3 b.¥3:1
ic. " 1:9 d. 91
If x, x,, x, as well as Vi Vp ¥y ar€ in G.P. with same
cormnon ratio, then the points P ) 0 (x,; ¥,) and
R (r3,y3)

. lie on a straight line  b. lie on an ellipse

¢. lie on a circle d. are vertices of a triangle

If the quadrilateral formed by the lines ax + by + ¢ = 0,
dx+by+tce=0,ax+by+c' =0,ax+b'y+c =0 have
perpendicular diagonals, then

a. BP+ct=p%4"
c. @+b=a"?

b. *+d=c"+a”

+ b d. none of these

63.

65.

66.

67.

68.

. A rtectangle ABCD, where 4 =

Straight Lines 1,53

The straight lines 7x — 2y + 10 =0 and 7x + 2y — 10 =0
form an isosceles triangle with the line y = 2. Area of this
triangle is equal to

a. 15/7 sq. units b.
c. 18/7 sq. units

10/7 sq. units

d none of these

0, 0), B = (4. 0),
C=(4,2),D=(0,2),undergoes the following transformations
successively: (i) f(x, ») = (v, %), (i) £(x ») = (e + 3y, y),
(i) £,6,5) = (&~ Y)/2, (x +y)/2). The final figure will be -
a, a square b. arhombus

¢. arectangle d. a parallelogram

6, and 92 are the inclination of lines L, and L, with x-axis.
IfL and L, pass through P (x .4 Juthen equation of one
of the angle bisector of theselines is

X=X y j:-—y"-
a. = !
72 ™)
12
cos{—5— sin >
B J V)
> /Sa EI—EQ) - (ﬂi—ﬁ'z)'
L cos\—
y A% e
h " BI_SZ - E}1_92
Sin 2 cos 3
x-x v
d.

. #
—sin (el _62] cos(a—'fi)
2 2

A light ray coming along the line 3x + 4y = 5 gets
reflected from the line ax + by = 1 and goes along the line
5x — 12y =10. Then,

a. a=64/115b=112/15

b. a=14/15,6=-8/115

c. a=64/115b=-8/115

d. a=64/15b=14/15

Line ax + by + p = 0 makes angle 72/4 with x cos a
+ysina=p,p e R". If these lines and the line x sin a
—y cos & = 0 are concurrent, then

a d+b=1 b. a*+b*=2

c. 2a*+b)=1 d. none of these

A line is drawn perpendicular to line y = 5x, meeting the
coordinate axes at 4 and B. If the area of triangle OA4B is
10 sq. units where ‘O’ is the origin, then the equation of
drawn line is
a. Jx—-y-9
c. x+4y=10

b. x=5y=10
d. x—4y=10
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69.

70.

71.

72.

73.

74.

75.

76.

717.

Tfx—2y+4=0and 2x +y—5=0 are the sides of a
i sosceles triangle having area 10 sq. units the equation of
third side is

a. x-y=-9 b. 3x—y+11=0

c. x—3y=19 d. 3x—y+15=0
The number of values of ‘a’ for which the lines
2x+y—1=0,

ax+3y-3=0,and

3x+2y~-2=0

are concurrent is

a. 0 b. 1 G 2 d. infinite

The extremities of the base of an isosceles triangle are .

(2, 0) and (0, 2). If the equation of one of the equal side
is x = 2, then equation of other equal side is

b x—y+2=0

d 2x+y=2

If the equation of the locus of a point equidistant from
the points (a,, b)) and (a, b)) is (@, —a)x + (:\‘Jv1 =b)y
-+ ¢ =0, then the value of ¢ is

~-a@+b,—b, b. \@+b,—a-b,

d Ya+b-a-b)

a x+ty=2
c. y=2

¢ Ya+a+b+b)

The line PQ whose equation is x — y =2 cuts the x-axis at
P and Qs (4,2). The line PQ is rotated about P through

45° in the anticlockwise direction. The equation of the'.

line PQ in the new position is
. y==V2 b. y=2 d x=7#8
The equation of straight line passing through (ay l}) and
making the triangle with axes of area ‘T’ is
a. 2Tx+d’y+2aT=0 b. 2Tx—dy+24T~0
c. 2Tx—dPy—2aT=0 d. nongiofthese

If the equation of base ofan equﬂatcral triangle is 2x — y
= 1 and the vertex is (—-I 2), then the length of the sides

of the triangle is
2 1’ 8 J15
3 i 15 d. 5

The number of integral values of m, for which the

x-coordinate of the point of intersection of the lines

3x+4y =9 and y = mx + 1 is also an integer is

a. 2 b. 0 c 4 d. 1

Equation of a straight line on which length of

perpendicular from the origin is four units and the line
makes an angle of 120° with the x-axis is

a. x\3+y+8=0 b. x\3-y=8

c. xW3-y=8 d. x—\3y+8=0

c x=2

a. 3 b.

78.

79.

80.

81.

82,

83.

84.

8s.

= & y1*12+4x—4=0

86.

The equation to the straight line passing through the
point (a cos’ 6, a sin® 6) and perpendicular o the line
xsecf +ycosec@=ais

a. xcos @ —ysinf=acos26

b. xcos@ +ysinf=acos 26

¢. xsin@+ycosf=acos 26

d. none of these

The line parallel to the x-axis and passing through the
intersection of the lines ax + 2by +3b=0and bx —2ay —
3a=0, where (a, b) # (0, 0), is

a. above the x-axis at a distance of 3/2 units from it

b. above the x-axis at a distance of 2/3 units from it

¢. below the x-axis at a distance of'3/2 units from it

d. below the x-axis at a distance of 2/3 units from it

If a straight line through origin bisects the line

passing through the'given points (a cos @, a sin ) and
(a cos B, a sin B); then the lines

a. are perpendicular

b. are parallel

¢. havean angle between them of i

d. none of:,l;hese

The straight lines 4ax +3by + ¢ =0, where a + b+c=0,
‘are.concurrent at the-point

a. (4,3) b. (1/4,1/3)

e 1/2,1/3) d. none of these

Thestraightlinesx+2y-9=0.3x+5y—S=0and
ax + by — 1 = 0 are concurrent, if the straight line
35x — 22y + 1 = 0 passes through the point

a. (a,b) b. (b,a) c. (-a,—b) d. none of these
The coordinates of the foot of the perpendicular from the
point (2, 3) on the line — y + 3x +4 = 0 are given by

a. (37/10,-1/10) b. (-1/10,37/10)

c. (10/37,-10) d. (2/3,-1/3)

If the extremities of the base of an isosceles triangle are
the points (2a, 0) and (0, a) and the equation of one of the
sides is x = 2a, then the area of the triangle is

a. 54’ sq. units b. 54%/2 sq. units
¢. 2542 sq.units
The combined equation of straight lines that can be
obtained by reflecting the lines y = x — 2| in the y-axis is
a. P+ +4x+4=0 b. Y+ —4x+4=0

- —4x—-4=0

If the slope of one line represented by a’x” — 2hxy
+ b** = 0 is square of the slope of another line, then

a. h=2abla+b) b. h=abla+b)

¢. 3h=2abla+b) d. 2h=abla+b)

d. none of these



87.

88.

89.

90.

91.

92.

93.

94.

95.

A=(-4,0), B=(4,0). Mand N are the variable points
of y-axis such that M lies below N and MN = 4. Line
joining AM and BN intersect at “P’. Locus of ‘P’ is

a. 2xy—-16—x*=0 b. 2xp+16-x"=0

c. 2+16+x'=0 d 2xy—16+x*=0
Letd,r=1,2,3,... be points on the number line such
that OAI, OAI, OAB, ... are in G.P. where O is the origin
and the common ratio of the G.P. be a positive proper
fraction. Let M_be the middle point of the line segment

AA . Then the value 6fi OM is equal to
r=1
0A4,(0SA, -~ OA4,)
A (04 v 04)
o4
L. T
5(04 - OZ)

04 (04, —04)
b 1 1 2
" "2(04,+04)

d o

The number of triangles that the four lines y = x + 3,
y=2x+3,y=3x+2andy+x=3 formis

a. 4 b, 2 & 3 d. 1
Letd=(3,-4),B=(1,2),let P=(2k~1,2k+ 1) bea
variable point such that P4 + PB is the minimum. Then
kis

a. 79 b. 0

c. 7/8 d. none of these

Ll and 4[.2 are two lines. If the reflection of L: in Jf.2 and

the reflection of L ,in L, coincide, then the angle between
the lines is

a. 30° b, 60ESNg =g 5" d,~90°

If the straight lines x + y ~2=0,2x =y + lo= 0and
ax + by — ¢ =0 are concurrent, then the family of lines
2ax + 3by + ¢ =0 (a, b, ¢ are nonzero) is.concurrent at
a. (2,3) b. (142,1/3)

c. (-1/6,-5/9) v d (2/3,57/5)

Two medians drawn from acute angles of a right angled
triangle intersect at an angle 7/6. If the length of the
hypotenuse of the triangle 18 3 units, then area of the
triangle (in sq. units) is

a. V3 b. 3 c. V2 d. 9

A variable line x/a + y/b =1 moves in such a way that
harmonic mean of @ and & is 8. Then the least area of
triangle made by the line with the coordinate axes is

a. 8sq. unit b. 16 sq. unit

d. 64 sq. unit

The number of integral points (x, y) (i.e., x and y both
are integers) which lie in the first quadrant but not
on the coordinate axes and also on the straight line
3x + 5y = 2007 is equal to

a, 133 b, 135 &

¢. 32 sq. unit

138 d. 140

96.

97.

98.

99.

100.

101.

102.

103.

104.

105.

Straight Lines 1.55

The number of straight lines equidistant from three non-
collinear points in the plane of the points is equal to

a 0 b. | € 2 d 3

The locus of the point which moves such that its distance
from the point (4, 5) is equal to its distance from the line
Tx—3y—13=0is

a. astraight line b. acircle

c. aparabola d. an ellipse

In A ABC if orthocentre be (1, 2) and circumcentre be
(0, 0), then centroid of A ABC is

a. (1/2,2/3) b. (1/3,2/3)

c. (2/3,1) d. none of these

The line x + 3y —2 = 0 bisects the angle between a pair of
straight lines of which one has equation x — 7y + 5=0. The
equation of the other line is

a 3x+3y—-1=0 B =3y F2=0

c. 5x+5y-3=40 d. none of these )
Through a point A on the x-axis a straight line is drawn
parallel to y-axis:so as to meet the pair of straight lines
@’ + 2hxy#by” =0in B and C. If AB = BC, then

a. W’ =4ab b, 8% =9ab ¢.94*=8ab d.4h*=ab

If 401, pg_}_, ‘B(0, 1) and C(p, 0) are the coordinates of
three points, then the value of p for which the area of the
triangle 4BC is minimum is

a 13 b. -1A3

e W2 d. none of these

m, n are integers with 0 < n < m. 4 is the point (m, n)
on the Cartesian plane. B is the reflection of 4 in the
line y = x. C is the reflection of B in the y-axis, D is the
reflection of C in the x-axis and £ is the reflection of D in
the y-axis. The area of the pentagon ABCDE is

a. 2m(m+ n) b. m(m+ 3n)

c. m(2m+ 3n) d. 2m(m + 3n)

If the ends of the base of an isosceles triangle are at (2, 0)
and (0, 1) and the equation of one side is x = 2, then the
orthocentre of the triangle is

a. (3/2,3/2) b. (5/4,1) ¢ (3/4,1) d.(4/3,7/12)
Vertices of a parallelogram ABCD are 4 (3, 1), B (13,
6), C (13, 21) and D (3, 16). If a line passing through
the origin divides the parallelogram into two congruent
parts, then the slope of the line is

a. 11/12 b. 11/8 ¢ 25/8 d. 13/8

The distance between the two parallel lines is | unit.
A point ‘4’ is chosen to lie between the lines at a distance
‘d’ from one of them. Triangle ABC is equilateral with B

on one line and C on the other parallel line. The length of
the side of the equilateral triangle is

a. QBWL+d+1 b. 2V(d—d+ 1)/3



1.56 Coordinate Geometry

106.

107.

108.

109.

110.

111.

112.

113.

c. Vi —d+1 d. Vi -d+1

Gsiven 4 (0, 0) and B (x, y) withx e (0, 1) and y > 0. Let
the slope of the line 4B equal to m,. Point C lies on the
line x = 1 such that the slope of BC equal to m, where
0 <m,<m,. If the area of the triangle ABC can be
expressed as (m, — mz) f(x), then the largest possible
value of xis

a. 1 b. 1/2 ¢ 1/4 d. 1/8

If the vertices P and Q of a triangle POR are given by
(2, 5) and (4, —11), respectively, and the point R moves
along the line N given by 9x + 7y + 4 = 0, then the locus
of the centroid of the triangle POR is a straight line
parallel to

a. PO b. OR c. RP d. N

Given 4 = (1, 1) and 4B is any line through it cutting the
x-axis in B. If AC is perpendicular to 4B and meets the
y-axis in C, then the equation of locus of midpoint P of
BCis

a. x+y=1 b. x+y=2

c. x+y=2xy d. 2x+2y=1

The number of possible straight lines, passing through
(2, 3) and forming a triangle with coordinate axes, whose
area is 12 sq. units, is

a. one b. two ¢ three d. four

In a triangle 4BC, if 4 is (2,—1), and 7x— 10y + 1 =0
and 3x — 2y + 5 =0 are equations of an altitude and an
angle bisector, respectively, drawn from B, then €quation
of BC is

a. x+y+1=0 b. 5x+y+8L=10

e 4x+9+30=0 d. x—5y.=-7=0

A triangle is formed by the lines x4y % 0, x -y =0
and lx+ my=1.1f/and nvary subjectto the condition
1% +m? =1, then the locus ofits circumcentre is

b, (2P = (2 -5
L O s

The line x + y = p meets the x- and y-axes at A and B,
respectively. 4 triangle APQ is inscribed in the triangle
OAB, O being the origin, with right angle at Q. P and
O lie, respectively, on OB and AB. If the area of the
triangle APQ is 3/8" of the area of the triangle OA4B,
then AQ/BQ is equal to

a 2 b. 2/3 c. 1/3 d: 3

A is a point on either of two lines y + V3]x{ =2 at a
distance of 43 units from their point of intersection.
The coordinates of the foot of perpendicular from A on
the bisector of the angle between them are

a. 23 ,2) b. (0,0)

a (B—yY=x+f
e (P+H)=42)Y

114.

115.

116.

117.

c. 2N3,2) d. (0,4)

A pair of perpendicular straight lines is drawn through
the origin forming with the line 2x + 3y = 6 an isosceles
triangle right angled at the origin. The equation to the
line pair is

a. 5x2—24xy—-57=0 b. 5x*—260y—57°=0

. 5P +24xy—57=0 d. 55 +26xy—5/=0
Points A and B are in the first quadrant; point ‘0O’ is
the origin. If the slope of OA is 1, slope of OB is 7 and
OA = OB, then the slope of 4B is

a. —1/5 b. -1/4

& —1/3 d. —1/2

OPQR is a square and M, N are,the midpoints of the
sides PO and OR, respectively, If theratio of the areas
of the square and the triangle OMN is A : 6, then A/4 is
equal to

a. 2 b. 4

e 2 d. 16

A triangle 4BC with vertices A(~1, 0), B(-2, 3/4) and
C(-3, —716) has.its orthocentre H. Then the orthocentre
of triangle BCH will be
a. (-3,-2)

@ (L2

b. (1,3)
d. none of these

118, If a pair of perpendicular straight lines drawn through

119.

120.

121.

122.

the origin forms an isosceles triangle with the line
2x + 3y = 6, then area of the triangle so formed is

a. 36/13 b. 12/17

c. 13/5 d. 17/13

The image of P (a, b) in the line y =— x is Q and the image
of Q in the y = x is R. Then the midpoint of PR is

a. (a+b,b+a) b. ((a+b)2,(b+2)/2)

c. (a—b,b—a) d. (0,0)

Let ABC be a triangle. Let 4 be the point (1, 2), y = x be
the perpendicular bisector of 4B and x —2y + 1 = 0 be

the angle bisector of ZC. If equation of BC is given by
ax + by — 5 =0, then the value of a + b is

a. | b 2 ¢ 3 d. 4

Ifin triangle ABC, 4 =(1, 10), circumcentre = (- 1/3, 2/3)
and orthocentre = (11/4 , 4/3), then the coordinates of mid-
point of side opposite to 4 is

a. (1,-11/3) b. (1,3)

ei {15=3) d. (1,6)

In the A4BC, the coordinates of B are (0, 0), 4B = 2,
ZABC = @/3 and the middle point of BC has the
coordinates (2, 0). The centroid of the triangle is

a. (1/2,73/2) b. (5/3, 143)
c. (4++3/3,1/3) d. none of these



123.

A beam of light is sent along the line x — y = 1, which
after refracting from the x-axis enters the opposite side
by turning through 30° towards the normal at the point
of incidence on the x-axis. Then the equation of the
refracted ray is

a. 2-V3x—-y=2+\3

T b. 2+ VBx-y=2+13

124.

125.

126.

c. 2-Bixx+y=02+13)

d. y=2-V3)@x-1)

The equation of the straight line which passes through the
point (—4, 3) such that the portion of the line between the
axes is divided internally by the point in the ratio 5: 3 is
a. 9x—20y+96=0 b. 9x+20y=24

c. 20x+9y+53=0 d. none of these

ABCD is a square 4 = (1, 2), B = (3, —4). If line CD
passes through (3, 8) then midpoint of CD is

a. (2,6) b. (6,2) e (2,5) d. (24/5,1/5)

If the equations y =mx+candxcosa +ysina =p
represent the same straight line, then

a. p=c\ll+m2 b. c=p\1+n’
c. cp=V1+m d pP+l+mi=1

127,

128.

129.

130.

The equation of the bisector of the acute angle between
the lines2x—y+4=0andx—2y=11is

a. x+ty+5=0 b. x—p+1=0

¢ x—p=35 d. none of these

The equation of the line segment 4B is y = x. If 4 and

B lie on the same side of the line mirror 2x=y = L, then
the image of 48 has the equation

b. 8x+y=9

c. Tx—=y=6 d. none of these

The line L =4x+3y-123 0 intersects the x- and
the y-axes at 4 and By respectively. A variable line
perpendicular to L intersects the x- and the y-axes at
PandQ, respectiveiy‘ Then the locus of the circumcentre
of triangle ABQ is
a. 3x—4y+2=0
c. bx—8+7=0
Consider 3 lines as follows.

Ll: Sx—y+4=0

LZ: Ix—-y+5=0

Lix+y+ 8=0

If these lines enclose a triangle ABC and sum of the
squares of the tangent to the interior angles can be

expressed in the form p/g where p and ¢ are relatively
prime numbers, then the value of p + g is

a. 500 b. 450

a. x+y=2

b. 4x+ 3y +7=0
d. none of these

131.

132.

133.

134.

‘a. rectangle

Straight Lines 1,57

c. 230 d. 465

If the lines ax + y + 1 =0, x + by + 1 = 0 and
x+y+c=0(a, b, c being distinct and different from 1)

are concurrent, then(lla)'*{ i ib)"‘(l lc)z

a. 0 b. 1

c. Wa+b+e) d. none of these

If the pairs of lines x* + 2xy + @y* = 0 and ax” + 2xy
+ y* = 0 have exactly one line in common, then the joint
equation of the other two lines is given by

a 37 +8xy—3’=0 b. 37+ 100y +3*=0

c. Y +2xp-3=0 d x*+2xy-32=0

If the origin is shifted to the point (ab/(a — ), 0) without
rotation, then the equation (@ ~“8) G + *) — 2abx = 0
becomes 3

a. (a—b) (5 +") #a+ bygp+.abx =

b. (a+5) (< +y)=2ab

e. (7 +)°) =4+ 1)

d. (a- b (24P =t

The straight lines represented by (y — mx)* = a’(1 + m?)
and_(y-—-m__c)z'=az (1+n") forma

b. rhombus

e, ftrapezium d. none of these

135, The condition that one of the straight lines given by the

136.

137.

138.

equation ax” + 2hxy + by’ = 0 may coincide with one of
those given by the equation a'x* + 2h'xy + b'y* =0 is

a. (ab' —a'b)* = 4(ha' — Wa) (bh' — b'h)

b. (ab' —a'b) = (ha' — h'a) (bk' — b'h)

c. (ha' —h'a)* =4(ab’' - a'b) (bh' — b'h)

d. (bh' —b'hY =4(ab’ — a'b) (ha' — h'a)

The angle between the pair of lines whose equation is
47 + 10xy + my* + 5x + 10y =01s

a. tan"'(3/8)

b. tan'(3/4)

c. tan ' (2V25—dm/m+4), me R

d. none of these

If one of the lines of my* + (1 — m)xy —mx* =0 is a
bisector of the angle between the lines xy = 0, then m is
a4 3 b. 2 c. =12 d. -1

The pair of lines represented by 3ax” + Sxy + (a® — 2) y*
= () are perpendicular to each other for

b.-a

d. for no value of a

a. two values of a
¢. for one value of a
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139.

140.

141.

142.

143.

144,

145.

If two of the lines represented by x* + xy + cx’y? - X’
~+ y* = 0 bisect the angle between the other two, then the
value of ¢ is

a. 0 b. -1 c 1 d -6

If the lines represented by the equation 3y” —x* +2 V3 x—
3 =0 are rotated about the point (V3, 0) through an angle
15°, one clockwise direction and other in anti clockwise
direction, so that they become perpendicular, then the
equation of the pair of lines in the new position is

a. - +2Bx +3=0b. Y’ —x*+2V3x-3=0

€ Y- -23x+3=0d. y* - +3=0

If the equation of the pair of straight lines passing
through the point (1, 1), one making an angle € with
the positive direction of x-axis and the other making
the same angle with the positive direction of y-axis, is
X —(a+2Dxy+y* +alx+y—1)=0,a # — 2, then the
wvalue of sin 26 is

a. a—2 b. at+2

c. 2a+2) d. 2/a

Equation of a line which is parallel to the line common
to the pair of lines given by 6x* — xy — 12)* = 0 and
15x*+ 14xy — 8)* = 0 and at a distance 7 from it is

a. 3x—4y=-35 b. 52y —"1

c. 3x+4y=35 d: 2x—3y=7

The equation x*y* — 9y* + 6x’y + 54y = 0 represents

a. a pair of straight lines and a circle

b. a pair of straight lines and a parabola

c. a set of four straight lines forming a'square_

d. none of these _

The combined equation of the line§ 73, 15 2x" + 6xy +
»*=0 and that of the lines m,, nigis 4s18xy +)” = 0.1
the angle between / and m, bee, then the angle between
I,and m will be

a. wl2—a b 2a

c. m4+a d. a

The equation x — y =4 and x* + 4xy + y* = 0 represent the
sides of

a. an equilateral triangle b. aright angled triangle

" ¢. anisosceles triangle  d. none of these

146.

The equation a’x* + 2h(a + b)xy + b** = 0 and ax® + 2hxy

+ by* = 0 represent

a. two pairs of perpendicular straight lines

b. two pairs of parallel straight lines

¢. two pairs of straight lines which are equally inclined
to each other

d. none of these

147. The distance between the two lines represented by the
equation 9x> — 24xy + 16y* — 12x + 16y~ 12=01is
a. 8/5 b. 6/5
c. 11/5 d. none of these

Multiple Correct |

Answers Type

Each question has four choices a, b, ¢, and d, out of which
one or more answers are correct.

1. If P is a point (x, y) on the line y =— 3x such that P and
the point (3, 4) are on the opposite sides of the line
3x —4y =8, then |
a. x>8/15 box=8/5
c. y<-8/5 d. y<-845

2. If(-6,-4),(3,5),(2, 1 Jarethe vertices of aparallelogram,
then remaining vertex can be ’

a. (0,-1) b. (7,9)
c. (-1,0) d. (-11,-8)

3. The linesx+ 2y 3=0,x+2y—7=0and 2x-y—4=0
arethe sides of a square. Equation of the remaining side

of'the squate can be
alZx¥ )y +6=0 b. 2x—y+8=0
e 2x—y-10=0 d. 2x-y-14=0

4. Let0=(0,0),4=(0,4), B=(6,0). ‘P’ be a moving point
such that the area of triangle POA is two times the area
of triangle POB. Locus of ‘P’ will be straight line whose
equation can be
a. x+3y=0 b. x+2y=0
c. 2x-3y=0 d. 3y—-x=0

5. If (a, &) lies inside the triangle formed by the lines
2x+3y—1=0,x+2y-3=0,5x~6y—1=0,then

a. 2a+3a*-1>0 b. a+2a*-3<0

c. a+2a’-3<0 d. 6a°-5a+1>0

6. Angles made with x-axis by a straight line drawn through
(1, 2) so that it intersects x + y = 4 at a distance V6/3 from
(l,2)are
a. 105° b. 75° ¢ 60° d. 15°

7. Given three straight lines 2x + 11y —5=10, 24x + 7y — 20
=0 and 4x — 3y — 2= 0. Then,

they form a triangle

they are concurrent

-one line bisects the angle between the other two

d. two of them are parallel

8. If (-4, 0) and (1, 1) are two vertices of a triangle of area
4 sq. units, then its third vertex lies on

e P



9,

10.

11.

12.

13.

14.

15.

b. Sx+y+12=0
d. x+5y+12=0

a. y=x
c. x+5y-4=0

The equation x° + x’y — xy* =’ represents
a. three real straight lines

b. lines in which two of them are perpendicular to each
other

¢. lines in which two of them are coincident
d. none of these

The straight line represented by x* + mxy — 2y + 3y — 1
= () meets at

a. (—1/3,2/3) b. (- 1/3,-2/3)
c. (1/3,2/3) d. none of these _
IfmI and m_ are the roots of the equation x* —ax—a— 1
= 0, then the area of the triangle formed by the three
straight lines y = mx,y=mx andy=a(a#-1)is
2

a(a+2),
a. _';’-(ETI)_ ifa>-1

—-d(a+2).
b. —W ifa<-1

—da+2) .
" T(Q‘Ti_)m if-2<a-1

a(a+2),
d. 2AaTl) ifa<-2

If the points (a’/(a — 1), (@ - 3)(a - 1)), (b'/(b — Wy .

(" - 3)/(b - 1)) and (e = 1), (= 3)(c - 1)), where
a, b, c are different from 1, lic on the line /x + my + n
=0, then

m
a. a+b+c=—T

b. ab+bc+m=%
+

c. abc= ( ] )

d. abe— (b + ca+ab) 3(ath+c)=0

[fone of the lines of my” + (1 24°) xy — mx” =0 is a bisector

of the angle between the lines’xy =0, then m is

a. 1 Y. @ ¢ =12 d -1

If the chord y = mx + 1 of the circle x* + y* = 1 subtends

an angle of measure 45° at the major segment of the

circle, then the value of m is

a. 2 b. 1

Two sides of a rhombus OABC (lying entirely in first

quadrant or third quadrant) of area equal to 2 sq. units are

y= x/\3,y=+3 x. Then possible coordinates of B is/are

(O being origin)

a. (1+3, 1++3)

¢. 3+43,3+3)

c. —1 d. noneofthese

b. (-1-3,-1-+3)
d (E3-1,V3-1)

16.

17.

18.

19,

Straight Lines 1.59

If (x/a) + (3/b) = 1 and (x/c) + (3/d) = | intersect the axes
at four concyclic points and a” + ¢* = b* + d°, then these
lines can intersect at (a, b, ¢, d> 0) :

a (1,1 b. (1,-1) ¢ (2,-2) d. (3,3)

The straight line 3x +4y— 12 =0 meets the coordinate axes

at A and B. An equilateral triangle ABC is constructed.
The possible coordinates of vertex ‘C” are

+ (128 30-4)

b. (—2(1 +v3),3/2 (1-+3))
c. (201 ++3),32(1+3))

d. (2(1+¥),%(1+%)],

The equation of the lines passing through the point (1, 0)
and at a distance \J’fﬂ from the origin are

a V3x+y-V3=0y "B x+\3y—-3=0
c. Bx—y—V330 d. x—\3y—-V3=0

The sides of a triangle are the straight lines x + y = 1,
7y =x and V3y+ x = 0. Then which of the following is an

interior point of the friangle?
a. /cireumcentre b. centroid
€. .incentre d. orthocentre

In an obtused-angle triangle orthocentre and cicumcentre
are exterior to the triangle,

20. If (x, ¥) be a variable point on the line y = 2x lying between

21,

22.

7

the lines 2(x + 1) +y=0and x + 3(y — 1) =0, then

a. x € (-1/2, 6/7) b. x e(-1/2,3/7)

c. ye(-1,3/7) d. ye (-1,6/7)

The x-coordinates of the vertices of a square of unit area
are the roots of the equation x* — 3|x| + 2 =0 and the
y-coordinates of the vertices are the roots of the equation
y* =3y + 2 = 0. Then the possible vertices of the square
is/are

a. (]n })) (2: [)! (29 2)1 (11 2)

b. (_ ls l)a (_25 1)1 ("2" 2)! (_ ls 2)

C. (2: I); {l, o I)s (]» 2); (2: 2)

d. (_ 2| l—)) (_ I’ - l)a (_ 11 2)) {_23 2)

The area of triangle 4BC is 20 cm’. The coordinates of
vertex A are (— 5, 0) and those of B are (3, 0). The vertex
C lies on the line x - y = 2. The coordinates of C are

a. (5,3) b.{-3,-5) e (-5-7 d.(7,95
If the straight line ax + ¢y = 2b where a, b, ¢ > 0 makes a
triangle of area 2 sq. units with coordinate axes, then

b. a,—b, c are in G.P.

d. a,-2b, carein G.P.

a. a, b, care'in G.P.
¢. a, 2b,carein G.P.



	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_01
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_02
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_03
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_04
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_05
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_06
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_07
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_08
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_09
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_10
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_11
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_12
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_13
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_14
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_15
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_16
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_17
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_18
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_19
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_20
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_21
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_22
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_23
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_24
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_25
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_26
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_27
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_28
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_29
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_30
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_31
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_32
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_33
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_34
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_35
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_36
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_37
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_38
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_39
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_40
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_41
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_42
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_43
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_44
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_45
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_46
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_47
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_48
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_49
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_50
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_51
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_52
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_53
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_54
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_55
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_56
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_57
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_58
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_59
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_60
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_61
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_62
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_63
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_64
	Cordinate Geometry_Maths(ISEET)_Tewani_Cenage Learning Series-JEEMAIN.GURU_Page_65

