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Preface

newer criteria devised to help develop more aspirant-friendly engineering entrance tests, the nced

to standardize the selection processes and their outcomes at the national level has always been felt,

‘The Joint Entrance Examination (JEE) to India’s prestigious enginecring institutions (I1Ts, 111Ts, NITs, ISM,

IISERs, and other engineering colleges) aims to serve as a common national-level engincering entrance test,
thereby eliminating the need for aspiring enginecrs to sit through multiple entrance tests.

While the methodology and scope of an engineering entrance test are prone to change, there are two basic
objectives that any test needs to serve: .

1. The objective to test an aspirant's caliber, aptitude, and attitude for the engincering ficld and profession.
2. The need to tcst an aspirant’s grasp and understanding of the concepts of the subjects of study and their
applicability at the grassroots level.

Students appearing for various engineering entrance examinations cannot bank solely on convenllonal
shortcut measures (0 crack the entrance examination. Conventional techniques alone are not enough as most
of the questions asked in thc examination are based on concepts rather than on just formulae. Hence, it is
necessary for students appearing for joint entrance examination to not enly gain a thorough knowledge and
understanding of the concepts but also develop problem-solving skills to be able to relate their understanding
of the subject to reai-life applications based on these concepts.

This series of books is designed to help students to get an-all-round grasp of the subject so as to be able
to make its useful application in all its contexts. It uses a'right mix of fundamental principles and concepts,
illustrations which highlight the application of these concepts, and exercises for practice. The objective of
cach book in this series is to help students develop their problem-solving skills/accuracy, the ability to reach
the crux of the matter, and the speed to get answers in limited time. These books feature all types of prob-
lems asked in the examination—be it MCQs (onc or more than onc correct), assertion-reason Lype, matching
column type, comprehension type. or integer type questions. These problems have skillfully been set to help
students develop a sound problem-solving methodology.

Not discounting the need for skilled and guided practice, the material in the books has been enriched
with 2 number of fully solved coficept application exercises so that'every step in learning is ensured for the
understanding and application of the subject. This whole serics of books adopts a multi-faccted approach to
mastering concepts by including a variety of exercises asked in the examination. A mix of questions helps
stimulate and strengthen muli-dimensional problem-solving skills in an aspirant.

It is imperative to note that this book would bc as profound and useful as you want it to be. Therefore,
in order to get maximum benefit from this book, we recommend the following study plan for each chapter.

Step 1: Go through the entire opening discussion about the fundamentals and concepts.

Step 2: After learning the theory/concept. follow the illustrative examples to get an understanding of the
theory/concept.

Overall the whole content of the book is an amalgamation of the theme of mathematics with ahead-of-time
problems, which equips the students with the knowledge of the field and paves a confident path for thcm to
accomplish success in the JEE,

With best wishes!

‘ ’ rhile the paper-setting pattern and assessment methodology have been revised many times over and

G. TEWANI
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Introduction to Vectors
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COORDINATE AXES AND COORDINATE PLANES IN
THREE-DIMENSIONAL SPACE

Consider three planes intersecting at a point O such that these Z
three planes are mutually perpendicular to each other as shown X
in the following figure. Fal
These three planes intersect along the lines X’ OX, Y’OY and e i /J/ ......
7'0Z, called the x-, y- and z-axes, respectively. We may note
that these lines are mutually perpendicular to each other. These ¥ ¢ o >
lines constitute the rectangular coordinate system. The planes 5
XOY, YOZ and ZOX, called rcspectively, the XY-plane, the L
YZ-plane and the ZX-plane, are known as the threc coordinate K
planes. We take the XOY plane as the plane of the paper and the X v
line Z'OZ as perpendicular to the plane XOY. If the plane of the z
paper is considered to be horizontal, then the line Z'OZ will Fig. 1.1
be vertical. The distances measured from XY-plane upwards in
the direction of OZ are taken as positive and those measured downwards in the direction of OZ are taken as
negative. Similarly, the distances measured (o the right of ZX=plane along OY arc taken as positive, to the left
of ZX-plane and along OY’ as negative, in front of the ¥Z-plane along OX as positive and to the back of it along
OX’ as ncgative. The point O is called the origin of the coordinate system. The three coordinate planes divide
the space into cight parts known as octants. These octants can be named as XOYZ, X'OYZ, X' QY'Z, XOY'Z,
XOYZ' X'0YZ',X'0Y'Z" and XOY'Z’ and are denoted by 1, 11, 111, 1V, V, VI, VIl and V1], respectively.

-

~ Coordinates of a Point in Space

Z
A
C
7 P(x,9,2) 2 R
3
4 i
] F e
e 3 P
[ ;
v C > 9 i
o o ' C Y AenEnh ik j} ..... soww B Y
;' k x
M A D
X (x,), 0) . X
(i) (i)

Fig. 1.2



1.2 Vectors and 3D Geometry

Consider a point P in space, we drop a perpendicular PM on the XY-plane with M as the foot of this
perpendicular. Then, from point M, we draw a perpendicular ML to the x-axis, meeting it at L. Let OL be x,
LM be y and MP be z. Then x, y and z arc called the x-, y- and z-coordinates, respectively, of point P in the
space. In Fig. 1.2, we may note that the point P(x, y, z) lics in the octant XOYZ and so all x, y, z are positive.
If P was in any other octant, the signs of x, y and z would change accordingly. Thus, to cach point P in the
space, there corresponds an ordered triplet (x, y, £) of real numbers.

We observe that if P(x, y, z) is any point in the space, then x, y and z arc perpendicular distances from YZ,
ZX and XY planes, respecuvcly

- - s

Note Thc coordinates of the ongm O arc (0 0 0) The coordmates of any point on the x-axis will be (x. 0,
0) and the coordinates of any point in the YZ-planc will be (0, y, 2).

The sign of the coordinates of a point determincs the octant in which the point lies. The following table
shows the signs of the coordinates in the eight octants:

e

| Octant Coordinates N 11 m .| 1V % vi| v | vl
x + - - + - - - +
y + + - - 4 + - -
z + + - + - - - -
Distance between Two Points
Let P(x|, 4, 2;) and Q(x,, v, 2,) be two points referred to a systcm Z
of rectangular axes OX, OY and OZ. Through the points 2 and P
O draw plancs parallel to the coordinate planes so as te form a
rectangular parallelepiped with one diagonal PQ. g
Now, since £PAQ is a right angle, it follows that in mangle
PAQ, 90
PQ*= P4+ AQ? (i) 3 =
Also, triangle ANQ is right-angled With ZANQ being the right . E_ ¥
angle. Thercfore,
AQ? = AN? + NO (ii)
From (i) and (ii), we have X ‘
PQAE PA 4 AN? + NQ? ' Fig- 33
Now PA=Ya =y, AN=x; - x| and NQ =2, -z
Hence, PO = (xy=x 2+ (=) + (2, -;21)2

rgs \sz =1+ (- 1) + (2 -2)
This gives us the distance between two points (xy, ¥, 2)) and (x3, ¥, 25).

In particular, ifx, =y, =z, =0, 1i.e., point P is origin O, then 00 = \/xg +y3 +z# , which gives the distance _
between the origin O and any point Q(x,, v,, z,).

Section Formula

Let the two given points be P(x,, yy, z;) and Q(x,, y,, ;). Let point R (x, y, z) divide PQ in the given ratio
m : n internally. Draw PL, QM and RN perpendicular to the XY-plane. Obviously PL || RN || OM and the feet



Introduction to Vectors 1.3

of these perpendiculars lie in the XY-plane. Through point R draw a line 4
ST parailel to linc LM. Line ST will intersect linc LP externally at point » Q
§ and line MQ at 7, as shown in Fig. 1.4. R %
Also note that quadrilaterals LNRS and NMTR are parallelograms. %
The triangles PSR and QTR are similar. Therefore,

m_PR _SP SL-PL NR-PL 1~z

n QR QT OM-TM QM-NR z,-z

[

= 2=

Hence, the coordinates of the point R which divides the line segment X |
joining two points P(x,, y,, z;) and Q(x,, ¥,, 2,) internally in the ratio LN
mx, + nx : my, + ny, and M2 +nz Fig. 1.4

m+n m-+n m-+n
If point R divides PQ externally in the ratio m : a, then its coordinates are obtained by replacing » with —n
nxz — HI1 myi L "yl and "le - nzl

m:narc

y r
s0 that the coordinates become
m-n m-n m-n
- b - e g ey,

‘ Notes: g @ ' 9 |

1. If R is the midpoint of PQ, then m : n=1:1; 50 x =2 ;5;,},2)’1 ;Ji,:.r:z' 42-22_ }
1

These are the coordinates of the midpoint of the segment joining P(x, 3, 21) and Q(x,, 3, 2,).

2. The coordinates of the point R which divides PQ in the ratiok ; I are obtained by taking k= %, which ‘
k\'z"i‘)-] k]j *XL !G:'2+2'|] t

k+l ’ k41’ k+l
3. If vertices of triangle are A(xy, 3|, 2), B(xy, 5, 7;) and C{x,, vy, z3), and AB = ¢, BC = a, AC = b, then

are given by [

x]+x2+x:‘ y]+yz+y3 zl+22+23
L] 3 1
ax; +bx, +cxy avy + by, +cy; azy +bz, +cz4
L] »
a+b+c at+b+c at+b+c

centroid of the triangle is ( ] and its incenter is

EVOLUTION OF VECTOR CONCEPT

In our day-to-day life, we come across many queries such as “What is your height?” and *How should a football
player hit the ball to give a pass to another player of his team?” Observe that a possible answer to the first query
may be 1.5 m, a quantity that involves only one value (magnitude) which is a real number. Such quantitics are
called scalars. However, an answer to the second query is a quantity (called force) which involves muscular
strength (magnitude) and direction (in which another player is positioned). Such quantitics are called vectors.
In mathematics, physics and engincering, we frequently come across with both types of quantities, namely
scalar quantitics such as length, mass, time, distance, speed, area, volume, temperature, work, money, voltage,
density and resistance and vector quantities such as displacement, velocity, acceleration, force, momentum
and clectric field intensity.

Let ‘7’ be a straight line in a planc or a three-dimensional space. This line can be given two directions by
means of arrowhceads. A line with one of these directions prescribed is called a directed line [Fig.1.5 (i), (ii)].

~
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Now observe that if we restrict the line / to the i 7 ' T ¥
line segment A8, then a magnitude is prescribed ' . , '
on line (i) with one of the two directions, so that B
we obtain a directed line segment, Fig. 1.5 (iii). _n
Thus, a directed line segment has magnitude as A
well as direction.

Definition : y
A quantity that has magnitude as well as direction () (i) (iii)
is called a vector. Fig. 1.5 -

Notice that a directed line segment is a vector

2]

—— ‘ - s—i AL
[Fig 1.5(iif)], denoted as AB or simply as a, and read as “vector 4B ’or ‘vector a’

Point 4 from where vector AB starts is called its initial point, and point B where it ends is called its terminal
pomt The distance between initial and terminal points of a vector is called the magnitude (or length) of the

vector, denoted as | AB | or |a[ or a. The arrow indicates the direction of the vector,

Position Vector _
Consider a point P in space having coordinates (x, y, z) with respect to the origin O (0, 0, 0). Then, the vector

——
OP having O and P as its initial and terminal points, respectively, is ealled the position vector of the point P

e . — - o
with respect to O. Using the distance formula, the magnitude of OP (or r )is givenby | OP |= v 24y’ +2,

Z Z
F'y &
v 4 A B
Plx.y.2) </ 3 N
i .
‘;_’ c
= & pY
0(0,0,0) Y 0
X @) X (i)
Fig. 1.6

- - = =
In practice, the position vectors of points 4, B, C, etc,, w1th respect to origin O are denoted by a, b, ¢

etc., respectively [Fig. 1.6(ii)].
Direction Cosines

—_— 3 )
Consider the position vector OP (or r ) of a point P (x, y, z). The angles ¢, § and ¥ made by the vector
-
r with the positive directions of x-, y- and z-axes, respectively, are called its direction angles. The cosine

-
values of these angles, i.¢., cos &, cos fand cos 7, are called direction cosines of the vector » and are usually
denoted by /, m and n, respectively.
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From Fig. 1.7, one may note that triangle OAP is right angled,

and in it, we have cos o = x/r (r stands for | : |)- Similarly, from o Ghyjessessenesmecencs
the right-angled triangles OBP and OCP, we may write cos i o
B=ylr and cos y = 2/r. Thus, the coordinates of point P may also
be expressed as (Ir, mr, nr). The numbers /r, mr and nr, proportional

to the direction cosines, are called the direction ratios of vector
-

r and are denoted by a, b and ¢, respectively (see this topic in
detail in Chapter 3).

TYPES OF VECTORS ' Fg. 1.7

Zero Vector
A vector whose initial and terminal points coincide is called a zero vector (or null vector).and is denoted as

: P(;x. v, Z)

4,:
."B.Y

ary
0. A zero vector cannot be assigned a definite direction as it has zero magnitude or, alternatively, it may be
———

—_—
regarded as having any direction. The vectors 44 , BB represent the zero vector.

Unit Vector -
A vector of unit magnitude is called a unit vector. Unit vectors are denoted by small letters with a cap on them.

A - A - -
Thus, a is unit vector of a, where |a |= 1, i.e, if vector a is divided by magnitude | a |, then we get a unit

-

a A o e A i 8
vector in the direction of a Thus, —=a <> a =|a|a, where a is the unit
|a|

vector lq the direction of a.

Coinitial Vectors
Two or more vectors having the same initial point are called coinitial vectors.

Fig. 1.8

Equal Vectors

- -+
Two vectors a and b are said to be.equal if they have the same magnitude and direction regardless of the
— - .
positions of their initial points, They are writtenas a = b,
Negative of a Vector

A vector whose magnitude is the same as that of a given vector (say, AB ), but whose direction is opposite
—— —_—
to that of it, is called negative of the given vector. For cxample, vector BA is negative of vector 4B and
—_— —_
is writtenas B4 =— 4B .
Free Vectors %

Vectors whose initial points are not specified are called free vectors.

Localised Vectors
A vector drawn parallel to a given vector, but through a spemﬁed point as the initial point, is called a localised vector.
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Parallel Vectors _ i 2

) ) Oe— »——e A
Two or more vectors are said to be parallel if they have the same support or Co- b o}
parallel support. Ee < oD

Parallel vectors may have equal or unequal magnitudes and their directions F;g. 1.9
" may be same or opposite as shown in Fig. 1.9.

Like and Unlike Vectors

Two paraller vectors having the same direction are called like vectors [see Fig. 1.10(i')].
Two parallel vectors having opposite directions are called unlike vectors [see Fig. 1.10(ii)].

—

—_ . = a
Oe : q; oA A% > —e 8
b T
Be > oC D o—— & - C
() . {ii)
. Fig. 1.10
Collinear Vectors

- =
Vectors a and & are collinear if they have same dircction or are parallel or anti-pax:allel Since their magnitudes

are different, we can find some scalar A for which a A b ]f A> 0, a and b are in the same direction; if
—

A<0, aand b are in the opposite directions. Collinear vectors are often called dependent vectors.

Non-collinear Vectors =

a
Two vectors acting in different directions are called non-cellinear vectors. Non-collinear
-
vectors are often called independent vectors. Here'we cannot write vector @ in terms
- : &
of b , though they have the same magnitude. However, we can find component of one 3’
vector in the direction of the other. Two'non-cellinear vectors describe plane. Fig. 1.11

Coplanar Vectors

Two paral!el veetors or non-collinear vectors are always coplanar or two vectors
—'

— - S
a and b in d1fferent dlrectmns determine unique plane in space. Now if vector c \'3\
— =) =3
/E)‘/

lies in the plane of a and b veetors a, b, ¢ are coplanar vectors. Generally more
than two vectors are coplanar if all are in the same plane.
Three non-coplanar vectors describe space. Fig. 1.12

ADDITION OF VECTORS | c

_— 5 A
A vector AB simply means the displacement from point 4 to point

B. Now consider a situation where a boy moves from A to B and then
from B to C . The net displacement made by the boy from point 4 to

—_— a

point C is given by vector AC and is expressed as A vE
Fig. 1.13
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—) 3 a3

AC = AB + BC » :
This is known as the triangle law of vector addition.

- —y
In general, if we have two vectors a and b [Fig. 1.14(i)], then to add them, they are positioned such that
the initial point of one coincides with the terminal point of the other [Fig. 1.14(i1)].

F | . . - C _
ax2 i 7

2
e A ? B A -"..B

(i) (i)

Rl

C
Fig. 1.14

. ’ -)
For example, in Fig. 1.14(ii), we have shifted vector & without changing its magnitude and direction so
— — e
that its initial point coincides with the terminal point of a. Then the vector @ + b , represented by the third
— -)
side AC of the triangle ABC, gives us the sum (or resultant) of the vectors a and b, ie, in triangle ABC

[Fig. 1.14 (ii)], we have

— w—

AB + BC =

—_— ——
Since AC =~ CA, from the above equation, we have

_ s — — —_— = . 3

AB + BC + CA =_A44 = 0 .
This means that when the sides of a triangle are taken in order, it leads to zero resultant as the initial and
terminal points get coincided [Fig. 1.14 (iii)].

__ " _
Now, construct a vector BC _so that its magnitude is same as that of vector BC , but the direction is

. '_-’ .
opposite to that of BC (Fig, 1.14 (ii1)), i.c.,

— ——
BC = -BC
Then, on applying triangle law from Fig. 1.14(iii), we have

— [—Y —— — -

AC' = AB + BC' = AB +(-BC)- ..

_—
Vector AC is said to represent the difference of a and b .

Now, consider a boat going from one bank of a river to the other in a direction perpendicular to the flow of
the river. Then, it is acted upon by two velocity vectors—one is the velocity imparted to the boat by its engine
and the other onc is the velocity of the flow of river water. Under the simultaneous influence of these two
velocitics, the boat actually starts travelling with a different velocity. To have a precise idea about the effective
speed and direction (i.c., the resultant vclocity) of the boat, we have the following law of vector addition.
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Fig. 1.15

If we have two vectors a and b represented by the two adjacent sides of a parallelogram in magnitude.
. = ¥
. and direction (Fig. 1.15), then their sum a + b is represented in magnitudé and direction by the diagonal

of the parallelogram through their common point. This is known as the parallelogram law of vector addition.

Notes:
1. From figure, using the trianglc law, one may note that
— —h —
04 + AC = OC
—) o —) . — —
or 04 + OB = OC (= AC = OB)
which is the parallelogram law. Thus, we may say that the two laws of vector addition are equivalent
to each other. ;
R ] — b e (- ;
2. If OA and AC arecollinear, their sum igstill OC . Although O®——>——§—* °C .
in this case we do not have a tnangle or a paraliclogram in Fig. 1.16
their usual sense.
3. As from the figure:
—_— —
OA + 44, + -+ A,, 4 0.4,, by the polygon law of addition.
S
- S Dl St

Properties of Vector Addition

- =, =3

-t
LLat+tb=b+a " (commutative property)
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- - - R

2. (a+b)+c=a+(b+c) (associative property)
. .

3 a+0=a (additive identity)
— — -

4. a+(-a)=0 (additive inverse)

e e T
5. |a+b|$|a|+|b|and la-blz|a|-|b|

I,.--.---_-_ o ——— P =

- 3

" Illustration 1.1 lfvector a+b blsects the ang]e between a and b then prove that |a | = |b|

b

Sol. We know that vector a + b is along the diagonal of the parallelogram whose adjacent sides are vectors a
and b . Now if a + b bisects the angle between vectors @ and b , then the parallelogram must be a thombus;
hence,IEI =5l

e« g i ey s e g

lllustration L. 2 If A0+ OB BO * OC thcn prove that B is the rmdpomt of AC |

Sol. AO+OB=B0O+0C

= AB=BC

Thus, vectors ABand BC are collinear

=5 ' Points 4, B, C are collinear

Also |4B|=|BC| .

=5 B is the midpoint of AC

—— —- - — e — e = == - — — ) — — = .

— ) m—

—
lllustration 13 ABCDE is a pentagon. Prove that the resultant of forces AB AE, BC, DC, ED '
.and AC is 3AC

- - - e — . + ame—— -

O e TR—— —_— —)  —3

Sol. R= AB + AE + BC + DC + ED + AC

— e )

-(AB+BC)+(AE+ED+DC) + AC

= AC+AC+AC 3AC

- —_- T - b i ——— | — . — e ._,.._._.

: = o
\ Illustration 1.4 Prove that the resultant of two fcrces acting at point O and represented by OB and C {

. lS given by 2 OD , where D is the midpoint of BC. J
e
Sol. R= 0B +0OC
— — — — 4
= (0D + DB)+ (0D + DC)

—_— — —— —_— - s
=20D+(DB+DC)=20D + 0 = 20D

B = e e

—_— —
(Since D is the midpoint of BC, we have DB =~ DC) Fig. 1.18
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filustration 1.5 Prove that the sum of hrec vectdrs defermined”
by the medians of a triangle dirccted from the vemch§ is zero, |

Sol. AB + AC =2 AD
—

BC + BA = 2BE

—_— — —
CA+CB =2CF

Fig. 1.19

Adding, we get
—_— — _— — —_— — —_— —  —
(AB + BA)+(AC + CA) + (BC+ CB) =2 (AD + BE + CF)

- : - = = —_— — —
or 0+0+0 =2(AD + BE + CF)
—) — —) -3 .

or , AD+ BE + CF =0

B .-—g-—-.—--—--—.._u o -uw - ——-—.——.._._ ——

Ilustration 1.6 ABC is a triangle and P any point on BC. If PQ is the sum of AP + PB + PC show
that ABQC is a parallelogram and Q, therefore, is-a fixed point. |

S - S

—) — ——— —

Sol. Here PQ = AP + PB + PC , G 0
) — —_ —
PQ - PC =A AP + PB , A
—) — —_— —
PO+ CP =A AP + PB
A B
CO = 4B = CQ = ABand CQ|| 4B ': Fig.1.20

Therefore, ABQC is a parallelogram,
But 4, B and C are gwen to be fixed points and ABQC is a parallelogram. Therefore, Q is a fixed point.

o - ——— —van, —_— S e e
— e

Illustration 1.7 Two forces AB and AD are acting at the vertex A of a quadnlatcra] ABCD and two ‘
—_ —

forces CB and CD at C. Prove that their resultant is given by 4 EF where E and F are the mtdpo:nts ;
of AC and BD, respectively. 4

P e —— = — e — e —— B e S — - #r - - e - -u‘l
—— 0 — — D - C

Sol. AB + AD =2 AF ,where F is the midpoint of BD.

—_— —  —

CB+CD=2CF

—_— ) ——) e

AB+AD+CB+CD *2(AF+CF)

A

=— 2(F4 + FC) A ; B
Fig. 1.21

_—
=~2[2 FE], where E is the midpoint of AC

—
= 4 EF
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- . w - - . L

. :
Ilustration 1.8 If O(0) ) is the circumcentre and O the orthocentre of a triangle ABC, then prove that |

— — m— —

i. 04+ OB+ 0C=00’
r—) | — —— S—
- ii. O'A+O0'B+0'C=200

-
—_— e ) ey — . w

iii. AO'+0'B+0'C=2A40= AP
where AP is the diameter through 4 of the circumeircle.

Seol. O is the circumcentre, which is the intersection of the
right bisectors of the sides of the triangle, and O’ is the
orthocenter, which is the point of intersection of altitudes
drawn from the vertices. Also, from geometry, we know that

20D = A0
20D = 40" @)

—_— — — —

i. Toprove: OA4 + OB + OC = 00’

- —
|

—_—r m— e —)

‘Now OB + OC =20D = AO’

—_—— 3  e—— ) —

= 0A+OB+OC OA + AQ' = 00’
v p— -
ii. To prove: O'A+OB + O'C = 200’
LHS. =2 DO +20’D
P, iy
=2(0’'D+ D0O) =200

—_ — 3 y 3
iii. Toprove: AQ'+0'B+0'C=2 A0 = AP
—_— — — —
L.HS. =240~ AQ"+ O'B+0'C
—_— —p —) —
= 240" +(O'A+O0'B+0°C

= 240" 420'0=2 A0

— :
= AP (where AP is the diameter through 4 of the circumcircle).

COMPONENTS OF A VECTOR

Let us take the points A(1, 0, 0), B(0, 1, 0) and C(0, 0, 1) on the x-axis, y-axis and
z-axis, respectively.

e 4 — —_—
Then, clearly |04 |=1,|OB|=1and |OB| =1

—) ) ey .
The vectors 04 , OB and OC , cach having magnitude 1, are called unit

A A A
vectors along the axes OX, OY and OZ, respectively, and are denoted by 7, j and &,
respectively.
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—_ 2
Now, consider the position vector OP of a point ‘[

P(x, y, z) as shown in Fig. 1.24. Let P, be the foot of R
the perpendicular from P on the-plane XOY.

We, thus, sce that PP is parallel to the z-axis. As

AA N -
i, jand k are the unit vectors along 'the x-, y- and P(x.y.2)

]

z-axes, respectively, and by the definition of the zk

—_— A A

coordinates of P, we have ARP=0R = zk. =2 Y

Y A —_— A
Similarly, OS = yj and OQ = xi.

Therefore, it follows that OR = OQ + OR P,
A A — — —)
=xi+yjand OP =OR + RP = x:+y;+zk X
Hence, the position vector of P with reference to
0O is given by ; !

Fig. 1.24

— -) I} N A
|OP|(or r)=xi+yj+zk
—
This fonn of any vector is called its component form. Here, x, y and z are called the scalar components of #,

and x; y _] and zk are called the vector components of ,- along the rcspecuvc axes. Sometimes x, y and z
are also called rectangular components.

-> n N

The length of any vector r=xi+yj+ zk is readily determined by applying the Pythagoras theorem
twice. We note that in the right-angled triangle OQP,,

|OR !=\/I0Q|2 +OR[ = Jaf +y
‘And in the right-angled triangle OR P, we have

— —
10P|=JIOR F+(RBP = V(> +y%)+ 2
-p & = A
Hence, the length of any vector r =xi + yj + zk is given by

|r| lxa +yj+zk| \fxz # y? + 2
" Notes:
. i A A A T D
If @ and & are any two vgctors given in the component form a i +a, j+a,k and & i+ j+ bk
respectively, then

. ’ - 5
i. The sum (or resultant) of vectors @ and b is given by

- - A B % A
a+b =(ay+b)i +(ay+by)j +(az+b)k
- -3
ii. The difference between vectors a and b is given by
-

a-b=(a—-b) i +(ay~by) j +(ay-by) k
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- -
iii. Vectors a and b are parallel if and only if

-y - A A
b =21a =(a) i +(Aay) j +(a;) k
The addition of vectors and the multiplication of a vector by a scalar together gwc the following distributive
laws: :
- -
Let a and b be any two vectors, and k£ and m be any scalars. Then

— — -
i. ka+ma =(k+m) a

h

il. & (m;)=(km):;
- - - -
iii. k(a+b)=ka+kb

Remarks

— -
i. One may observe that whatever be the value of A, vector Aa is always collinear to vector a . In

— -
fact, two vectors a and & are collinear if and only if therc exists.a non-zero scalar A such that

-3 = — A Eal
b }La If the vectors a and b are given in the component form, iie., @ =a,i +a, j +a3lc and

b b,z+b21+b3k then
b1 +by by k=2 (@l +ay fka, k)
o b i +by f+byk =(Aay) i +(Aay) ] + (AN
o by = Aay, by = Aay, by = Aay
» hob b,y

L a 4y @G
o 2 A A l 3 " : ’ i
ii. If a=a,i+a,j+ayk, then a,,a,, a,arealso called direction ratios of a .
. A A A
ili. In case it is given that /, m, n are direction cosincs of a vector, then /i+mj+nk = (cos @)
A A A
i +(cos ) j+(cosy) k is the unit vector in the direction of that vector where a, B and y are the
angles which the vector makes with the x-, y- and z-axes, respectively.

Illustration 1.9 A unit vectorof modulus 2 is cqually inclined to x- and y-axes at an angle 7/3, Find the
length of projcction of the vector on the z-axis.

Sol. Given that the vector is inclined at an angle 7/3 with both x- and y-axes. Then
]
cos @ =cos ff= 5
Also we know that cos? @ + cos? B+ cosy =1". Therecfore,

2 1
Cos oo
¥ 2



114 Vectors and 3D Geometry

or ‘ cosy-:l:—l—
- " :

Thus, the given vector is

A ~

2(cos ai +cos B + cos yk) = 2[—+§ T)-h}:tﬁfc

Hence, the length of projection of vector on the z-axis is V2 units.

——— - - - -

R
Illustration 1.10  If the projections of vector a onx-, y-and z-axes are 2, 1 and 2 units, respectively, find

the angle at which vector a 1s inclined fo the z-axis.

| — T 0, . P . e s A 8 oy g 11 i, W e . A -

Sol. Since projections of vector a on x-, y- and z-axes are 2, 1 and 2 units, respectively, we have

—’ ~ -~ ~
Vector a =2i+ j+2k

—'
laj=y[22+1242% =3

a = :
Then cos y= % (where y is the angle of vector a with the z-axis), i.e,

-]
=cos™' =
Y 3

MULTIPI.ICATION OF A VECTOR BY A SCALAR

Let a be a vector and }u a scalar. Then the product of vectot a by scalar A, denoted by /'La s is cal]cd the
multiplication of vector a by the scalar A. Note that 2- a_is also a vector, collinear to vector a Vector /’La

has the direction same (or opposite) as that of vector a if the value of A is positive (or negative). Also, the
- -
magnitude of vector Aa is| A | times the magnitude of vector « , i.e.,
" e ) .-#
[Aa|=|Al|al

A geometric visualization of multiplication of a vector by a scalar is given in the following figure.

2
Y Zo
7 74 y 7o ’
' © Fig. 1,25

3 - — I —
WhenA=-1,Aa =- a , whichis a vector having magnitude equal to the magnitude of a and direction
X - . ;
_opposite to that of the direction of a .
—t ; —
Vector —a 1is called the negative (or additive inverse) of vector ¢ and we always have

-5 - T
a+(—a)=(-a)+a=0.
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Also, if A= —~, provided a #0,1ie., a isnotanull vector, then
|a| ‘

- - ] @
|Aal=]Al|a|=—=]a] =1
|al
Illustration 1.11 Find a vector in the direction of vector 5i — j + 2k which has magnitude 8 units.

' ~ (NCERT)

- —————— b e B W o b i - e Ak k4 & . 2o e

— & % "
Sol. Let a=5f-j+2

|3|=Js’ +(-1)?+22 = 25+1+4=[30

a _Sf—j'+21:' p

i=2

Hence, the vector in thé direction of vector 57 — j+ 2k which has magnitude 8 unifs is given by

giog| S j+2k)_40 . 8 . 16 .
J30 B30 B0 J30

VECTOR JOINING TWO POINTS

Ay

Z

Fig. 1.26

-t '
In Fig. 1.26, vector AB is shifted without rotation and placed at origin.
- -
+ Now vector AB=0C |,
— —
Since |48|=]OC}, coordinates of point C ate (x; —xy, ¥, = ¥1, 52— %)) -

. - - ~
chce, Vector OC = (xz' o Xl )i + (}’2 -, yz )j + (22 " zl)k
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- g : " " -
Thus, AB = OC = (x;-x)i+(y= n)Jj+(z;-2)k
= (% + yy ) + 2,0) = (i + p,  + 7,k)
- - :
= 0B-0A

= Position vector of B — Position vector of 4

—
Also from above, we have OB 04+ AB which describes triangle rule of vector addmon
- -

Further OB 0OA + AB= OA + OC e GC AB) which describes parallelogram rule of vector addmon

Ilustration 1.12  Find the unit vector in the direction of vector PQ ‘, where P and Q are the points (1, 2, 3)
and (4, 5, 6), respectively. _ . (NCERT)

e ——— — — i B e | S i - e s S

Sol. The gwcn points are P (1, 2, 3) and 0.(4, 5, 6). Therefosc,
PO = (4- 1){ +(5-2) J +(6-3) k=3 +3j+3k
]PQ]—,/a2 +3 432 = ,/9+9+ =27 = 3\/"
Hence, the unit vector in the direction of PQ is
PQ 3:+3;+3k_ | g ]
= —
| PO

33 "Jiwﬁh_\/_i_é

- - - —a —— ——

“h - a Co A - - -~ g 3
‘| Iustration 1.13 For given -vectors, a =2i - j42kand b =~1 + j~k, find the unit vector in the
o I ‘

d:recflg:l'(ffthe vector E_-I;_b 4 A, A T _g_i_(_:ERTﬂ
Sol. The given vectors are a =2i <+ 2k and b =i+ I:P Therefore,

a+b (2—1):+(——1+I);+(2—1 e =i +k

,|a + b]=\/12'+12 =2

-2 = 3
Hence, the unit vectorin the direction of (a + b) is

1
i+
.|z+b| RO T
. e e - = —_— - L,,-\ P ot e — g ——

" a~ = w “ e
’ Illustratlon 1.14 Show that the points 4, B and C with _position vectors a 3i—-4 j=4dk,b=2I - j+k |

l and c =f-3 _; Sk respeclwcly form thc vertices of a nght angled triangle. (NCERT)

B S S [T T PR ——— - . e Be——— —

Sol. Posmon vectors of points 4, B and C are, respectwely given as

i £ - A r o - a - = 5 ~ ~
a=3{-4j—8k b=2-j+kand c =i —3j -5k
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T = i = "
AB=b-a=(2- 3):+(—l+4)1+(1+4)k —1+3j+5k

d - ~ ~
BC=o = b={l-Bl 4341 Ji{=S=Dk =] =2] -6k
T a oA
CAma =cn@=1) + {429 ]+ (~4+ k=20 - ] £
oy

| 4B = (-1)*+ 3%+ 52 =35
|BCP = (1) + (2% + (-6)= 41
[CAP =22+ (<1)* +12= 6
s i )
|AB|” +|CA|" =36+ 6 =41 = | BC|
Hence, ABC is a right-angled triangle.

—— —

Hlustration 1.15 If 2 AC 3 CB then prove that 204 +308 = SOC whcre O is the ongm
Sol. 24C =3CB or 2(OC - 04) = 3(0B - OC)
or 204+30B=50C
Illustration 1.16 Prove that points i+ 2}‘ - 3k, 27 - J +k and 2i + S}' “ k .f‘orm a triangle in space. o
Sol. Given points are A(i +2; - 3k), B(2i - j+k), C(2i + 5] - k)
Vectors /ﬁ?=?-—33‘+ 4k and A4C=?+3}+2fck
Clearly vectors :B and A_.C are non-collinear as there d<_>es not exist any real A for which .;;9 = lAqC.

- - -
Hence, vectors ABand AC or the given three points form a triangle.

SECTION FORMULA

Internal Division

Let A and B be two points with position vectors a and b respectively and C g._._.L__Q. —2 4

be a point dividing 48 mtcmally in‘the ratio m : n. Then the position vector of Ya, ,'_, ]

Cis given by EE-M ) .fc.“?
m+n Ly

Proof: ' %

Let O be the origin. Then OA = a and OB = b Let c bethe position vector Fig. (1).27

of C which divides 4B internally in the ratio m : n. Then

AC _m
CB n
——
or nA C =mCB _
or n(P.V.of C~PV.of A) = m(P.V.of B~PV.of C)

- = - =
or n(c-a)=m(b-rc)
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— - — —
or ’ nc-na=mb-mc
< - -
or c(n+m)=mb+na
- — — —
= mb+na — mb+na
or ¢c=———or 0C =————
m+n n+n "
External Division Be L

- —
Let A and B be two points with position vectors a and b, respectively, and

nt dividing 4B ¢ ' i o b ® a A,
C be a point dividing 4B externally in the ratio m : n. Then the position '
b — % 5
-y el
vector of C is given by _OE" _mb-na
e ; 0
Proof: .

—— ) ki) sl

Let Obe the origin. Then O4d =a, OB =b. Lct c -be the po:mon vector of point Cdividing AB externally

in the ratio m : n. Then

Then, S
BC n
or ndC=mBC
— )
or nAC =m BC
or n(P.V. of C—P.V. of 4)=m(P.V. of C- RV. of B)
Y - -
or nn(c-a)=m(c-b)
, - T -
or nc-na =mc-mb
- - -
or © e(m—n)=mb -na
- — - —
-3 - e ] : e ¥ .
e c=mb na orOC=mb na
. m-—n m-—n
Notes: SN % I
| 1. If C is the midpoint of 4B; then it divides AB in the ratio 1 : 1.
- e
Therefore, the P.Voof C i<'. e :: A ; i . Thus, the position vector of the midpoint of 4B is
] = =
© =(a+b) '
g ket
. - - :
b -3 -3
2. Wehave ¢ = mb+na = p 4+ 4. Therefore,
. m+n m+n m+n
- - -
c=la+,ub,whcrc?»= and y =
m+n . m+n
—
Thus posmon vector of any pomt Con AB can always be taken as c = /1 atp b whcrc .l+ m=
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o e : i : P e
= mb+na ' '

3. We have ¢ =———— Therefore,
m+n :
- -4 - '

(m+u)yc =mb+na |
e ey  — - e 2
nOA +mOB =(m+n)O0C ,where C isapointon AB dividing it in the ratio m : n.

-3 -3 -
In AABC, having vertices A(a), B(b) and C(a).

N B

Centroid is g%i '

- - -
BCa+ACb+ AB¢
AB+ AC + AB

Incentre is

- - -3
tan Aa+tan Bb+tanCe

Orthocentre is
tan A+tan B+tan C

-y -5 -»
sin24a +sin 2Bb +sin 2C ¢
sin 24 + sin 28 +sin 2C

- = W

Circumcentre is

b e

Illustration 1.17  Find the position vector of a point R which divides the line joining two points P and Q
whose position vectors are i+ 2j-kand —i+ j + k, respectively;in the ratio 2 ; 1,
i. Internally ii. Externally (NCERT)

Sol. The position vector of point R dividing the line segment joining two points P and Q in the ratio m : n
is given by

- 5 — =

mb+na . mb-na

i. Intemally: —— ! il. Extemally: ——+—
m+n m-=n

Position vectors of P and Q are given as
-) g 2 » - P -
OP=i+2)<«kandO0=—-i+ j+k

(i) The position vector of point R which divides the line joining two points P and Q internally in the
ratio 2 : 1 is given by

D =i ARG +2]—k) (=27 +2] +2k)+ ( +2] - k)

OR =
2+1 3
-] +4-’+k=__l.f+i}'+_l-];
3 3 3 3

(ii) The position vector of point R which divides the linc joining two points P and Q externally in the
ratio 2 : | is given by

s _? B "_ A ':_.’:'
i B ,+;+k2) ]1(:+2, k)

= (=2 +2) +2k) = (i + 2] ~ k)

= =37 +3k
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L L

' - = =
Ilustration 1.18 If a,.b, c,d are the ‘position vectors of points A, B, C and D, respectively referred ;
y - = = =
to the same origin O such that no three of these points are collincar and a + ¢ = b + d, then prove that
quadrilateral ABCD is a parallelogram. [

il

. . T S
Sol. Since a+ ¢ =b+d, wehave

-+ =5 = o

a+c¢c_b+d
g 32
i.e., Midpoint of AC and BD coincide.
Hence, quadrilateral ABCD is a parallelogram.

Illustration 1.19  Find the point of intersection of 4B and CD, where A(6,~7, 0), B(16,-19, ~4), C(0, 3,—6)J
and D(2, -5, 10).

R v S

Sol. Let AB and CD intersect at P,

Let P divides 4B in ratio A:1 and CD in ratio u:1.

16A+6 -19A=7 —4a) ( 2u “25p%3 lou-6Y
A+1° A+l "A+1 1’ 17 p+l

e i e e R e e it s b ol R e o L

Then coordinates of P are (

Comparing we have A= -% oru=1l.

Using these values, we get point of intersection as (1;-1, 2).
Here it is also proved that lines 4B and CD interseet or points 4, B, C and D are coplanar.
e Bl L4 el

[—llustratiun 1.20 Find the angle of vector ¢ a =6i 42 j 3k wlth x-axls _J[

Sol. a=61‘+2j—3k
or |:| = J((";)2 + (2% (—3)2 =7

( : % 12 -1 6
Hence, the angle of vector with the x-axis is €0s '-_7.

Iliustration 1:21 N T
* 1.. Show that the lines joining the vertices of a tetrahedron |
to the centroids of opposite faces are concurrent. ;

ii. Show that the joins of the midpoints of the opposite .

edges of a tetrahedron intersect and bisect edch other, |

— - e - — e )

.Sol. % e ;
i. G,, the centroid of ABCD, is i”;—"— and Ais 2.

The position vector of point G which divides AG, in 2 7 D
the ratio 3 : l is

S G
b+c+d e B S g
3 tha o ibrewd

341 4

Fig. 1.29

3.




Introduction to Vectors 1.21

The symmetry of the result shows that this point will also lie on BG,, CG; and DG, (where G,, G;,

.G are centroids of faces ACD, ABD and ABC, respectively). Hence, these four lines are concurrent
e e )

at point f—f—b%—ﬂ, which is called the centroid of the tetrahedron.

- - - =
ii. The midpoint of DA is gtd and that of BC is e

S = = -

a+b+c+d

€ and the midpoint of these midpoints is

and symmetry of the result proves the fact.

llustration 1.22  The midpoints of two opposite sides of a quadrilateral and the midpoints of the diagonals |
| are the vertices of a parallelogram. Prove this using vectors. |

e ) —~
Sol. Let a, b, c and d be the position vectors of vertices 4, B, C and D, respectively.

Let £, F, G and H be the midpoints of 4B, CD, AC and BD, respectively.

-p
a+b D (d)

PV.of H=

Fig. 1.30

—
EG =PV.of G-PV.of E=

+
2

—
HF =PV.of F-PViefH=

+
2

T

+d_b+d
2 2

—_—
EG = HF = EG||HF and EG = HF .
Hence, EGHF is a parallelogram.

R - [ p— em— —— — - ——

{77 SOME MORE SOLVED EXAMPLES

| Ilustration 1,23 Check whether the three vectors ’2“?_4— 23‘ + 31:', =3+ 3}' + 2k and 3i + 4k forma triangle |
or not. e s e o B ]

- = - -~ = -~ " - -) a “
Sol. If vectors a=2i+2j+3k b=-3i+3/+2kand ¢ =3i+4k form a triangle, then we must have
- = -
a+b+c=0.
-+ = = L
But for given vectors, a+ b + ¢ #0. Hence, these vectors do not form a triangie.

.
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- —— ) — o s —

e LIPS - -~ 2z 2 -~ -~ -~
Iltustration 1.24  Find the resultant of vectors a.=i~ j + 2k and b =i + 2 j — 4k. Find the unit vector in
he direction of the resultant vector.

- = -
Sol. Let the resultant vector of a and b is a+b=2 +; 2%k=c
+ o % e j- 2k

Now unit vector in the direction of cis¢c=—/—m—mororon—-—~=

1
=2+ 7-208
z’>“+(l)’+(-:z)2 3" I

A e B —— -

lllustration 1.25 If in parallelogram ABCD, dmgonal vcctors are AC 2:+3; + 4k and|
BD--6:+7 1= 2k lhen find the adjacent mdc vectors AB and AD

s e .. —_— - - - . -

Sol. Let AB=aandAD=b.Then
—} - =) b =
AC=a+bandBD=b-a
> 4C+BD .~ AC-BD

= ' b=———anda=
2 2
e | ~ ~ " ~ Lo "
= AB=-2;’+35+kandAD=4i—2j+3k
‘ mstr_atlonizﬁ ]f'twomdcsofatnanglcare :+2_;and:+k thcnﬁ_ndlhclengihofthethlrdszde J

Sol. Given sides of the triangle are a =i+2jand .b =i+ .
- =5 D -
If vector along the third side is ¢, then we must have a+ b+ ¢ =0. Then

o =)=+ k) --AID &

Therefore, the length of the third sidc'|c.[i:s \/(-2)2 +(=2)* +(-1)? =3.

- —— —— e, | e —

Ilustration 1.27 Three coinitiakvectors of magnitudes a, 2a and 3a meet at a point and their directions
are along the diagonals of three adjacent faces of a cube. Determine their resultant R, Also prove that the
I sum of the threc vectors determined by the diagonals of three adjacent faces of a cube passing through the .
’ same corner, the vectors being directed from the corner, is twice the vector determiined by the diagonal |

Lof the cube

RS 5 33 oI i ity i e FaE PR SR TR Y o e S ———— |

Sol. Let the length of an edge of the cubc be taken as umty and the vectors o M
represented by OA, OB and OC (let the three coterminous edges of unit be Ly,

A " ) 1.

i, j and k&, respectively). OR, OS and OT are the three diagonals of the threc R ~{p

adjacent faces of the cube along which act the forces of magnitudes a, 2a and
3a, respectively. To find the vectors representing these forces, we will first find :
unit vectors in these directions and then multiply them by the corresponding g -—é
given magnitudes of these forces. "

—x

7 i o P

. —y, r\- A . b l A A
Since OR = j + k, the unit vector along OR is 7;(; + k). Fig. 1.31
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_’
Hence, force F| of magnitude a along OR is given by

[ —J——-(l'l-’\)

A N -3

Similarly, force F} of magnitude 2a along OS is % (k+ i) and force F; of magnitude 3a along OT is
3y &

—= (i + J).

JE (i +J)

If R is their resultant, then
-3

-3 -3 ~

=5 Grbr Z D Zd+)

Sa'* 40". 30"

“ETETTET
——) -_— R A KON N
Again, OR + OS + OT = j+k+itk+i+j

=2 (i+j+k)
et —i — ] A
Also OP = OT + TP —*(r+;+k)

[ A
(@ OFT.=i+jand TP = OC = k)
OR+OS+0T—2OP

—

Illustration 1.28 The axes of coordinates are rotated about the z-axis 'tlhi-o'ugh an angle of /4 in the

anticlockwise direction and the components of a vector are 2J2 , 3V2 , 4. Prove that the components of
the same vector in the original system are -1, 5, 4,

Sol. If i, j, k are the new unit vectors along the coordinate axcs, then
- A A A
a =220 +2V2 j $4k (i)
i, j,k are obtained by rotating by 452 about the z-axis.
' A A
':. ' ’.‘ 0 “: . '.+j
Then i isreplaced by i cosd5°+ j sin45° =

52

A
and j is replaced by -
~ i cos45°+ j sin45° = —d

V7

i,

Fa) o) A A - ' ’ 1
" [+ ) —i+j A
a=2\ﬁ i———:'+3\5[ ]-!-4}: "
{JE J2

N N !
=@2-3)7 +@2+3) j+4k

>

E
N o A ‘
=~i+5j+4k
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flllustratinn 1.29 I the resultant of two forces is equal in magnitude to one of the components and1
chrpmdncu]ar to it m dlrectmn find the other component using the vector method.

———— - = R

-— — . — ---..I —— . W —— 0 W e — ——— i |

‘

Sol. Let P be horizontal in the direction of unit vector :‘. The resultant is also P but perpendicular to it in the
direction of unit vector ; If Q is the other force making an angle 8 (obtuse) as the resultant is perpendicular
to P, then the two forces are P? and Q cos 6 ? + Q@ sin 6;‘ . Their resultant is P;'. Therefore,

P} =Pi +(Qcos 6i +Qsin87) :

A

N
Comparing the coefficients of i/ and j, we get

- P+Qcos0=0 and QsinB=P
or QcosO=—-Pand Qsin@=r
Squaring and adding Q = P2 and dividing give 7 »i
tan 0=-1 Fig, 1.32
6=135° '

Illustration 1.30 A man travelling towards east at 8 km/h finds that the wind seems to blow directly from
the north. On doubling the speed, he finds that it appears to comc friom the north-east. Find the velocity
of the wind. !

T

—_ o —— LT M ——— _—

Sol. Velocity of wind relative to man
= Actual velocity of wind — Actual velocity of man (i)

) I v, .
Let i and j represent unit vectors along east and'north. Let the

A N
actual velocity of wind be givenby xi + yj.

M
In the first case, the man’s velocity is 84.and that of the wind #
iy N
blowing from the north relative to the'man i§ —p j . Therefore,

-pj=(xi+yj)=8i [from Eq. (i)]
Comparing coefficients, x -8 =0,y =-p (it) S
In the second case, whest the man doubles his speed, wind seems to ‘ Fig. 1.33

come from the north-east direction, i.e.,

-q(i ¥ §)=(xi + y])-16i

_]6=_q y=-q . (l]l) .
Puttmgx 8, wegetg=28
b Lagt

Hence, the velocity of wind is x7 + y} =8 (? -7

Its magnitude is \/(82 +8%) = 8+/2 and tan =1 or 6= - 45°

Hence, its direction is from the north to the west.
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s

‘Hlustration 1.31 OABCDE is a ri:gular hexagoﬁ-of side 2 uni.t;"irl:_.the'.\;}’-;;lahé-i; the first quadz-'a-lllt. 0
- being the origin and OA taken along the x-axis. A point P is taken on a line parallel to the z—axis through !

: the centre of the hexagon at a distance of 3 units from O in the positive Z direction. Then find vector

Sol. Gs(f«l-x/i})
Let position vector of P be P
GP||k
Then p-G+3))=2k
p=i+3j+ X%
Also laj’.l =3
e J143+4% =3
or P=s
or A=ty5
= ﬁ=f+\/§}iw/§i

For positive z-axis, p=i + ﬁ _/ +/5 £
So

4P.

o

1

Fig. 1.34

AP=p-2i=-{ +3j+5k 5

VECTOR ALONG THE BISECTOR OF GIVEN TWO VECTORS

We know that the diagonal in a parallclogram is not necessarily the bisector of thé angle formed by two adjacent
sides. However, the diagonal in a rhombus bisects the angle between two adjacent sides.

—_— —_—

Consider vectors AB =a and AD =

-

b forming a parallclogram ABCD as shown in Fig. 1.35.

c

-
-

B’
Fig. 1.35

Consider the two unit vectors along the given vectors, which form a rhombus AB’C'D’. Now

-
——) a -_—

AB’ iy and AD' =
|a|

-~ -3
a b
—F+_—-

PPy
AC == 4 =
la| 5]

My

b

15|
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- -

So any vector along the bisector is A “fT * ‘f—,‘ ’
la] 1b]
- -
- g & T a b
Similarly, any vector along the external bisector is AC” =A| ———-1.
la] 15

- ' ‘e - — - W— =i s .

" -3 A A A -3 A A A -
Illustration 1.32 If a=7i~4j-4k and b=~2i~ j+2k, determine vector ¢ along the internal

- -3 -
bisector of the angle between vectors @ and b such that |¢| = 5 J6.

Sol. a==(7i—4f-4k)

X
9
" 1 A ) A
b =3 (-2i=j+2k)
-3 n A I A A A
c =Ala+b] =hg (i=7j+2k) (i)
-p
le] =56
12
= Fr(1+49+4)=25x6
_ 25x6x81 _
54

12
A=%15
Putting the value of 4 in (i), we get

Y

¢ =¢§ (1-77 pad)

225

" "

’ g AA A -
Illustration 1.33  Find a unit veetor ¢ if =i + j—k bisects the angle between vectors ¢ and 37 +4 .

- A N N .
Sol. Let ¢ = xi+yj+2k, where ¥ +)y2+22=1, (i)

A A
~ A i
Unit vector along 31 +4 jis s ; 2 .

A A A . -
The bisector of these two is —i + j - k (given). Therefore,

A A A Fa A A i
o fiot Wil | PP et

A A A

-i+j-kB%A_[{Sx+3)i+(5y+4)j+52k] (ii)

A A A
Z(5x+3)==1,Z Sp+d)=1, Z£57=-]
S(f ) 5(3’ ) . O
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5434 5—44 |

S T T e |

Putting these values in (i), i.c., x> +3* + 22 = 1, we get
(5+3A) + (5 - 44)% + 25 = 257°
2542 - 104+ 75 = 252

s
4

- 4

¢ -—5-( ]l:+101 21\)

Concept Application Exercise 1.1

1. Find the unit vector in the dircction of the vector @a=1 + j + 2k. . (NCERT)
2. Find the direction cosines of the vector { + 2 + 3k . (NCERT)
3. Find the direction cosines of the vector joining the points A(1, 2, - 3) and B(- 1, -2, 1)directed from
AtoB. (NCERT)
4. The position vectors of £ and Q are 5i +4; +ak and ~i + D]~ 2, respectively. If the distance
between them is 7, then find the value of a. (NCERT)

5. Given three points are A(=3, -2, 0), B(3, -3,1) and C(5,0,2). Then find a vector having the same

direction as that of 4B and magnitude cqual to |AC|
6. Find a vector of magnitudc 5 units, and parallel to the resultant of the vectors

E=2i'+3}'--l; and 5=f-—2}‘+l:: (NCERT)
7. Show that the points A(1, -2, —8), B(5, 0, -2) and €(11, 3, 7) are collinear, and find the ratio in which
B divides AC. i (NCERT)

— ) ey —

8. If ABCD is a thombus whose diagonals cut at the origin O, then prove that, O4 + OB + OC + OD
= 0,

9. Let D, E and F be the middlc points of the sides BC, CA and AB, respectively of a triangle

ABC. Then prove that AD% BEA CF = 0
10. Let ABCD be a parallelogram whose diagonals intersect at P and let O be the origin. Then

— et e i)

prove that 04 + OB + OC + OD =40P.
11.1f A, B, C and D are any four points and E and F are the rmddie points of AC and BD,

— e ) e

respectively then prove that CB + CD + AD + AB = 4 EF.

¢

—_— — — —

12. If AO + OB = BO + OC , then 4, B and C arc (where O is the origin)

a. coplanar b. collinear ¢. non-collinear d. nonc of these
- A A

A — N N A
13. If the sides of an angle are given by vectors a=i-2j+2kand b =2/ + j+ 2k, then find the
internal bisector of the angle.
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'14 ABCD is a parailelogram If L and M be thc m:ddle points of BC and CD respcctwely express

—) —)

AL and AM in terms of AB and AD Also show that AL +AM = (3/2) AC

15. ABCD is a quadrilateral and £ the point of mtersecﬂon of the lincs Jommg the middle pomts
_— )

of opposite sides. Show that the resultant of 04, OB, OC and OD is equal to 4OE where
O is any point. :
- A A A -
16. What is the unit vector parallel to @ =3i+4j - 2k? What vector should be added to a so

that the resultant is the unit vector i?
% - " " A — A A A
17. The position vectors of points 4 and B w.r.t. the origin are a =7/ +3j—-2k and b=3i+ j-2k,

e -
respectively, Determine vector OP which bisects angle 40B, where P is a point on 48.

e B
18. If #,r,n are the position vectors of thrce collinear points and scalars p and g exist such
Sy - J -y
that » = pn + gr,, then show that p + ¢ = .

19.1f aand b are two vectors of magnitude 1 inclined at 120°, then find the angle'betwccn bandb-a.

~

20. Find. the vector of magmmde 3, bisecting the angle between: the.vectors a=2i + j -k and
b=i-2j+ k.

LINEAR COMBINATION, LINEAR INDEPENDENCE AND LINEAR
DEPENDENCE

Linear Combination

- = -

A vector r is said to be a linear combination of vectors a,, a,, -, a,, if there exist scalars m; , my, ---, m,

- — -

* such that 7 =ma +myay +--+m,a,.

Linearly Independent

A system of vectors a,, a, ..., a, issaid to be linearly independent if

— - - =
ma 4 myay+r+ma, =0 =3m=my==m =0

It can be easily verified that. ”
i. A pair of non-collinear vectors is linearly independent.

Proof:
Let a, and a; are non-collincar vectors such that mya; + m, a, = 0
Letm;,m, #0

My —
= a=-—2a,

™ :
This means a, and a, are collinear, which contradicts the given fact.
Hence, m,, my; =0

ii. A triad of rion-coplanar vector is linearly independent.
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Linearly Dependent
- = —
A set of vectors a, a5, ..., a, is said to be linearly dependent if there exist scalars m|, m,, -, m,, not all zero,

n
3 - -

-
such that mya; + mya, +--+m,a, =0,
It can be easily verificd that
i. A pair of collinear vectors is lincarly dependent.
il. A triad of coplanar vectors is linearly dependent.

Theorem 1.1

— - — - —
If @ and b are two non-collinear vectors, then every vector r coplanar with a and b can be expressed in
- - ‘
one and only one way as a lincar combination xa + y b; x and y being scalars. Bf
Proof: 0 R
' — — _ =
i. Let O be any point such that O4 = a and OB = b, e
. d - -
As r is coplanar with a and b , the lines O4, OB and OR are coplanar. v
Through R, draw lines parallel to O4 and OB, meeting them at P and O
respectively. Clearly, o P 4
— ey — ——) Fig. 1.36
OP =x 04 = xa (. OP and O4 are collinear vectors)
—_— —_— e - .
Also 00=y OB = yb (. OQ and OB are collinear vectors)
) ) ) ) —) g —_— SEEEN
r=0R=0P+ PR =0P +0Q (- OQ and PR are equal)
- - ?
=xa+yb (i)

- - -
Thus, » can be expressed in one way as a linear combination xa + y b.

-3 - — -
ii. To prove that this resolution is unique, let_»r =x‘ a+ »" b be another representation of r as a linear

- -
combination of a and b . Then,
- b - -
xa+yb=x"a+ yb
— -3 -
or (x=xVYa+(y-2)b=0

Since : and 'i; are non-collinear vectors, we must have
x=x'=0,y=9'=0

i.e., x=x',y=y

Thus, the representation is unique.

Note:
]f OA and OB are perpendicular, then rhese two lines can be taken as the x- and the y-axes, respecuvely Lct

: be the unit vector along the x-axis and _; be the unit vector along the y-axis. Therefore, we have
- - -

r=xi+yj

Also r= sz +y?
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Theorem 1.2

ey C
If a,band ¢ are non-coplanar vectors, then any vector \;
- . "
r can be uniquely expressed as a linear combination £

i. Take any point O so that
OA=0a,0B=b,0C=cand OP=r. /Z' D
On OP as diagonal, construct a parallelpiped having edges A
0A', OB’ and OC along 04, OB and OC, respectively. Fig. 1.37

Then there exist three scalars x, y and z such that
—— - —

OA'-—x OA-—xa OB’ y OB =y b,0C’ —zOC-zc
=3 —)

r=0P

-3 -
xa+yb+zc;x, yand z being scalars. i '
MR == «) )
Proof: \/ &

—_— —
= QA+ A'P

—_— ) ——

=0A’+ A'D+ DP (by definition of addition of vectors)

_— — —
= QA"+ 0B+ OC’
— - ..—,
xa+yb+ze

- = -
'I'hus r can be represented as a linear combination of «, b and c.

-

t)

- -3
ii. To prove that this representation is unique, iet, if possible, » =x'a +y b +2z ¢ be another

) s
representation of r as a linear combination of «, b and ¢.

Then from (i) and (ii), we have

- e =2 N b -
xa+yb+ze=mr=x"a+y b+z c

or (x-—x’)ad'(y—y')b+(z-z')c—0

- = —

(1)

Since a, b and ¢ 'are independent, x ~x’ =0, y—y' =0and z - 2’ —0 orx=x',y=y andz=7. Hence

~ proved.
Theorem 1.3

— A A A = A A A - A A A
If vectors a=a, i+a, j+ay k, b =bi* b, j+bk and ¢ =¢ i +¢, j+c3k are coplanar, then
i 4 4
b b, b =0

€, € Gy
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Proof:

e - y - - -
If vectors a, b and ¢ are coplanar, then there exist scalars A and g such that ¢ =Aa + p b. Hence,

Fal A A A N A A N A

C|i+C2j+C3k=1(a|i+02j+a3k)+ﬂ(blf‘i”sz'l‘b;k) d
Now i, jand k are non-coplanar and hence independent. Then,

o] zﬂﬂ' +#b|,f.'2= lﬂz +_szand = ;ua3 +'Ub3
The above system of equations in terms of A and u is consistent. Thus,

a b ¢

az bz 02 = '0

a3 by o

- - - — — - - - -
Similarly, if vectors x, @ +y, b +z,¢c, xa+y, b +2,¢ and xya+ yy3b +z, ¢ are coplanar (where

oo Lm I B
a, b and ¢ arc non-coplanar). Then |, y, z,| =0 can be proved with the same arguments.

X3 N 7
- - - - o
To prove that four points 4 (), B(b), C (¢)and D(d) arc coplanar, it is just sufficient to prove that vectors

ABr, BD and CD are coplanar.

Notes:

1. Two collinear vectors are always linearly dependent,

2. Two non-collinear non-zero vectors are always linearly independent.
3. Three coplanar vectors are always linearly dependent.

4. Three non-coplanar non-zero vectors are always lingarly independent.

5. More than three vectors are always linearly dependent.
-5 — =
6. Three points with position vectors a, band ¢ are collinear if and only if there exist scalars x, y and

- - —
znot all zcro such that (i) xa + yb +zc =0 and (i) x +y +z=0.

Proof:
— - —
Let us suppose that points 4, B and C are collinear and their position vectors are a,b and ¢,
- -}
respectively. Let.C divide the join of @ and b in the ratio y : x. Then,
Y —y
= xa+)y¥
€ = ——
X4y
- -5 o T
or xa+yb—-(x+y)c=0
3 - - -
or xa+yb+ze=0,wherez=-(x+y)
Also, xty+z=xa+ty—-(x+3)=0.
=¥ -3 -3 -3
Conversely, let xa+ yb +zc =0, wherex +y +z = 0. Therefore,
—~ -5 - -3
xa+yb=-ze=(x+y)c (v x+y=—g)
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- -

2 xa+yb

or € =——
X+y

- e -
This relation shows that ¢ divides the join of @ and b in the ratio v : x. Hence, the three points
A, B and C are collinear. ;

- = =
7. Four points with position veclors a, b, ¢ and d are coplanar if there exist scalars x, y, z and w (sum
-4
of any two is not zero) such that :ca +yb +z¢ -f-wd = 0 withx+y+z+w=0.
Proof: car o
5 . B(b)
xa+yb+zc+wd=0
= = — -
or xa+yvb=—-(zc+wd) (1)
xty+tz+w=0
or x+ty=—(w+z) (ii)
- ~ - 4

a+yb zc+wd

From (i) and (ii), we have .-
g Z+w

Thus, there is point P D)
- - - - Afa)
xa+yb zc+wd
x+y zZ+w
- -
xa+yb . - . (o S .
———=—— 1is the position vector of a‘point on 48 which divides it in the ratio y - x.
xX+y
- -
zc+wd | - 3 Sk bk s .
T is the position vector of a point on CD which divides it in the ratiow . z
z

From (iii), these points are coinhcident; hence, the points are coplanar.

; o AEA A A A
Illustration 1.34 The vectors 2i+ 3,5/ + 6 and 8i + A j have their initial points at (1, 1). Find the
value of A so that the vectors terminate on one straight line.

~ LY A A
Sol. Since the vectors 2§ +3; and 5/ + 6 have (1, 1) as the initial point, their terminal points are (3, 4)
and (6, 7), respectively. The equation of the line joining these two points is x — y + | =0, The terminal point
of 87 + AJ is (9, A + 1). Since the vectors terminate on the same straight line, {9, A+ 1) liesonx—y + 1 =0.
Therefore,
9-A=-1+1=0
or A=9

Illustration 1.35 If a b and c are three non-zero vectors, no two of whxch are col]mear G+2b is
- - -
collinear with ¢ and b +3¢ is collincar with a then find the value of | a+2b+ 6 c|
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- - =)

Sol. Given a+2b=A¢ (1)
— -5 - "

and b+3c=pa, B (1))
- - -

wherenotwoof a, b and ¢ are collinear vectors.
3
Eliminating & from the above relations, we have
b - e -3
a-6c=Ac-2ua
- J 5
a(l42u)=(A+6)¢

i 1 - —
= n= -3 and A=—6as a and ¢ are non-collinear.

Putting y = —-;— in (i) or A =-6 in (i), we get

- e
a+2b+3c=0

or

e
a+2b +3c|=0

Illustration 1.36
- - -

- -5 - - - - - -
i. Provethatthepoints a =2b+3¢,2a +3b-4c¢ and -7 b +10¢ are collincar, where a, b and ¢
are non-coplanar.
ii. Prove that the points A(1, 2, 3), B(3, 4, 7) and C (-3, -2, =5) are collinear. Find the ratio in which point
C divides 4B.

Sol.
i. Let the given points be 4, B and C. Therefore,

—
AB =PV.of B-P.V.of 4
- — -3 -3 - 3
=2a+3b-4¢)-(a-2b+3¢c)
— —3 —
=a+5b-7¢
—
AC =PV, of C-RV.of 4
- — - - —
=(-7b +10c)-(a-2b+3¢c)
- = - —
=—ag-5h+T7c¢c=-AB

Since AC =- ;!7'5., it follows that the points 4, B and C are collinear.
3k +1 4k +2 7k+3)

ii. Let C divide AB in the ratio & : 1; then C(-3,-2,-5) = ; .
ii. Let C divide 4B in the ratio en C( ) [kﬂ 1" B

I+l . dk+2 T +3
=-3, =~-2and
k+1 k+1 k+1

= k= —% from all relations

Hence, C divides AB externally in the ratio 2:3.
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Illustration 1.37 Check whether the given three vectors are coplanar or non-coplanar:
~21- 2] +4k,~21+4] - 2k, 41 - 2] - 2k

Sol. Given vectors are =2i — 2}' + 4;"}, -3+ 4}' - 22', 4i — 2}‘ -2k

-2 =2 4
= -2 4 =2|=16+16+16—644+8+8=0
4 2 2

Hence, the vectors are coplanar.

Ilustration 1.38 Prove that the four points 6i—77,16i — 19/ — 4k, 3j — 6k and 2i + 5 + 10k form a
. tetrahedron in space.

Sol. Given points are A(6i —77), BU6i —19] — 4k), C(3] - 6k), D(2i + 5] + 10k)
g - - i b i i - - A -~ A
Hence, vectors AB=10i-12j -4k, AC=-6i+10j~6k and AD =-4i +12j+10k

I
Now determinant of coefficients of AB, AC, AD is
10 -12 4
-6 10 —6|=10(100+72)+12(—60 — 24) - 4(=72 +40) = 0
-4 12 10

Hence, the given points are non-coplanar and therefose form a tetrahedron in space.

-

- - : - - - —
Illustration 1.39 If aand b are two non-collinear vectors, show that points @ +m; b,ly a +my b and

- " L L |
lya+my b arecollinear if |m; m, my|=0.
¥ 1_1

-3 -3 -3
Sol. We know that three points having P.V:s a , b and ¢ are collinear if there exists a relation of the form
- — - —
xa +yb +zc,= 0, wherex+y+z=0.
- — - -
Nowxa +yb +zc /= 0 gives

— -+ - -3 - - =
x(lhya ¥mb)ty(ha +mb)+z(lba + mb)=10
5 — — —
or (xly +yly+2L)a +(xmy+ymy+zm)b = 0
- -
Since a and b are two non-collinear vectors, it follows that
xm, +ymy +zmy =0 . (i)

-t -p
Because otherwise one is expressible as a scalar multiple of the other which would mean that @ and b are

collinear. Also
x+ytz=0 . (i)
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Eliminating x, y and z from (i), (ii) and (iii), we get

l I, h

mo omy,  m| =0

1 1 1
Alternate method:

- ey - sk -y -y
Al a +my b), B(l, a +m, b) and C(l; a +my b) are collinear.

- - — = —
=5 Vectors =(l, =) a +(my —my)b and AB =(I, -ly)a + (m; —my)b are coilinear.
” h=t _m—m
b=ty my=my
h b
= mo my; m|=0

11 1

- -3 — I 3 -:
Illustration 1,40 Vectors a and b are non-collinear. Find for what value of x veetors ¢ =(x-2)a + b

- - -
and d =(Rx+1)a - b are collinear?

— -3 -
Sol. Both the vectors ¢ and 4 are non-zero as the coefficients of b in both are non-zero.
3 -y .

Two vectors ¢ and 4 are collinear if one of them is a lincar multiple of the other. Therefore,

-) - .

d=2Ae

- - - - .
or @x+1) a-b=2 {(x-2) a+b} ) | 0)
-3 o

or {(Zx+1D)-A(x=2)}a -(1#4) b =0

- - - -
The above expression is of the form pa + g b+=0, where a and b are non-collinear, and hence we have

p=0and ¢ =0. Therefore,

x+1-A{x-2)=0 ) (i1)
and 1+A4A=0 (ii1)
1
From (iii), A =~ 1, and putting this value in (i), we getx = 3
Alternate method:

- - - =i - =
c=(x~2)a+b and d =(2x+1) a - b are collinear.

-2 1
< =—/thenx=

If !
2x41 -l 3

Hlustration 1.41  The median AD of the triangle ABC is bisected at £ and BE meets AC at F. Find AF : FC._
Sol. Taking A at the origin

- -3
Let P.V. of Band Cbe b and ¢, respectively.
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- - - -
BV DL g WY By 28
Let AF:FC=p:l.
: i -
" . Pe .
Then position vector of F'is (1)
p+l
"Let BF:EF=gq: 1.
- - T A
- o 2 B e Fig. 1.39
The position vector of F is —‘—‘-]—- (1) w
q’ —

Comparing P.V. of Fin (i) and (ii), we have

=S 9

- (o+e) 2
A
p+1 g-1

- -
Since vectors b and ¢ are independent, we have

P o9 ang 9=+ |
p+l 4(g-1)  4g-1)

= p=lidandg=4

= AFPC= 132,

| Hlustration 1.42 Prove that the nccessary and sufficient condition for any four points in three-dimensional |
space to be coplanar is that there exists a linear relation connecting their position vectors such that the i

|algebraic sum of the coefficients (not all zero) in itis zero. ‘ I

.

- = = —3
Sol. Let us assume that the points 4.8, € and L whose position vectors are a, b, ¢ and d, respectively,

are coplanar, In that case the lines AB and'CD will intersect at some point P (it being assumed that AB and
CD are not parallel, and if they are, then we will choose any other pair of non-parallel lines formed by the
given points). If P divides 4B in the ratio ¢ : p and CD in the ratio n : m, then the position vector of P written
from AB and CD is

— - - -3
patgb mc+nd
p+q m+n
3 - — - -
or Ecgio o ™ g o if
p+q P+q m+n m+n
- - - - -
or La+Mb4+Nc+Pd=0
where P T S LV S . e =1-1=0

ptq p+g m+n m+n
Hence, the condition is necessary.
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— - - - 9
Converse: Let/a +mb + nc + pd = 0

where I+ m+n+p=0 (i)
We will show that the points 4, B, C and D are coplanar.
Now of the three scalars / + m, [ + n and / + p, one at least is not zero, because if all of them are zero, then
I+m=0,l+n=0,l+p=0
& m=p=mpw=-| ‘
Hence, I+ m+n+p=0 or [(-3/1=0 or I=0
Hence,m=n=p =-1=0
Thus, /=0, m=0,n=0, p= 0, which is against the hypothesis.
Let us suppose that / + m is not zero.
l+m=—-(n+p)+0, (From (1)] (ii)
Also from the given relation, we have

- - - -3
la +mb ==(nc+pd)

- - - - g
or {d¥me a0+ pd [From (ii)] _(iii)
l+m n+p

The L.H.S. represents a point which divides AB in the ratio m : / and the R.H.S represents a point which divides
CD in the ratio p : n. These points being the same, it follows that a point on 4B is the same as a point on CD,
showing that the lines AB and CD intersect. Hence, the four points 4, B,«C and D are coplanar.

Iltustration 1.43 : ":

- = - — - -5 - - -
i. If a, b and ¢ are non-coplanar vectors, prove that vectors. 3a - 7b—4c¢, 3a—-2b + ¢ and
- - -
a+b+2c arecoplanar.

A A

A A A A A e N
ii. If the vectors 21 — j +&, i+2j—-3kand3i +aj+5k are coplanar, then prove that a =4,

Sol. :
i. If the given vectors are coplanar, then we should be able to express one of them as a linear

combination of the other two.
- ~ — - - - - - -t
Letus assume that 3a ~7b-4c=x@Ba-2b+c)+y(a+b+2c),
. e - s
where x and y are scalars. Since @, b and ¢ are non-coplanar, equating the coefficients of a , b
-

and ¢, we get
Cdxty=3, =2 ty=-T,x+2y=—4
Solving the first two, wé find that x = 2 and y =~ 3. These values of x and y satisfy the third equation

as well.
Hence, the given vectors are coplanar,

% A A A A A N A A A
ii. Givenvectors 2i = j+k,i+2j—-3kand3i+aj+5k are coplanar. Then

2 -1 1
1 2 =3|=0
O -

or 3-T7Ta+25=0

or a=4
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‘
- -

. : ,
lllustratiun 1.44 If a b and c are non-coplanar vectors, prove that the four points 2a +3b-c,

D - — - - — - e

a- 2b+3c 3a+4b 2¢ and a -6b +6¢ are coplanar.

Sol. Let the given points be 4, B, C and D. If they are coplanar, then the three coterminous vectors
—_— —

AB, AC and AD should be coplanar.

—_— — — e

AB=0B - 04 = -a-5b+4c

e N e (e

AC=0C-0OA=a+b-c

5 a + - - -
and AD=0D - OA==-a-9b+7¢c
: -] =5 4
_— ) ——
Since the vectors AB, AC, AD are coplanar, wemusthave [ 1 1 =1]|=0, which is true.
-1 =9 7

Hence proved.

Illustration 1.45 Let P be an interior point of a triangle ABC and AP, BP, GP.meét the sides BC, CA, AB .

inD, E,F, rcspechvcly Show that £—£+£
PD FORGEC

Sol. Since 4, B, C, P are co- planar there exists four scalars x, y;, 2, wnot all zero mmultancously such that

xa + yb + 28 + wp=0

A(@)
where x+ty+tz+w=0
- xd+wp _ yb + zE
: X+ w yt+z ' 'F, E

Hence, ff- St

PD x

x+y zZ+¥w

WF 3y Fig. 1.40
= —— .

FB X

i AE

Similarly, iy,

EC x
Thus, to show that .. l= a5

X r x ,

= x+ y+z+ w=0 which is true.

Hence proved.
' ' = = e~ = o - -5 -+ .
Itlustration 1.46 Points A(a),B(b), C(c) and D(d) arerelated asxa +yb +z¢ +wd =0and
x+y+z+w=0, wherex, y, zand w are scalars (sum of any two of x, y, z and w is not zero). Prove that

- - -
if 4, B, C and D are concyclic, then [x y| | a = b|? =|wz| | ¢ - d|>.
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- — - C"*
Sol From the given conditions, it is clear that points A(a), B(b), C(c) and () B(b)
D(d) are coplanar.
Now, 4, B, C and D are concyclic. Thereforc
AP x BP=CP x DP
- - X - - - = - =
la - bl la—b] = [——|c - d||=—]|c -~ d]|
x+y X+ y Wzl UL -4 ;
- = - = D =
—
eyl a—bP=wz| e -d| A(@) -
i Fig. 1.41
Concept Application Exercise 1.2
A )
1. If a,8,¢ and d are four vectors in three-dimensional space wnh the same.anitial point and
- - - -

such that 3a 2b+¢~2d'=0, show that terminals 4, B, C and D of these vectors are "’
coplanar. Find the point at which AC and BD meet. Find the ratioiin which P divides 4C
and BD.

-t = | —
2. Show that the vectors 2a~b+3c,a+ b 2c and a + b 3¢ are non-coplanar vectors
- - -
(where a, b, ¢ arc non-coplanar vectors).
3. Examine the following vectors for linear indcpendencc:
I A
i i+j+k, 2r+3_} I. -f—2}+2£
e e e I ~- = -

ii. 3.‘+; -k, 2:—;+7A 71-_}+l3k
- =) b -5
4. 1f a and b are non-collinear vectors and A:(p+4q)a+(2p+q+l)b and B=(-2p+g+2a
) ) -5
+(2p=-3¢-1 b, and if 34=28, then determine p and gq.

- =) - - - =
5. If a,band ¢ are any three non-coplanar vectors, then prove that points La+mb+n ¢,
[ P N
o Y T g TR e P ey my omy omy
Iya+mb+n, ¢, lya+mpb +nyc,lya+myb+nyc are coplanar if =0

m My '13 ny
1 ] I [
-~ =3 -
6. If a, b and ¢ are threce non- zcro, non coplanar vectors, thcn fi nd the linear relation between

- - ke adl
the following four vectors: a 2b+3c 2a Bb+4c 3a 4b+5c 7a-llb+lSc

7. Let a, b, ¢ be distinct non-negative numbers and the vectors ai +aj + ck,i+k,ci +cj+bk lieina
plane, then prove that the quadratic equation ax? + 2¢x + b = 0 has equal roots.
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L

Exercises

Subjective Type ! o ¢ m -r & 4 - -j_

- |

10.

" N A A
The position vectors of the vertices A, B and C of 2 trianglc are : +J,j+k and i+ k respectively.
Find a unit vector r lying in the plane of 4BC and perpendicular to /A, where / is the incentre of the
triangle.
A ship is sailing towards the north at a speed of 1.25 m/s. The current is taking it towards the east at the
rate of | m/s and a sailor is climbing a vertical pole on the ship at the rate of 0.5 m/s. Find the velocity
of the sailor in space.

Given four points Py, P,, Py and P4 on the coordinate plane with origin O which satisfy the condition
—t ——

OPp-1+ OPpy1 = %OP,.

i. If P, and P, lic on the curve xy = 1, then prove that P, does not lie on the curve.

ii. If P,, P, and P, lie on the circle x? + y* = 1, then prove.that Py also lies on this circle.
ABCD is a tetrahedron and O is any point. If the lines joining O to the vertices meet the opposite faces
at’P, Q, R and §, prove that L +—= OQ -l —+ 2. |

. AP BQ CR DS
A pyramid with vertex at point P has a regular hexagonal base ABCDEF. Position vectors of points

~

Aand Bare i and i +2j, respectively. The centre of the base has the position vector i + j + NEYS
Altitude drawn from P on the base mects the diagonal AD at point G. Find all possible position vectors

of G. It is given that the volume of the pyramid is 6y/3 cubic units and AP is 5 units.
A straight line L cuts the lines AB, AC and 4D of a parallclogram ABCD at pomts B,, C, and D,,

respectively. If 4B, =A AB, ADy=2, AD and AC1 Ay AC then prove that ————+——

o b A

N o] A A A A
The position vectors of the points P and Q are 5i +7 j =2k and -31 + 3 j + 6k, respectively. Vector
- A A A =4 A A A
A=310~ j+k passes through point P and vector B=-3i + 2 j + 4k passes through point Q. A third

A A Fa)
vector 27 + 7 j —Sk intersects vectors 4 and B. Find the position vectors of points of intersection.
A AA A A A A

A A
Show! that x, { +y ji+ 2k, xy i + y, j+ 25k and x;i + y3 j+ z; k are non-coplanar if [x,| > |y| +z)],
D72l > beal + |zo] and 23] > [xf + [ys.

-+ —
If Aand B are two vectors and k any scalar quantity greater than zero, then prove that

|4+ B[ <1+ k)| AP +(1 +l)1312.

A A A A N
Consider the vectors : +cos (B-a)j+cos(y-a)k,cos(x—f)i+ j+cos(y—pB)k and
cos (a=-7y) r +cos (B-7) j + a!c where o, 8 and yare different angles. If these vectors are coplanar,
show that a is independent of &, fand ¥.

In a triangle POR, S and T are points on QR and PR, respectively, such that 0S = 3SR and PT = 4TR.
Let Mbe the point of intersection of P§S and OT. Determine the ratio QM : MT using the vector method.
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