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Preface

newer criteria devised to help develop more aspirant-friendly engineering entrance tests, the need

to standardize the selection processes and their outcomes at the nanonal level has always been felt.
The Joint Entrance Examination (JEE) to India’s prestigious engineering institutions (IITs, IITTs, NITs, ISM,
IISERs, and other engineering colleges) aims to serve as a common national-level engineering entrance test,
thereby eliminating the need for aspiring engineers to sit through multiple entrance tests.

While the methodology and scope of an engineering entrance test are prone to change, there are iwo basic
objectives that any test needs to serve:

1. The objective to test an aspirant’s caliber, aptitude, and attitude for the engineering field and profession.
.2, The need to test an aspirant’s grasp and understanding of the concepts of the subjects of study and their
applicability at the grassroots level.

Students appearing for various engineering entrance examinations cannot bank solely on conventional
shortcut measures to crack the entrance examination. Conventional techniques alone are not enough as most
~ of the questions asked in the examination are based on concepts rather than on just formulae. Hence, it is
necessary for students appearing for joint entrance examination to not:enly gain a thorough knowledge and
understanding of the concepts but also develop problem-solving skills to be able to relate their understanding
of the subject to real-life applications based on these concepts.

This series of books is designed to help students to get an-all-round grasp of the subject so as to be able
to make its useful application in all its contexts. It uses a right mix of fundamental principles and concepts,
illustrations which highlight the application of these coneepts, and exercises for practice. The objective of
each book in this series is to help students develop their problem-solving skills/accuracy, the ability to reach
the crux of the matter, and the speed to get answers in limited time. These books feature all types of prob-
lems asked in the examination—be it MCQs (one or more than one correct), assertion-reason type, matching
column type, comprehension type, or integer type questions. These problems have skillfully been set to help
students develop a sound problem-solving methodology.

Not discounting the need for skilled and gnided practice, the material in the books has been enriched with
a number of fully solved concept application exercises so that every step in learning is ensured for the under-
standing and application of the subject. This whole series of books adopts a multi-faceted approach to master-
ing concepts by includinga variety of exercises asked in the examination. A mix of questions helps stimulate
and strengthen multi-dimensional problem-solving skills in an aspirant. '

It is imperative to note that this book would be as profound and useful as you want it to be. Therefore, in
order to get maximum benefit from this book, we recommend the following study plan for each chapter.

Step 1: Go through the entire opening discussion about the fundamentals and concepts.

Step 2: After learning the theory/concept, follow the illustrative examples to get an understandmg of the
theory/concept.

Overall the whole content of the book is an amalgamanon of the theme of malhematlcs with ahead-of-time
~ problems, which equips the students with the knowledge of the field and paves a confident path for them to
accomplish success in the JEE.

With best wishes!

“ ) rhile the paper-setting pattern and assessment methodology have been revised many times over and

G. TEwaN]
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1.2 Trigonometry

EXPONENTIAL FUNCTION

Exponential functions are perhaps the most important class of functions in mathematics. We use this type of
function in the calculation of interest on investments, growth and decline rates of populations, forensics
investigations, and in many other applications.

‘Definition

y=flx)=a", where a>0;a# 1,andx € R. Here a*> 0 for V x € R. Thus, the range of the function is (0, e°).

" Exponential functions always have some positive number other than | as the base. If you think about it,
having a negative number (such as -2) as the base would not be very useful, since the even powers would
give you positive answers (such as “(-2)? =4") and the odd powers would give you negative answers (such as “(-2)* =
~8"), and what would you even do with the powers that aré not whole numbers? Also, having 0 or 1 as the
base would be a kind of dumb, since 0 and | to any power are just 0 and 1, respectively; what would be the
point?-This is why exponentials always have something positive and other than 1 as the base.

Graphs of Exponential Function
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Logarithm and Its Applications 1.3
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Tﬁgbnomeiry :
When a > 1, fix) = log,x is an increasing function. Then for x; > x| => logx; > logx,. Also Iog,;'cz >x

= x> 4
When0<a<1
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Fig. 1.6
The natural logarithm is the logarithm to the base e, where e is an irrational constant approximately

equal to 2.718281828. Here, e is an irrational number. Also, e is defined exactlyase= (1 + 1/m)™ as m increases
to infinity. You can see how this definition produces e by inputting a large value of m like m = 10,000,000 to get

(1+1/10000000)'%%%% =2 7182817 (rounded), which is very close to the actual value. The natural logarithm

is generally written as In(x), log (x).



Logarithm and Its Applications 1.5

The common logarithm is the /ogarithm with base 10. It is also known as the decadic logarithm, named
afier its base. It is indicated by log,o(x) On calculators, it is usually written as “log”,
but mathematicians usuvally mean natural logarithm rather than common logarithm when they write “log”.
To mitigate this ambiguity, the /SO specification is that log,4(x) should be Ig (x) and log.(x) should be In (x).

FUNDAMENTAL LAWS OF LOGARITHMS

1. Form,n, a>0,a#1;log, (mn)=log, m+log,n
Proof: Let log, m=x and log,n=y.
Then log,m=x = a*=mand, logn=y=>a"=n
somn=a-a"
=mn=a" = log,(mn)=x+y= log,(mn)=log,m+log,n
In general for x, x5, ..., x,, are positive real numbers,
log(x) x5 ... x,) = log, x, + log, x, + ... log, x,,.

2. Form,n,a>0,a#|; logﬂ[ﬂ)ﬂogﬂm—!ogan
n

Proof: Let log,m=x = a*=mand log,n=y=>a"=n

m a* m

. W s m
e S ) e = log,|{ — [=x-y = log,| — |=log, m=log, n
n a’ n n f i

3. Form,n,a>0,a#;log,(m")=n. log,m

Proof: Letlog, m=x = a*=m = (d")" = m" = d" =m"= log(m") = nx = log, (m")=n. log, m
4. log,1=0.

Proof: Since a° = 1. Therefore, by definition of log, wehave log, 1=0.
5. log,a=1 Y

Proof: Since a' = a. Therefore, by definition of log, we have log,a=I. .

6. Form,a,b>0anda# 1, b= 1,then log,m =—lt:|—g'-’—w1
log, a
Proof: Let log, m=x. Then, a*=m '
Now, & = m = log,(a") = logym [Taking log to the base 5]

= x log, a=log, m => log, mlog, a= log, m [« log, m=1]

= log,m= logyn
log, a

Replacing & by m in the above result, we get

log,, m
En” ., log, m=
log,, a log, a

7. Fora,n>0anda#1; d%%" =n
Proof: Let log, n= x. Then a*= n. Therefore, a'%" = n, (Putting the value of x in " = n)

log, m= [+ log,m=1]

For example, 3°0® =8, 27085 = 2005~ 53 572063 _ glomd™ _32 _ /9

8. log . n? =£ log,n, wherea,n>0,a#1

Proof: Let log , n” = xand log, n=y. Then, () =r"and &’ =n

i



1.6 2 , Trigonometry

Therefore, a? = rf’anda—nzba"’“r?and(a"f n”::»a?" (a")”::»a““a””:qx yp=x= (p/2)y

= log , np=;-log,,

9, oy o= log, a
- og, ¢ loge logp loga logp v
log, ¢ _ — 25 = =
:Let a = =1 = = = ol =
Proof: Let p=log,c=log,p neh B =5 T = log,a=logyp
—p= .clog,, a =aing,, c___.clagb a
OYTTUARE  Solve (12) % <1/4,
Sol. We have (1/2)°-2* <(1/2)?
. Itmeansx?—2x>2 - ‘
= (x=(1+V3)) (x-(1- ¥3))>0
C=x>1+ 43 orx<1-43
=X€ (_°°: 1—\/§)U(] + \/5,00)
1-57
Example 1.2 AT e 20,
5% -1
Sol. g(x)— 7<0 Now 5 -1=0=x=0and 7" -7=0=x==1
Sign scheme of g(x): i
— + -
: 1
-1 0
¢ Fig. 1.7
‘Hence, from sign scheme of g(x), x € (=e8;,— 1)1 [0, o).
. Which of the following numbersare positive/negative?
() log,7 (i)log,,3 . (iii) log1/3(1/5)
(iv) log,3 (v) log, (log, 9)
Sol. (i) Letlog,7=x=7=2*=x>0
(i) Letlogy,3 =¥=3 =02 "= x<0
(iii) Letlog,(1/5) == 1/5=(13F = 5=3 x>0
(iv) Letlog,3=x=3=4"=x <0
(V) Let log, (log, 9) =x =» log, 9=2" = 9 = 22 = x>0
What is logarithm of 323/4 to the base 2+/2 ?
1 2 .
= +— 2127 18
Sol. log, 5 32%4 = log{zml(2545) - log(;m)(Z )= -“—-Ioag2 2= ?=3 6

Example 1.5

Find the value of logs log,log;log, 512.

Sol. log; log, log, log22 = logs log; log, (9 log, 2)
= log, log, log, 3% (log, a=1ifa> 1 a# 1) L
= logs logy 2 =logs 1 =0.



Logarithm and Its Applications 1.7

' 1
Example 1.6 BYR - Bk 3’ then find the value of b.

12 10 ‘ .
Sol. Iogﬁb=3§m:;logzb=~—=>!og2b%5=>b=2 =32

3
Examplé Byl If 2> 1, then prove that = : + . wewe S .
) llngzn loggn - 10853n lﬂgs:; RL
Sol. The given expression is equal to log, 2 + log, 3 + - +log, 53=log, (2.3 ... 53) = log, 53! = l .
; - 08531 1
ERUUDITARY Which is greater x = log; 5 or y = log,, 257
Sol l=lo 7= llo 17andl:]o = 1lo 9
"y 825 2 Es ” Es 7 &8s _ »
L 4 '
H= = sy
¥ ¥
1
RCTTIRECHE »= 2% 4 then find x in terms of y.
3 | , :
Sol. Sincey=2"%* we getlog,y= o 0 (' x> 00850
X
- 1
= log, y=log, x= Elog2 X
= 2log,y=log, x
= log, y* = log, x
ox= .
B IR Find thevalue of 8118 £ 271936  34log;9
Sol. §10/1ogs3) +27Iug.,36_;_34flog-,9 2 (3yoss5 (33)log32€6?) +atlom7
e R o L L
- 54+3l0g363 +3210g37 ' - ;

= 5% 162 3087
=625+216+72=890"

1;:.\53..‘; UIBNEE Prove that number log, 7 is an irrational number.

Sol. Letlog,71isa rational number
= log,7 = i =5 7 = 274 = 79 = 2" which is not possible for ariy integral values of p and ¢.
q

Hence, log,7 is not rational.




1.8 _ Trigonometry

Find the value of log; 4 log, 5 log; 6 log, 7 log, 8 logg 9.

Example 1.12

lbg4X10g5xlog6xlog7x]0g8xlog9
log3 log4 log5 log6 log7 log8

Sol. log; 4 log, 5 logs 6 logg 7 log, 8 log; 9=

_log9. =
log3 108y 9 2

Example 1.13 i@l [¥]= % (log, &+ log, b), then find the relation between a and b. -

Sol. loge(a;b) = %(loge a+log, b)

= loge[a—;-——liJ = (loge_\/a_f;;) = a;b =nfab "

= a+b-2ab=0 ::,(\/;7\/5)2:0 =a=h

IDCTNANE]  Ifa*=b, b =c,c” = a, then find the value of xyz.

Sol. a'=b,b'=c,c=a=>x=logb,y=l0og,c,2=log.a

logh logc loga
loga logh logc

= xyz = (log,b)(log,c)(log.a) =

it y+z-x) _ yz+x-y) _z(x +ans

Example 1,15

, prove thatx’ p* =2’ y*=x"7%,

logx log y logz
x(y+z—x +x - 2(x + -
Sil Let X2 ] 4 _y(z y) xR,
log, x log,y log” z
; x{y+y—=z}
e X o Z= -
‘ :logax=-(y—k—~2=>x=a 5
w(z+x-z) 2(xty-2)
Similarly,y=a ** andz=a *
lyezex)  w(ztx-y) x,\'2+x>'z~-r2)'+;tyz+xz}'—ay2 2xyz
. Nowx’'y'=a *‘@u *t =g k =q *
2oz

Similarly, 2y =2"z"=a * .

IRCTIDITANEE  Which of the following is greater: m = (log,5)* or n = log,20?

Sol. m—n=(log,5)* - [log,5+2]
Letlog,5=x= m-n=x*—x—2=(x-2)x+ 1):,(log25 —2)(log,5+1)>0
Hence, m> n.

If log,, 27 = a, then find log, 16 in terms of a.

s 2=2 | [ o4 20 a5/ 3=4
‘ 3+a 3+a I+a 3+a
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Sol. Since a=log),27 =log,, (3)’ =3 log,, 3, we get

F 3 - 3
logs 12 1+logy 4  1+2logy 2
3=-a
& logy 2=
s 2a -
Then, logg 16=logs2* =4 logs2 = < - . = g =4 e
logy6 1+logy3 | _2d 3+ua
3-a
RO MR  Simplify 1 + L + 1 g
p— ‘ 1+log, bc 1+log,ca 1+log, ab
Sol. 3 - ] Lo
I+log, bc  1+log, ca 1+log, ab
loga ad log b ) log ¢ -

" loga+logb+loge loga+logh+loge loga+]ogb+logc_]

Examplé¢ 1,19

Ify* =xzand a* =" = &, then prove that log, a = log, b.
- Sol. a*=hp'=c=>xloga=ylogb=zlogc
vy logh loge
=>log, a=log.b

STV Suppose x, y, z > 0 and not equal to 1.and log x + log y + log z = 0 . Find the value of’
1 11 E 4

e et ; +
xlogy Iogzxylogz log x leogx log y (base 10)

l+l . ¥ | =,

z _ ————
Sol. LetkK= xlag vy logz % ylog:: log x X zlcrg.x log v

log K = log x ! * 4 ¥log v PV +log z s ®
logy logz logz logx log x logy

Putting log x + log v + log z =0 (given), we get - ~

logx+ log z il log y 3 log z s il [ogx+ log ¥ -

Ty ; n "
logy logy Clogx log x logz log:z
Therefore, R.H.S. of Eq. (i) = -3 = log g K=—3 = K=103

log, ¥ - 3[03,,(:24-1)“ -2x

Example 1.21

>0:VxeR,
Prove that e — 0;VxeR
2"’3;“‘ L 3Iugn(x’+l)’._ 2y
Sol. ¥= 41 X
70T _ x -1

- A= +2x+0)
¥* ]
= +x+]

=(x+1R2Y+%>0;Vxe R
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R U TR S

Concept Applicatlon Exercise 11

ARRREIREE 1 s I I kb dida e el SuE 24 wrrm'ta".,m;&mw 4

. Prove that log, log-,,ﬂ?,f(?ﬁ) =1-3 log, 2. “

. Solve forxandy : y* =x", x =2y.

1
2
3. Find the value of 3°'%

4. 1f log,o x =y, then find log,gg, x* in terms of y.
5

6

. If log; 2 = m, then find logy, 28 in terms of m.

. Find the value of /(log554).

Find the value of 7Iog(12]+510g( 25}+31 g( 81]

. If a® + b% =7 ab, prove that log(g] = %(loga +logh).

2

o

9. Prove the following identities:

o log, n ' ' r
1) —=—=1+log,b i) log,, x=
® log,, n 4 . ) . log, x +log, x

log, x log, x

10. If log, (ab) = x, then evaluate log, (ab) in terms of x.
11. Compute log,, (Ya //b) if log,, a=4.

4
12, 1f o= B = ¢* =, show thiklog, (bcd)=x[l .l LJ,
! y 48 G
13. Solve forx: 11475 .32 =§3% . 975
14, If log; n =2 and log, 26 = 2, then find the value of b.

15, Suppose that @ and b are positivefeal numbers such that log,,a + logeb =7/2 and ]ong + logga =2/3.
" Then find the value of ab.

LOGARITHMIC EQUATIONS

_While solving logarithmic equations, we tend to simplify the equation, Solving equation after simplification
may give some roots which are not defining all the terms in the initial equation. Thus, while solving equations
involving logarithmic function, we must take care of domain of the equation.

(BT [MP. Solve log,8 + log,(x + 3) ~ log,(x - 1)=2.

Sol. log,8 +log,(x+3)—log,(x—1)=2
8(x+3) ol 3 8(x +3)

xX= x-1

log, =42

=x+3=2x-2=x=§
Also for x = 5 all terms of the equation are defi ned
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RHDINIRIR!  Solve log (=x) =2 log (x+ 1),

Sol. By definition, x<0andx+1>0.=—1<x<0
Now log(-x)=2log (x+ 1) = —x=(x+ 1)’ = +3x+ 1 =0

o —3+\/§’-—3-J5

2 2

. 1 ; g
Hence, x = - is the only solution.

RTINS Solve logy (3x—2) =log, x.

log, x
log, 27

Sol. log,(3x=2)=log;px= =log, -

= 3x-2=x" = 3x? - 2x =1 =>x="1orx =~1/3. But log, (3x = 2) and log, , x are. meaningful if x > 2/3,
Hence,x= 1. *

Example 1.25 YAkt el BT}

Sol. Taking log of both sides, we have (x+2)log2 + —:Tl log27 = log9
=>(x+2)log2+L]3légB =2log3
b
3x
= (x +2) log2 + —-]--2 log3=0
x —

=(x+2) [10g2+]—(_)-g—?]=0

log 3
log 2

=x==20rx—~|=~

log 3
log?2’

=x=-2, 1=

NIDIAWAE Solvelog,(4 X 3% -6) ~log,(9* ~6)=1.
Sol. log,(4 X 3" =6)~log, (9" -6)=1

log 4%y ~¢ 1
: —— =
¥ or_6
4><.3‘ -6=2 .
9 -6 '
= 4y—6=2)"— 12 (putting 3*=y)
=>y2—2y—3=0
=y=-13 ‘
=3=3 : .

=x=1
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Example 1.27

Solve 6(log,2 —logx)+7=0.
. Sol. 6(log,2-logx)+7=0

= 6(log, 2—%log2 x)+7=0

7
= G l_%}ri =0 (wherey=log,x)

]

_Jz :
5 B oY }-7:0

2y

B

y
:;3.6—33)2—%-7)!:0

=3P - Ty—6=0
=312+ 2p-9y—-6=0
= (y-3)3y+2)=0
‘=y=3ory=-2/3
= log,x=3 or-2/3
=sx=8§orx=2"2"

BONTIRWA!  Find the number of solution to equation log, (x+5)=6-x.

Sol.' Here, x +5=2%

I
|
i
[
I
i
I
\r
L =]
1
]
'
i
i
1
]
i
I
i
h
1}
1
]
f
)
1
]
1

i
1
1
1
1
i
i
H
n

e e i A e ] S o e e e . - S e

e p—————

Fig.1.8"

‘Now graph-of y=x+5 and v =2%"* intersect only once.
Hence, there is only one solution.

Example 1,29

Solve 482 ¥2¥ = Jog x — (log x)* + 1 (base is e).

Sol. log, logx is meaningful ifx> 1. ,
Since 406loex = p2logylogx — (Zlngzlog x)z = (log x)z -(al"gar” =x,a>0,a#1)
So the given equation reduces to 2(log x)?—logx—1=0.
Therefore, logx=1,logx=1/2. Butforx> 1,
logx>0sologlogx=1,ie,x=e.
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Sotve dlog, ), (\/; )+ 2log,, (Jnr2 ) = 3log,, (13)

4 log, Vx , 2log;(+?) _ 3logy ()

Sol.
log, (%/2)  log,(4x) log,(2x)
: | '
4 x 51032(1') 2 4logy(x) _ 9log,(x)
log, x=1 2+logy(x) 1+ logy(x)
Let log,x = 1, given equation reduces to
2t 4¢ B/ '
+ =
=1 t+2 t+l
' 2 4 9
= /=0 or * -

=1 t+2 1t+1]
244+4-4 9
(=D +2) r+1

=P+1-6=0
=(r+3)(r-2)=0

=1=0,20r-3

=x=1,4,1/8
Example 1,31 R T UL U N "~
Sol. Let2'9%* =y we gety? —6y+8=0
=y=40r2 '

1£2'%8* =22 = loggx =2 = x =81
1£2'%8%=2! = loggx=1 =3 x=9

Concept Application Exercise 1.2

. Solve log, (257 — 1) =2+ log(S* + 1).
. Solve log,(2 x 4*~#=1)4+4 =2x.

.

w

: 1
. Solve logs(5' + 125) = logs6 + | + e

F-S

. Solve log, (x = 1) = log, (x = 3).

h

. Solve log9— 10827 + logex = loge,x — logg4,

=2

. Solve log, (2\/1 7= Zx) =1=logy, (x-1).

~3

. Solve 3log 4 +2log,,4 + 3log;s.4 =0.
. Solve (log;x)(logs9) - log,25 + log,2 = log, 54.

o

9. Solve (x'%80 %)2 — (3'%80 ¥y _2 =0, | ' ;
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LOGARITHMIC INEQUALITIES
Standard Logarithmic Inequalities

x>wvifa>l

1. Iflog x> log,y =
il {0<.r<y.it‘0<a<l

x>a’,ifa>1

2. Iflogx>y=>
O<x<a.if0<a<],

3. logx>0=x>landa> |
or0<x<land0<a<]

Frequently Used Inequalities
l. (x—a)x=b)<0(a<h)=a<x<bh
2. x=a)x—b)>0(a<hb)y=>x<aorx>b
. xl<a=-a<x<a
4 xl>a=>x<-agorx>da

DRIy Solve fog,(x—1)> 4.

Sol. log,(x—1)>4=x~1>2'=x>17

Solve logs(x—2) < 2.

Sol. log;(x-2)$2=>0<x-2<32=52<x<1|

RETTIIRIRER Solve log s(x* —x +1)> 0.
Sol. logy;(x*~x+1)>0=0<x?—x+1<(0.3)°
20<xP-x+1<]l=x2—x +1>0and¥~x<0=>x(x~1)<0
=0<x<] (asx?—x+ 1 =(x~ 1/2)*+3/4.> 0 for all real x)

Example 1,35

Solve 1 <log,(x-2)< 2.

Sol. 1<log,(x-=2)<2=2' <3252
=4<x<6H

METIITR BRI Solvelog,lv—~ 1)< 1.

Sol. logylx—I|<1=20<x-1|<2'
=-2<x-1<2andx-1%#0
=-—|l<x<3andx#1
=xe (-1,3)-{1}

Solve logg v — 3|2 0.

Sol. logg,lx—3|20=0<p=-3|<(0.2)°
=0<k-3<I==-1<x-3<1andx-3#0
=2<xS4andx=3 =xe (2,4]-(3}



, - :
EYINTNMIREN Solve log,

>0,
2

x+2 x+2
=-2<x<12

EETTARENE Solve logy(2x” +6x—5)> 1.

Sol. logy(2x? +6x=5)> 1 =22 +6x—5>3'
=232 +6x-8>0 =532 +3x=4>0
= (x=-Dx+4)>0=x<-40rx>1

DRI BEY N Solve logg g (X —1) 2 logy, (x— 1)«

Sol. logg s (x=1)2logy;(x=1)
=) logmz,) (x=1)2logg,(x-1)

= %logo_z (x=1)2logg,(x =1)
= logpa(x—1) 2 210ge4(x—1)

= logg,(x—1)Zlogg , (x=1)*
=@x-1)<Ex-1)
=x-1)P-x-1)20
=x=Dx-1-1)20
=(x—1)x~2)20
=xSlorx22

Also, x> 1; hence, x 2 2,

. m36lve logo,:.,:,,(x2 -x)<L
Sol. log, . (x*~x)<1 .

x(x=1)>0=>x>1orx<0
Ifx+3>1=2x>-2

then x®* —x<x+3 )
20 -3<0 O i

Logarithm and Its Applications 1.15

0
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=x-3)x+1)<0 ' ‘
Hence,xe& (-1,0)w(1.3)
f0<x+3<1-3<x<-2 then
*—x>x+3

=x2-2x-3>0

=Sx-3Hx+D>0

=xe (-3,-2)

LRCDINIAREY Solve 2 logyv—4 log,27 <5 (x> 1),

Sol. Letlogy=y=sx=3y : :
Therefore, the given inequality 2 logx — 12 log 3 <5

12
=2y——=%5
v

=22 -Sy—12<0(asx> 1 =y>0)
=2r+3)(y-4)<0-

3 3 .
E€|=-—,4 -=<I <4
=>}E|: 5 ]:‘-ﬁ 2 og,x

=3 gxs8l"

)

(i)

U

Concept Application Exercise 1.3

. 1. Solve log,|x] > 2.

x-4
2x+ 5
3. Solve log,o(x? -2x-2) £0. °

2. Solve log, <1

4, Letflx)= \/ log,o x* . Find the set of all valuesofx for which f(x) is real.

. Solve 2'%820"D 5 x4 5, .
. Solve log, |4 - 5x|>2. . . . )

& Uh

; i)
7. Solve log, , 5—3— <1,

. Solve log, , (x* - 6% +12) 2 -2.
. Solve log,_, (x-2)2—-1.

-4

o
10. Solve logy(x +2) (.r_+4)+ log,s (x +2) < 5 log 5 7.
11. Solve log, (x* - 1) £ 0.

FINDING LOGARITHM

To calculate the logarithm of any positive number in decimal form, we always express the given positive
number in decimal form as the product of an integral power of 10 and a number between 1 and 10, i.e., any

positive number k in decimal form is written in the form as
K=mx10", '
where p is.an integer and 1 £ m < 10. This is called the standard from of 4.
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Characteristic and Mantissa of a Logarithm
Letn be a positive real number and let m x 107 be the standard fom of n. Then n=m x 10*
where p is an integer and m is a real number between 1'and 10,i.¢., 1 <m<10

= logo 1 =log,q (mx10")
: =log,o m+10g,,10”
=logom + plogy 10
=p+logyem
Here pisan integerand 1 Sm < 10.Now, 1 £2i< 10
= log)g 1 <log o m <log,, 10

= 0slogom<I.
Thus, the logarithm of positive real number » consists of two parts:

(i) The integral part p, which is positive, negative or zero, is called characteristic.
(i) The decimal part log m, which is a real number between 0 and 1, is called mantissa.

Thus, log n = Characteristic + Mantissa.

Note that it is only the characteristic that changes when the decimal point is moved. An advantage of using
the base 10 is thus revealed: if the characteristic is known, the decimal point may easily be placed. If the
number is known, the characteristic may be determined by inspection; that s, by observing the location of the

decimal point.

Although an understanding of the relation of the characleristic to the powers of 10 is necessary for
thorough comprehension of logarithms, the characteristic may be determined . mechanically by the application

of the following rules:

1. For a number greater than |, the characteristic is posﬂwe and is one less than the number of digits to

the left of the decimal point in the number.

2. For a positive number less than 1, the characteristic is negative and has an absolute value one more

than the number of zeros between the decimal point and the first non-zero digit of the number.

LTSI Write the characteristic of éachof the following numbers by using their standard forms:

(i) 1235.5 (i) 346.41 (iii) 62.723 (iv) 7.12345
) 0.35792 (vi) 0.034239 (viii) 0.002385 (viii) 0.0009468
Sol. |
Number Standard Form Characteristic
. 1235.5 12355 10° 3
34641 3.4641 x 10? . 2
62.723 6.2723x 10 ]
7.12345 7.12345%10° 0
0.35792 3.5792% 10! <]
- 0.034239 3.4239x10°% - -2
0.002385 12.385% 107 -3
0.0009468 9.468% 10" , -4

Mantissa of the Logaﬁthm of a Given Number

The logarithm table is used to find the mantissa of logarithms of numbers. Jt contains 90 rows and 20 column,

1.147

e e

|
|

-/
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" Every row beings with a two-digit number 10, 11, 12, .., 98, 99 and every column is headed by a one-digit
number 0, 1, 2, 3, ..., 9. On the right of the table, we have a big column which is divided into 9 sub-columns
headed by the d!glt 1,2, 3, ..., 9. This column is called the column of mean differences.

Note that the position of' the decimal point in a number is immaterial for finding the mantissa. To find the
mantissa of a number, we consider first four digits from the left most side of the number. If the number in the
decimal form is less than one and it has four or more consecutive zeros to the right of the decimal peoint, then
its mantissa is calculated with the help of the number formed by digits beginning with the first non-zero digit. .
For example , to find the mantissa of 0.000032059, we consider the number 3205. If the given number has only
one digit, we replace it by a two-digit number obtained by adjoining zero to the right of the number. Thus, 2 is
to be replaced by 20 for finding the mantissa.

Significant Digits

The digits used to compute the mantissa of a given number are called its significant digits.

IDRILDIARERIR  Write the significant digits in each of the following numbers to compute the mantissa of
their logarithms : - F
(i) 3.239 (ii) 8 (iti) 0.9 (v) 0.02
(v) 0.0367 | (vi) 89 (vii) 0.0003 (viii) 0.00075
Sol.
Number Significant digits to find the mantissa
of its logarithm
3239 3239
8 80
09 _ X
-0.02 - 20
0.0367 : : 367
8 : 89
0.0003 : 30
0.00075 % - 75

NEGATIVE CHARACTERISTICS

When a characteristic is negative, such as —2, we do not perform the subtraction, since this would involve a
negative mantissa. There are several ways of indicating a negative characteristic. Mantissas as presented in
the table in the appendix are always positive and the sign of the characteristic is indicated separately. For

example, where log 0.023 = 2.36173, the bar over the 2 indicates that only the characteristic is negative, that
is, the logarithm is -2 +0.36173.

ARCLIN I Find the mantissa of the logarithm of the number 5395.

Sol. To find the mantissa of log 5395, we first look into the row starting with 53. In this row, look at the
number in the column headed by 9. The number is 7316.

e
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Mean Differences

1 2 3|4 b 6|7 €889

7076 | 7084 | 7093 | 7101 | 7110 | 7118 | 7126 | 7135 | 7143 | 7152

1 2 S0 WERVE 7 8

7160 | 7168 | 7177 | 7185 | 7193 | 7202 | 7210 | 7218 | 7226 | 72351 2 2 | 3 6|6 7 7
7243 | 7251 | 7259 | 7267 | 7275 | 7284 | 7292 | 7300 | 7308 é 1 2 @ 4)5|6 6 7
dl1 2 2|3 5(6 6 7

7324 | 7332 | 7340 | 7348 | 7356 | 7364 | 7372 | 7380 | 7388 | 739

Fig. 1.9

Now, move to the column of mean differences and look under the column headed by 5 in the row
corresponding to 53. We see the number 4 there. Add this number 4 to 7316 to get 7320. This is the.
required mantissa of log 5395. , '
1f we wish to find the log 5395, then we compute its characteristicalso.

Clearly, the characteristic is 3. So, log 5395 = 3.7320.

RNy Find the mantissa of the logarithm of the number0.002359.

Sol. The first four digits beginning with the first non-zero digit on the right of the decimal point form the;
number 2359. To find the mantissa of log (0.002359), we first look in the row starting with 23. In this row, -
look at the number in the column headed by 5. The numberis 3711.

Mean Differences

1 2 3|4 B B|T 8§ 9

[}
1
L]
1
|
]
I
[}
I
[}
[}

ii 3222 | 3243.| 3263 |/3284 | 3304 | 3324 | 3345 | 3365 | 3385 [ 3404 10 12114 15 18

2 4 618
W 3424 | 3444 | 2464 [ 13483 3502 | 3522 | 3541 | 3560 | 3570 | 3508 (2 4 6 | 8 10 12[14 15
3617 | 3636 | 3665 | @674 | 3692 [(71])| 3720 | 3747 | 3766 | 3784 |2 4 6 |7 9 11 (13 1817).
3802 | 3820 | 3838 | 3856 | 3874 | 3892| 3009 | 3927 | 3045 | 3962 |2 4 5|7 9 11[12 14
it 3070 | 3097 | 4014 | 4031 | 4048 | 4065) 4082 | 4099 | 4116 | 41332 3 57 9 1012 14 15

Fig. 1.10

Now, move to the columm of mean difference and look under the column headed by 9 the row
corresponding to 23. We see the number 17 there.

Add this number to 3711. We get the number 3728. This is the required mantissa of log (0.002359).
Mantissa of log 23.598, log 2.3598 and 0.023598 is the same (only characteristic are different).

BTN Use logarithm tables to find the logarithm of the following numbers:
(i) 25795 (i) 25.795 : ' |
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"~ Sol.

(i) The characteristic of the logarithm of 25795 is 4.
To find the mantissa of the logarithm 0f 25795, we take the first four digits.
The number formed by the first four digits is 2579. Now, we look in the row starting with 25. In this row,
look at the number in the column’headed by 7. The number is 4099. Now, move to the column of mean
differences and look under the column headed by 9 in the row corresponding to 25. We see that the -
number there is 15. ' .
Add this number to 4099. We get the number 4114. This is the required mantissa. Hence, log (25795)
=44114

(i) The characteristic of the logarithm of 25.795 is 1, because there are two digits to the left of the decimal
pmnt The mantissa is the same as in the above question. Hence, log 25.795 = 1:4114.

'Slmllarly,]ogiz 5795=0.4114. and log (0.25795)=—1+0.4114 = 1.4114
Here — 1 + 04114 cannot be written as— 1.4114, as - 1.41 14 is a negative number ofmagmtude 1.4114,

whereas — 1 +0.4114 is equal to — 05886. In order to avoid this confusion, we write 1 for— 1 and thus
log(0.25795)= 1.4114

ANTILOGARITHM

The positive number # is called the antilogarithm of a number if log n=m. If nisantilogarithm of m, we write
n=antilog m. For example,

@ log100=2 = antilog 2= 100
(ii) log431.5=2.6350 = antilog (2.6350)=431.5
(i) log0.1257=1.993 < . antilog(1.993)=0,1257

To find the antilog of a given number, we use the antilogarithm tables given at the end of the book. To find
n, when log » is given, we use only the mantissa part. The characteristic is used only in determining the
number of digits in the integral part or the numberof zeros on the right side of the decimal point in the required
number.

To Find Antilog of a Number

Step I: Determine whether the decimal part of the given number is positive or negative. If it is negative,
_ make it positive by adding lfo the decimal part and by subtracting 1 from the integral part.
For example, in—2.5983, the decimal part is — 0.5983 which is negative. So, write

£2.5983 =-2-0.5983
=—2-1+1-0.5983
=—-3+04017

= 3.4017
Step I1: In the antilogarithm table, look into the row containing the first two digits in the decimal part of the
given number.
Step I11: In the row obtained in step II, look at the number in the column headed by the third digit in the
decimal part.
Step IV: In the row chosen in step 111, move in the column of mean differences and loqk at the number in the
column headed by the fourth digit in the decimal part. Add this number to number obtained in step I11.
Step V: Obtain the integral part (Characteristic) of the given number.
If the characteristic is positive and is equal to n, then insert decimal point after (n+ 1) dlg‘lts in the
number obtained in step IV.
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1f n> 4, then write zeros on the right side to get (n + 1) digits.
If the characteristic is negative and is equal to ~ n or n, then on the right side of decimal point write
(n— 1) consecutive zeros and then write the number obtained in step V.

IRHDIBICR A Find the antilogarithm of each of the foliowing :
(i) 2.7523 (i) 3.7523 (iii) 5.7523 (v) 0.7523
(v) 1.7523 (vi) 2.7523 (vii) 3.7523
Sol.

(i) The mantissa of 2.7523 is positive and is equal to 0.7523.

Now, look into the row starting 0.75. In this row, look at the number in the column headed by 2. The
number is 5649. Now in the same row move in the column of mean differences and look at the
number in the column headed by 3. The number there is 4. Add this number to 5649 to get 5653.
The characteristic is 2. So, the decimal point is put after 3 digits to get 565.3.
Hence, antilog (2.7523) = 565. 3.

(i) The mantissa of 3.7523 is the same as the mantissa of the number in (i), but the characteristic is 3.
Hence, antilog (3.7523) = 5653.0.

(i) The mantissa of 5.7523 is the same as the mantissa of the number in (i); but the characteristic is S
Hence, antilog (5.7523) = 565300.0.

(iv) Proceeding as above , we have antilog (0,7523) = 5.653.

(v) In this case, the characteristic is 1, i.e.,~1.
Hence, antilog (1.7523) = 0.5653.

(vi) In this case, the characteristic is 2 ,1.e., =2, So, we wrilc one zero on the right side of the decimal point.
Hence, antilog (2.7523) = 0.05653,

(vii) Proceeding as above, antilog (3.7523) =0.005653.

Evaluate 372.3 , if log 0.723=1.8591 .

Sol. Letx= ¥723.

Then, log x=(72.3)'" = logx= % log 72.3

Example 1.50°

l .
= logx= 3% 1.8591= log x=0.6197

=> x = antilog (0.6197)
= x =4.166 (using antilog table)

Using logarithms, find the value of 6.45 x 981.4,
Sol. Letx=6.45x%9814,
Then, Ig x =log (6.45x981.4)
=log 6.45 +log 981.4
=0.8096 +2.9919 (using log table)
=3.8015
s x=antilog (3.8015)=6331 (using antilog table)
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[T Pl Letx=(0.15)*". Find the characteristic and mantissa of the logarithm of x to the base 10.

Assume log,,2 = 0.301 and log;10 = 0.477.

18
Sol. log x=log(0.15)°=20lo
ol. logx=log( 3{100]

=20[log 15-2]
=20[log3 +log5-2]
=20[log3+1—log2-2] ( log,s 5 =log,, %]

=20{-1+log 3 —log 2]
=20[-1+0.477-0.301]

=-20%0.824=-16.48= 1752
Hence, characteristic =—17 and mantissa=0.52.

Example 1.53 ERERUTPA) censhs, the population of India was found to be 8.7.x 107, If the population
increases at the rate of 2.5% every year, what would be the population.in 2011 ?
Sol. Here, B, =8.7x107, »=2.5 and n=10.
Let P be the population in 201 1.

Then P=FR £
100

=87x107{ 14 == 25
100

=8.7x107 (1.025)"°
Taking log of both sides, we get

log P =log[8.7x107(1.025)\9]
=log 8.7 + log 107 +log (1:025)"°
=log 8.7+7 log 16 +10Jog (1.025)
=0.9395 + 740.1070.
=8.0465

= P =antilog (8.0465)=1.113 x 10® (using antilog table)

[BETIDIIREEN  Find the compound interest on T 12000 for 10 years at the rate of 12% per annum
compounded annually.

Sol. We know that the amount 4 at the end of n years at the rate of »% per annum when the intérest is
compounded annually is given by

_ " _
APl isael .
) -

Here, P=% 12000, =12 and n=10.

' 12
SA=T112000) 1+ — :
. ?{ [ 100} }
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: 3 107
=3(12000( 1 + —
25

L -

-~ .

10
¥ .|2000(25+3J

" 10 '
- 7| 12000( 28 i
25 ) .
_ 1 :
Now, A =% 12000 2—8—
25

= log A =log 12000 + 10 (log 28 ~ log 25)
=4.0792+10(1.4472~1.3979)
=4,0792+0.493 = log 4=4.5722

= A=antilog (4.5722) =37350.

So, the amount after 10 years is ¥ 37350. :

Hence, compound interest =< (37350 - 12000) =< 25350.

If P is the number of natural numbers whose logarithms to the base 10 have the
characteristic p and @ is the number of natural numbers lagarithms of whose reciprocals
to the base 10 have the characteristic - g, then find the value of log,P - log,,0.
Sol. 1<P<10”M =3 P=10""-10"= P=9%10P

Similarly, 107! < Q< 109= Q=107~107""=107"'(J0=1)=9x 107"

o+ logyoP = 10g10Q = 108,o(P/Q) = l0g;o1 0" * ! = p=g 1
Let L denote antilogs, 0.6 and M denote the number of positive intcgers which have the

characteristic 4, when the base of log is 5 and N denote the value of 491812 4 g-lorg—4,
Find the value of LAM/N,

Sol. L=antilogy, 0.6=(32)"19=2910=227 =8
M= Integer from 625 to 3125 =2500

N - 49“"1ﬁg1 2) & 5"!0334

Example 1.85

Example 1.56

=49 x 7-2I051 2 +5~Iugﬁ4

4 4 4 2
_ LM _8x2500x2 _

N 25

EXERCISES _ —
Subjective Type Solutions on page 1.30
1. ifx=log,,a,y=log,,2a,z=log,,3a,prove that | +xyz=2yz.

2. Solve the equations' for x and y: (33:)'“33 = (4y)'"84 glogr = 3'6"-".
3. Ifa=log; 18, b= log,, 54, then find the value of ab+ 5(a - b).
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ootk

Trigonometry

1 1 !
1= log, x 1-log, ¢

2% then prove thatx = a

Ify=a andz=a'”
Solve log, 2 log,, 2 =log,, 2.
Leta, b, ¢, d be positive integers such that log,b = 3/2 and log,d = 5/4. If (a— ¢) =9, then find the value

of (b—d).

Solve \/log(-x) =log\/x_2 (base is 10).

8. Ifa=b> 1, then find the largest possible value of the expression log,(a/b) + log,(b/a).

10.

11,

12.
13,

14,
15.

16. If

7.

(log, x) -%logg x5

Solve 3 = 3\f3T !

Solve the inequality , [log, ( L %13 J <1,
x —

Find the number of solutions of equation 2* + 3" + 4" - 5= (.
Solve x'°&*=2 and y'*&+¥ =16.

Solve log,,2 + log,2x =-3/2.

Solve for x; (2x)'%82 = (3x)"°%3

Iflog,alog, a+log b log.b+log,clog,c=3 (wﬁere a, b, c are different positive real numbers # 1), then
find the value of abc. ;

log, N _ log;N —log, N
log. N log, N =log. N

, where N> 0 and N # 1,@, b, ¢ > 0 and not equal to 1, then prove that

b= ac. , :
Given a and b are positive numbers satisfying 4(log,, a)’ + (log, b)* = 1, then find the range of values
of aand b.

Objective Type Solutions on page 1.35

8

log, 18-is , ;
a. arational number b. andirrational numbgr ¢. a prime number d. none of these
Iflog, 5 = a and logs 6 = b, then log; 2 is equal to

I N 1

~ s ' e ’
*2a+1 T ket ] 21
‘ —4421
The value of x satisfying S8 Tt 10
a2z . b.3 c.4 d. none of these
x'85%% § implies _ :
a.xe (0,0) b.xe (0,1/5) U (5,00) e.xe (I,) d.xe (1,2)
The number N =6 log,o 2 + log;, 31 lies between two successive integers whose sum is equal to
a.5 b, 7 c.9 d, 10

The value of 4911087 2) 4 5-logs 4 ¢

a.212 b.25/2 ¢.625/16 ~ d. none of these
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