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Preface

help develop more aspirant-friendly engineering entrance tests, the need to standardize the selection processes and their out-

comes at the national level has always been felt. The Joint Entrance Examination (JEE) to India’s prestigious engineering in-
stitutions (IITs, IITs, NITs, ISM, IISERs, and other engineering colleges) aims to serve as a common national-level engineering entrance
test, thereby eliminating the need for aspiring engineers to sit through multiple entrance tests.

While the methodology and scope of an engineering entrange test are prone to change, there are two basic objectives that any test needs
to serve: ’

1. The objective to test an aspirant’s caliber, aptitude, and attitude for the engineering field and profession.
2. The need to test an aspirant’s grasp and understanding of the concepts of the subjects of study and their applicability at the grassroots
level. '

Students appearing for various engineering entrance examinations cannot bank solely on conventional shortcut measures to crack
the entrance examination. Conventional techniques alone are not enough as most of the questions asked in the examination are based
on concepts rather than on just formulae. Hence, it is necessary for students appearing for joint entrance examination to not only gain a
thorough knowledge and understanding of the concepts but also develop problem-solving skills to be able to relate their understanding of
the subject to real-life applications based on these concepis. : 5

This series of books is designed to help students to get an all-round grasp of the subject so as to be able to make its useful application in
all its contexts. It uses a right mix of fundamental principles and concepts, illustrations which highlight the application of these concepts,
and exercises for practice. The objective of each book in this series i to help students develop their problem-solving skills/accuracy, the
ability to reach the crux of the matter, and the speed to get answers in limited time. These books feature all types of problems asked in the
examination—be it MCQs (one or more than one correct), assertion-reason type, matching column type, comprehension type, or integer
type questions. These problems have skillfully been set to help students develop a sound problem-solving methodology. !

Not discounting the need for skilled and guided practice, the material in the books has been enriched with a number of fully solved
concept application exercises so that every step:in learning is ensured for the understanding and application of the subject. This whole
series of books adopts a multi-faceted approach to mastering concepts by including a variety of exercises asked in the examination. A mix
of questions helps stimulate and strengthen multi-dimensional problem-solving skills in an aspirant.

It is imperative to note that this book would be as profound and useful as you want it to be. Therefore, in order to get maximum benefit
from this book, we recommend the following study plan for each chapter.

Step 1: Go through the entire opening discussion about the fundamentals and concepts.

Step 2: After learning the theory/concept, follow the illustrative examples to get an understanding of the theory/concept.

Overall the whole content of the book is an amalgamation of the theme of mathematics with ahead-of-time problems, which equips the
students with the knowledge of the field and paves a confident path for them to accomplish success in the JEE. '

With best wishes!

‘ ) rhiie the papgr—sening pattern and assessment methodology have been revised many times over and newer criteria devised to

G. TeEwant
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1.2 Calculus

"NUMBER SYSTEM AND INEQUALITIES

Number System

Natural Numbers

The set of numbers {i, 2,3,4,... } is called natural numbers, and is
denotedby N, i.e, N={1,2,3, ... }.

Integers

The set of numbers {...,—3,-2,-1,0,1,2,3, ...
and the set is denoted by [ or Z.
Here, we represent
a. Positive integers = {1, 2, 3, 4, ...} = Natural numbers
b Negative integers = {...,—4,-3,-2,-1}

} is called integers,

c. Non—negatlvemtegers (orNo) {0 1,2,3,4,:.} =Whole -

numbers
d Non-positive integers = {...,-3,-2,-1,0}

Rational Numbers

; ; . a . . :
A number which can be written as 3 where a and b are integers,

b# 0 and H.C.F. of a and b is 1, is called a rational number, and
a set of rational numbers is denoted by Q..

' _'_;__roasterform___. :

Irrational Numbers

Those values which could be neither terminated nor expressed as
recurring dcc:mals are 1rrat10nal numbers (1 e., such numbers
cannot be expresscd mn 3 form) Their set is denoted by O° (i.e.,

——,2+ -
J3

complement of 0),e.g., V2,7

‘Note: ; %, 5
e “Two consecutw tnmal numbers” is meanmgless*_.

e The set of Jrranonaf ;numbers cannot be expressed m:
roaster form. -

Real Numbers

The set of numbers that contains both rational and irrational
numbers is called real numbers and is denoted by R. As from, the
above definitions, it could be shown that real numbers can be
expressed on number line with respect to origin as

e L3 T T T T T LI L 3 T >

% 3 2 5 -1 0 1 2 3 =«
Fig. 1.1

Note: A g gt

o The set R mpresents the set of « commug
© discrete values). ' i
J Between any two irrational number
-:'_ratzona! ‘numbers and.between ‘two. rat
. there exist infi inite m‘anonal numbe_ .

Intewals

The set of numbers between any two real numbers is called
interval. The following are the types of interval.

Closed Interval
© x€[a,b]={x:asx<b}

a : b
Fig. 1.2
Open Interval
x€ (a,b)or]a, b= {x* a<x<b}

% Hig. 13
Semi-Open or Semi-Closed Interval
xe [a,b[or[a,b) {x: a<x<b}

b

a b

x¢€ Ja,b]or (a, b] = {x:a<x<b}

Some Facts About lnequalmes
‘The following are some very useful points to remember:

a. a<b=eithera<bora=bh

h a<bandb<c=>a<c

¢. a<b=—a>-b,ie.,theinequality sign reverses if both
sides are multiplied by a negative number

d g<bandc<d=a+c<btdanda-d<b-c

e. a<b=ka<kbifk>0andka>kbifk<0

f 0<a<b=d <bifr>0anda’>b"ifr<0

g a +l >2 for a > 0 and equality holds fora =1
a

h. a:z+l < -2 for a <0 and equality holds for a=-1
a

i Ifx>2= 0<.l<-l-_
x 2

s
j lfx<-—3=>—l{—<0

3 X \
k. Ifx42,thenwcmustconsider—m<x¢00r04x<2

(as forx=0, & is not defined), then
x -




Y T O o111
lim —>=>lim — or lim —>—>—
x=3—oe X X x=0-Xx -=0tx x 2

1 1 1
= 0>—>—0 0roo>—>—
X x 2

1 ]
=4 ; = (—00, O)U(‘-z‘, N]
L. Squaring an i_nequalityf
If a < b, then a* < b does not follow always: £
Consider the following illustrations:
'2<3=4<9,but-4<3=>16>9
Alsoifx>2=x*>4, butforx<2= x>0
f2<x<4=24<x*<16
If-2<x<4=0<x*<16
If-5<x<4=0<x%<25

Generalized Method of Intervals

Let F(x)= (x—a ) (x—az)k2 wx=a, Y (x=a).

Here ky, ky, ... k, € Z and ay, a,, ..., a, are fixed real numbers

satisfying the condition '
a<a;<az<..<a

»—l{an

For solving F(x) > 0 or F(x) < 0, consider the following

algorithm:

e We mark the numbers a,, a,, .. ., @, on the number axis and
put plus sign in the interval on the right of the largest of
these numbers, i.e., on the right of a,,.

e Then we put plus sign in the interval on the left of 4, if &,
is an even number and minus sign if &, is an-odd number.
In the next interval, we put a sign according.to the
following rule:

¢ When passing through the point @, ; the polynomial
F(x) changes sign if ,, , is an.odd number. Then we
consider the next interval and put.a sign in it using
the same rule.

» Thus we consider all the interyals. The solution of the
inequality F(x) > 0 is the union of all intervals in which we
put plus sign and the solution of the inequality F(x) <0 is
the union of all intervals in which we put minus sign.

Frequently Used Inequalities

‘A (x—a)x-b)<0=xe (a,b),wherea<b

b (x—a)(x—b)>0=x€ (—oo,a) U (b,), wherea<bh

¢ ¥<al=xe [—a,al]

d X*2a* = xe (—oo,—a]U[a, =)

e. fa +bx+¢<0,(a>0)= xe (& B), where o, B
(< B) are the roots of the equation ax* + bx + ¢ =0

£ Ifax’+bx+c>0,(a>0)=>x € (o, 0) U (B, =), where o,
B (e < B)are the roots of the equation ax® + bx + ¢ =0

EZEETTSBR Solve (2x+1) (x—3) (x +7) <0.

Sol. (2x+1)(x—3)(x+7)<0

Functions 1.3

Sign scheme of (2x+ 1) (x—3) (x+ 7) is as follows:

= 1 + 1 = |+
-7 -1/2 3
Fig. 1.5
Hence, solution is (-5, ~7) U (=1/2, 3).
Example 1.2 UG %<3-
X
Sol. — <3
P
= —-3 <0 (we cannot cross multiply with
& x, as x can be negative or positive)
- 2—3x <0
x .
P 3x—2 >0
x
o (x-2/3)" 0
x
siafMe AE=22) iiusotows:
: i
+ 0 -+
0 2/3
Fig. 1.6
=x € (—co,0)U(2/3, o).
2x-3
Example1.3 BU\E i,
_ 3x=5
sl 2223 53
3x-5
Yo 0
3x~5
2x-3-9x+15 >0
3x-5
‘ N =Tx+12 50 -
3x-5
7x-12 20
3x-5
Sign scheme of ¥ is as follows:
3x-5
+ =+
5/3 12/7
Fig. 1.7

=xe (5/3,12/7]

x = 5/3 is not included in the solution as at x = 5/3,
denominator becomes zero.

ETSRH Solve (x— 1) (x+4)<0.

Sol. (x—1)?(x+4)<0 M
Sign scheme of (x — 1)? (x +4) is as follows:
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-4 1
Fig. 1.8
Sign of expression does not change at x =1 as (x - 1)

factor has even power.
Hence, solution of (1) isx & (—°, —4).

Solvex> [(1—x).

Sol. Given inequality can be solved by squaring both sides.
But sometimes squaring gives extraneous solutions that
do not satisfy the original inequality. Before squaring, we
rmust restrict x for which terms in the given inequality are
well-defined.

x> J(l — x) . Here x must be positive.
Here V1-x is defined only when 1 —x20orx < 1

Example 1.5

_ m
Squaring the given inequality we get #¥>1-x
::>x2+x—1>0:>[x—-_-1._£] [x—itﬁ}»o
: 2 2
= T i
=x< 12( orx> lng )

From (1) and (2),3-ce (Jg_l s l] (as x is +ve)

Find the domainoff@= Y1=y1-v1- .

Sol. f(x)=\!1"—~jl—\/l——_x_2
= I—Jl—\ﬁ_—? 20
= \jl—\/ljtz_ <1

L] R —%o<] |

= 1—31:2 20
=1-x20
—<l=xel-1,1].

Sign Scheme of

F(x)=£,) £, £,)---£,6)
Put the values of x, which are roots of the equation, f1(x) =0, 5,(x)-

=0,...,f,(x)=0onthe number line and follow the same procedure
explained in the above problems.

\;3 m Solve (x—1)|x+ 1| cosx>0,forxe [~ 7]

Sol. Let f(x)=(x—1)x+1fcosx

i e =

+ =
—~ + -+ § : T
M —m - 1 |

Fig. 1.9

cosx=0=>x=x7/2.
So, critical points are —m/2,-1,1, 72
Forx e (m/2, m),cosx<0 =f(x)<0

At x = /2, and x = 1, f(x) changes sign as shown in the
sign scheme.

Atx=-1, f(x) does not change signas |x+ 1| >0 for allx.
Hence, [ (x)>0=x€ (~m-nm/2)v (1, 7/2).

w Find the domain of
\$ F0)= Jr-4-2Jx=5) _fe-ar2JG-9

Sol. /)= J;-4—2JG—T);J}#4+2 x-5)
= J;S—ZJ(?—-Q+1#J;—4+2JL1_—35 +1
- ‘KJ(—E—_S —1)2 —J(J}_—?_H)z
G

Hence domainis [5,2¢)

Find the domain of the following functions:

x-3
1, f)=——7F
) (x'+3)JE:-4 __
2. f(x)= Jzﬂx—J;‘_xz.

=l 1-x

. f@)= ’——+ '——
3. 1) x+2 14+ x
2 1

S
4. f&= 2—x+1 x+l 2 *1
5 f()= Jc—\h—x2

6. Find the range of f(x) =

41
- X2 +2
7. Solve x(g‘—1)(x+2}(x~3)2£0.

FUNCTION

Roughly speaking, term function is used to define the
dependence of one physical quantity on another, e.g., volume v

4 .
of a sphere of radius 7 is given by V= Enr:*. This dependence of

¥ on r would be denoted as V=f(r) and we would simply say that

Vis a function of r. Here fis purely a symbol (for that matter, any
other letter could have been used in place of f), and it is simply
used to represent the dependence of one quantity on the other.




Definition of Function

Function can be easily defined with the help of the concept of
mapping. Let 4 and B be any two non-empty sets. “A function
from' 4 and B is a'rule or correspondence that assigns to each
element of set A, one and only one element of set B”. Let the
correspondence be /. Then mathematically we write f: 4 — B
where y = f(x), x € 4 and y € B. We say that y is the i lmage of x
under f (or x is the pre-image of y).

o A mappingf: 4 — Bissaid to be a function if each element
in the set A has a image in set B. It is possible that a few
elements in the set B are present which are not the images
of any element in set A4.

.o Every element in set A should have one and only one

image. That means it is impossible to have more than one

image for a specific element in set 4. Functions cannot be

multi-valued (A mapping that is multi-valued is called a

relation from 4 and B).
A B

g
2
g
g

(c)
- Fig. 1.10

Let us consider some other examples to make the aboye
mentioned concepts clear.

a. Letf: R* — R where y* = x. This cannot:be coﬁsidered a
function as each x € R would have two images namely

++/x . Hence, it does not represent a-function. Thus, it
would be a relation.

b Letf:[-2,2] > R, where x* +3%=4. Here y=% 4~ x” ,
that means for every x € [-2, 2] we would have two values
of y (except when x = £2). Hence, it does not represent a

- function.

¢. Let/: R — R wherey=x". Here for eachx € R we would
have a unique value of y in the set R (as cube of any two
distinct real numbers are distinct). Hence, it would
represent a function.

Function as a Set of Ordered Pairs

A function f/: 4 — B can be expressed as a set of ordered pairs in
which each ordered pair is such that its first element belongs to 4
and second element is the corresponding element of B!

As such a function f: 4 — B can be considered as a set of
ordered pairs (a, f(a)) where a € 4 and f (a) € B which is the f
image of a. Hence, fis a subset of 4 X B.

As a particular type of relation, we can define a function as
follows :

T a ﬁmcnon

T T

Functions 1.5

A relation R from a set 4 to a set B is called a function if

a. each element of 4 is associated with some element of B

b each element of 4 has unique image in B

Thus, a function ffrom a set A to aset B is a subset of 4 X B in
which each a € 4 appears in one and only one ordered pair
belonging to /. Hence, a function f is a relation from 4 to B
satisfying the following properties:

a fCAXB

h Vaed=(a,f(a))ef

- ¢ (a,b)efand(a,c)e f=2b=c

Thus, the ordered pairs of f must satisfy the property that
each element of 4 appears in some ordered pair and no two
ordered pairs have same first element.

Note: - il .
Every ﬁmcnon rs a relarum but eyery relatzon is nat necessanb;

D‘ISt‘!ﬂCt'IOI'I between a Relation and a Functlon
by Graphs (Vertical Line Test)

4 Y=

Y

o

®  mgin

The above figures show the graph of two arbitrary curves. In Fig.
1.11 (a), any line drawn parallel to y-axis would meet the curve at
only one point. That means each element of 4 would have one
and only one image. Thus, Fig. 1.11(a) represents the graph of a-
function. . '

InFig. 1.11 (b), certain line parallel to y-axis, (e.g., line L) would
meet the curve in more than one points (4, B and C). Thus, element

" x, of 4 would have three distinct images. Thus, this curve does

not represent a function.

Hence, if y = f (x) represents a function, lines drawn parallel to
y-axis through different points corresponding to points of set X
should meet the curve in one and only one point. :

Consider the graph of following relations:

X 2

Eqﬁation of an ellipse X_+2 =1 is a relation, which is a
: a> b

[ 2

- X

combination of two functions y = %b, [1——-.
a

' 2
X

The upper branch represents function y = b,[1—— and the
a2

x?

lower branch represents the function y=-b,/1——5 -
: a
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y
x2
X'y b x
\\ 0 I}
- "};—b“i-:—z
¥
Fig. 1.12
Graph of a parabola y* = x
y
J y=vx
X X
of
\.\\‘h y=-_\,f;
yo -
Fig. 1.13
2 2
Graph of a hyperbola %—-—J;—z =]
a

Fig. 1.14

Domain, Co-Domain, Range

Let f: A — B be a function. In general, sets 4 and B could be any
arbitrary non-empty sets. But at this level, we would confine our-
self only to real-valued functions. That means it would be
invariably assumed that 4 and B are the subsets of real numbers.

Set A is called domain of the function /. .

Set B is called co-domain of the function f.

The set of images of different elements of set 4 is called the
range of the function f . It is obvious that a range would be a
subset of co-domain as we may have few elements in co-domain
which are not the images of any element of set 4 (of course, these
elements of co-domain will not be included in the range). Range is
also called domain of variation. Domain of function f is normally
represented as Domain (f). Range is represented as Range ( f).
Note that sometimes domain of the function is not explicitly
defined. In these cases, domain would mean the set of values of x

for which f(x) assumes real values. For example, if y = f(x) then
Domain (/)= {x: f(x)is areal number}.

Rules for the Domain of a F unction

a
h

Domain ( f(x) + g(x)) = Domain f(x) N Domain g(x)
Domain ( f(x) X g(x)) = Domain f(x) n Domain g(x)

Domain [M)
g(x)

= Domain f(x) " Domain g(x) N {x: g(x) # 0}

Don_rlain Jf(x) = Domain f(x) {x: f(x) 20}

ome Important Definit

. Algebraic function:y isan algebraic function of x, if itisa

. Rational function: A function that can be written as the

. Explicit function: A function y =f(x) is said to be an

. Implicit function: A function y = f(x) is said to be an

. Bounded functions: A function is said to be bounded if

. Identity function: The function f:R— R is called an

Polynomial function: If a function fis defined by f (x)
=gyt +a X" +a, "+ - +a, yx+a, wheren is anon-
negative integer and ay, @,, Az @, are real numbers and
ay# 0, then fis called a polynemial function of degreen.

function that satisfies an algebraic equation of the form
Py(x) Y + Py () + e+ P, _1(x)y+ P,(x) = 0 where
n is a positiye integer and Py(x),

P, (x), P,{x) are polynomials in x. For example, £+
— 3xp=0ory= x| is an algebraic function, since it satisfies
the.equation )'2 =0,

Note fhat all polynomial functions are algebraic but
cofverse is not true. _

A function that is not algebraic is called Transcedental
Sfunction. )

quotient of two polynomial function is said to be a
" rational function. ;

If P(x) = ay+ apx+ ax” + -~ +a,x", and

O(x) = by + byx + byx” + -+ b, x"

be two polynomial functions, then the function f is
P(x)

Oo(x)

is a rational function of x.

defined by fix) =

explicit function of x if the dependent variable y can be
expressed in terms of independent variable x only. For
example, (i) y=x—cosx, (i) y =x +log, x L

implicit function of x if y cannot be written in terms of x
only. For example, (i) ax* +2hxy+ by’ +2gx +2fy + =0, (ii)
xy=sin(x +y).

| £(x)| €M , where M is a finite positive real number.

identity function if /(x) =xVx € R.

DIFFERENT TYPES OF FUNCTIONS

We

Quadratic Function
Letf(x)=ax2+bx+ ¢, wherea, b,c,€ Randa#0.

have f(x) = a[x2 +Ex +£:]
a

a




B , b b ¢ b
= ax't+—x+—+————7
a 40> a 44°

4ac—b2}
S

Il

)
¥ SR

=
Nl
)

4a2

] (e 2)ealxr ).

'Thus', ): = f{x) represents a parabola whose axis is parallel to

2
T

=

+
R
%

|
A

i : ' b D
y-axis and vertex 4 (~-— s — __) . For some values of x, f(x) may
_ 2a  4a 1t -
be positive, negative or zero and for a > 0, the parabola opens
upwards and for a <0, the parabola opens downwards. This gives
the following cases:
a a>0andD<0,s0f(x)>0VxeR,
i.e., f(x) is positive for all values of x.

Range of function is [—2, m)
4a
B g ; v
x= B is a point of minima.

a
y

A

of
_ Fig. 1.15
h a<0andD<0sof(x)<0 Y xe R,
i.e., f(x) is negative for all values of x.
D

Range of function is (—M, ——]
4a

b . : e,
x= o is a point of maxima.
a

- X

0

" Fig. 116

c. a>0and D=0, sof(x)20V xe R ie.;
f(x)is positive for all values of x except at vertex where f(x)

VR

: .0| A "
‘Fig. 1.17

Functions 1.7

d a>0andD>0

Let f(x) = 0 have two real roots czand were 8 (where < )
then .

FG)>0V xe (—oo,0) U (B, ) and flx) <0 V x€ (05 B).
Yy

N
0|a\]ﬁ_

Fig. 1.18

. a<0and D=0

sof(x)S0V xe R i.e.; f(x) is negative for all values ofx .
except at vertex where f(x) =0. i

QN

Fig. 1.19

. a<0and D>0
Let f{x) = 0 have two roots azand 8 (where o< )

then /(x) <0 V x € (—eo;, 0) U (B, ) and f(x) > 0,
V.xe (a,B)

2 2. i
Sol. f(x)=x2—x—3=(x—%) _%3 =[x_l] _§

2
2 2
1 1 13_-13
‘Now [I‘-EJ 20 Vxe R:)(x—-.i) _71_27,
V xe R

; 13 -
Hence, range is -|:—-:‘—, m] :

el BWIll Find the domain and range of

f)=Vx —3x+2.

Sol. For domainx*—3x+2>0

=x-1)(x-2)20
= x€ (—oo, 1JU[2,0)

Now, f(x)= Nxt-3x+2
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i
e
o
|
b | L
Se——
+
{ ]
|
FRY-

Il
T

-

|
b | W
Seras o
[ %)

|
| =

2
Now, the least permissible value of [x—%) —-j: is 0

when (x—- %} = i% . Hence, the range is [0, ).

IRETII WM Find the range of the function f{x) = 6"+ 3*

6+ 3D,
Sol. f(x)=6"+3"+67+37"+2
- (V& V&™) +{45 5] +6 26.

Hence, the range is [6, ).

IBET WP Find the domain and range of
F)=Vx?—4x+6.

Sol. x*—4x+6=(x—2)*+2 which is always positive.
Hence, the domain is R.

Now, /(x)= y/(x~2)* +2

The least value of f1 (x) is \E whenx—-2=0.

Hence, the range is [JE, 00).
: 2
) —x+
| el AR Find the range of f(x) = 5-2#
A +x+l
5 :
—x+1
Sol. Lety= xz_x+
bl e v

=1 —y)xz—-(l +y)x+1—-y=0

Now x is real, then D=0

= (1+y)"-4(1 -’20

=(1+y—=2+29)(1+y+2-2y)>0
= @Ey-13-»)20

:3();—%}();—3) <0

= —<y<3 = Therangeis B—i&}

Example 1.14 @3HGLEE compléte set of values of a such that

x“—x 5 .
attains-all real values.

1—ax

12 -x

Sol. y= 1
—ax
=x’—x=y-axy
=:-x2+x(ay-l)—_v=0

Since x is real = (ay — 1)* + 4y >0

=>a2y2+2y(2—a)+120Vye R
= As@®>0,4Q2 —af -4 <0=4—4a<0=>a€ [1,=).

x? +34x 71
2 42x-7
2. Find the range of f(x) = fol 5T .

3. If f(x) = Vx* +ax+4 is defined for all x, then find the
values of a. :

4, Find the domain and range of f(x) = V3—-2x - ; _

1. Find the range of f(x) =

Modulus Function

- x, x=20
y=|x|={ = /%% =maxfx,—x}
-x, x<0

Domain : R
Range : [0, e)
Nature ; even function
Y
y=-=x y=x
, 45° a5
X o) X
Y{
Fig. 1.21

' x—-a, x=2a
y=|x—a|=. ,wherea>0
a-x, x<a

i)

N

v

Fig. 1.21(a)

Properties of Modulus Function

a. x| = a = Points on the real number liné whose distance
*_ fromoriginisa S . y

Bl

SRk e

(3

-a 0 4




S Pomts on the real number lmq whose dlstance fmm thc

- |
Example 1.15 Solve|3x—2|SE.

- Sol. Bx-2]|<

1
2
<

L
2
3x—

<

Uv"
IA
SR

il

&

IA.
SRRV

IA
s
N

]
RN SRR

U
-
Qanw

€ [1/2, 5/6]. .

IR CIBIR Solve |jx—1|—5]>2.

Sol. |pr—1|-5|22

=x-1]-55—2o0rk-1]-522 .
=p-1[<3or|x-1]|27

S-3<x-1<3orx- 1€ borx—4=7
=_2<x<dorx<—6orx>8
=xE (—oo0,—6] U [-2,4] U [8, ).

. -1
Example 1.17 BRGNS >
|x|-2

=1, wherexe R,x#=x2or find

the domain of f (x) = Lolel
|x|-2
.' - b 2
Seol Gwenlxl_2 1
= B
=% -1z
|x]—2
—1~(Ix}~2)20
fx]-2 .
1-|x|
>0
|x}—2 .

Functions 1.9

x]-1 _

|x|-2
y—=1 ' :
= <0,wherey=|x]|.
y—=2 ;
+ S Do
- 1 2 e
Fig. 1.22
=1<y<2.
=1<|x|<2

=xe (211, 2).

: . | x43|+x
I BE ARG Solve ————— > 1.
x+2

e+ 3| +x
Sol. Wehave ——— >4
x+2

Clearly, L.H.S.0f this inequation is meaningful for x #—2.

:>|x+3[+x—x—2>0

x+2
|x+3]=2 B

P 2 o

Ifix+3]-2=0=x+3=4£2=x=-5,-1.
o Jxew3]=2
Hence, the sign scheme of the expression —~13 B
as follows:
£ + - +
:oo :5 rz ~14 +¢;.|
Fig. 1.23

From the above sign scheme, x &€ (-5,—2) U (-1, ).

IBRel I COREN Solve |x—1|+|x-2[=4.

Sol. Letf(x) be—1]+}x— 2|

A UIBSR) |D-ANC
x<1. [1-x+2 : x<-12
S T ’-'=>;x's'-_1;‘2 i
1€x<2 %= )4 >4,notpossible | .

.x'>:2: x—1+x 73 -3:2712;_-.-:;"_

Hence, thc solutmn 18X €E (—oo —132] U [7/2, e2).

BTN Solve |sin x + cos x | =

xe [0,2n].

Sol. The given relation holds only when sinx and cosx have
same sign or at least one of them is zero. .
Hence,x e [0, n/2] U [z, 37/2] U {27},

|sin x] + |cos xl,
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1. Solve the following:

a 1<|x-2|<3

h 0<[x-3|<5

¢ |[x—2|+[2x-3|=]x—1j
x=3
x+1
2. Find the domain of -

d <1

\/x+|x|

| 2x+3 | +|2x -3 | = ax + 6 has more than two solutions.

—cl.

3. Find the set of real value(s) of a for which the equation

4, Ifa<béc,thénﬁndtherangeoff(x)=|x—al+]x—b|+|x

5. Findtherangeoff(x)=\}l—\1x2—6x+9 .

Trigonometric Functions

1. y=f(x)=sinx
Domain — R, Range — [-1, 1]
Period — 27 _
Nature — odd, many-one in its actual domain
sin’x , [sinx] € [0, 1]
sink=0=x=nmnel
six=1l=x=@An+1)mw/2,nel
sinx=—-1=x=@An- 12, ne
sinx =sin a=x=nu+(-1)'e,ne I
sinx20=xe U{Zmr , T+ 2nm)

nel

Fig. 1.24
2. y=f(x)=cosx '
Domain — R, Range — [-1, 1]
Peried =21
Nature — even, many-one in its actual domain
coszx,]cdsxl e [0,1]
cosx=0=x=(2n+ 1)w/2,nel
cosx=1=x=2nmnel
cosx=—-1=x=02n+)mnel
COSX = COSEL = X = 2nT 4 anel

cosx=20=xe U[2mr—§,2nn+m’2]

nel

Fig. 1.25
3. y=f(x)=tanx
 Domain—R~Q2n+1)w2,nel;’
Range—{(—oe, )
Period > 7.

Nature — odd, many-one in its a¢tual domain
Discontinuous at x=(2n + 1Y m2n e I
tan’x,, [tanx| [0, )
tanx=0=>x=nmne l
tanx=tan a=>x=nx+a, nel

y

n

n|g

ST

'
1
il
[
1
[
1
'
1
]
i
[
]
1
1
1
"
[
1
I
]
'
'
[
[
v

Fig. 1.26

4. y=f(x)=cotx
Domain — R ~nm, n € I; Range — (—oo, o0);
Period — m;
Nature — odd, many-one in its actual domain
Discontinuous at x = n, ne [
cot’x, |cotx| € [0, <o)
cotx=0=x=2n+1)mw2,nel

y

3

nI%)
»




5. y=f(x)=secx

Domain — R~ (2n+ l)m"Z nel.

Range — (—es,—1] WU [1, 00)
Period — 2,
sec’x, |secx| € [1, o)

Nature — even, many-one in its actual domain

y

3

_li ! 5z
L2 12
Fig. 1.28 '
6. y=f(x)=cosecx
Domain - R~nm,ne I
Range — (—e0, —1]U[1, =)
Period — 27,
cosec’x, |cosecx| € [1, o)
Nature — odd, many-one in its actual domain
y
e j .
—J’Ii é ﬂ'i | 2 x
' 2 i \
e B A i o
i -: ]
Fig. 1.29

Important Result

f(x)=acosx+bsinx= va® +b* Sin(x+tan_l %)
= Va* +b* cos(x—gan‘l E)
a

Proof: Leta=rsino,b=rcosc

=a+b =

rzandtan o= 2
b

Now, f(x) =r(cos x sin @+ sinx cos ¢

=rsin(x+ )= Va® +b° sin(xﬂan_t —Z—]

Since—-1< sin(x +tan”! %) <1

=5 —\/iat2 +b° ﬁ‘Ja2 +b? sin(x+lan" %]S'\/az +b?

Functions 1.11

= The range of f(x) =a cos x + b sin x is

[ N |

Find the domain of the functions.

foy= o

14+2sinx

Example 1.21

Sol. To define f(x), we must have 1 + 2sinx # 0
=>sinx¢—-;- = x#Enm+ (—i)"%r ,NE z

Hence, the domain of the furiction is

L R4 {mr+(—1)" 1;5—, ne z}.

Example 1.22 JENNCIT A2 —% ot find the domain of

»0 Xl — 1
/@ 4 2sinx

. - . . 1
Sol. To define f(x), we must have 1 + 2sinx > 0 or sinx> e

The function sin x has the least positive period 27. That is
why it is sufficient to solve inequality of the form
sin x > g, sinx > a, sin x < a, sinx < a first on the interval of
length 27, and then get the solution set by adding
numbers of the form 27, n € Z, to each of the solutions
obtained on that interval. '
Thus, let us solve this inequality on the interval

';332]
27 3

sinx>—-1/2
/6 | | 7al6
- — : 1+ : B caet
7 * 1 T ! 7 Y
' S L . } . i L .
_ 2 -m*z'\! 1 iHe] J'I}Z T :.___ do :\“_,'_y=_ 112
- A VAT T 4
’I s.:_p L T -.{,_. \"
| 2n b
:..(___ ___________ -.—)-J' y= sin X
Fig. 1.30
. . 1 T T
From Fig. l.30,smx>—§ when—g<x<—6—

Thus, on generalizing the above solution, we get

2nw— £<I<2HE+?—E;?‘IE Z.
6 6 .

SBel I IWRR Find the number of solutions of sinx = %

Sol. Here, let £(x) = sin x and g(x) = % . Also we know that

~1<sinx<1=>-1< %51 —-10<x<10.

Thus, sketch both the curves when x € [-10, 10].
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(10, 1)
g{x) = x10

1

x’ ,\'3” /\I o)

_Wo 2 g\/zx 3x\amrz
AT

f(x) =sinx

y(
Fig. 1.31

From Fig. 1.31, f(x) = sinx and g(x) = —0 intersect at 7

points. So, numbers of solutions are 7.

E\ample. IWZE  Find the number of solutions of the equation
sinx=x"+x+1.

' 2
"Sol. Let f(x)=sinxandg(x)=x*+x+1= (x+-;—) +%

as shown in Fig. 1.32, which do not intersect at any/point,
therefore, there is no solution. '

(<112, 314y ¥

\ /g{x}=x2 +x+1
s
/

Tl

=12/ 0 T

'f(x) =sin X
/[

= X

Fig. 1.32

Example 1.25 Find the range of f(x) = sin®x—sin x.+ 1

2
Sol. f(x)=sin’x—sinx+1= (Sinx_%J "'%

; y 3 - I
Now,-1<sinx<l= ——<gsinx——<—
¥ Y 4 &

2
: =>0<[smx——} 2 ﬁés[sinx——l- +§£3
2 4 4 U 2 4
s 3
Hence, the range is [5, 3]‘

el BBl Find the range of f(x)=

2cosx—1"
Sol. —1<cosx=<1

=-2<2cosx<2

=-3<2cosx-1<1
_
2cosx—1
1 <-_—10r1£——1-—<oo

2cosx—1 3

For

=% —00 <
2cosx—1

) 1
Hence, the range is (-oo, -E]U[l, o).

,~3<2cosx-1<0or0<2cosx-1=1 *

Find the domain for f(x) = y/cos(sin x) -

Sol. f(x)= \Jcos(sinx) is definedif
cos(sinx) =0 (D)

¥=COS'X
1
E
X' ' -X
/m‘2 1 & 1

Y

Fig. 1.33

As we know, -1 <sinx < 1forall x

cos0=0

{Here, 8= sin x liésin the first and fourth quadrant}
i.e., cos (sin %) 20 forall x

ie,xe R :

Thus, the domain /(x) is R.

sinx . COSX

Example 1.28 RiditaES , then find
W\ J_Han X J1+cot X
\V the range of f(x).
Sl sin x cosx | i |sinl l
= x| —cosx |sin x|
ol. f(x)= = x| P sinx cos_ _

Clearly, the domain of f(x) is R~ {mr, @n+ 1)-’25; ne 1}

and period of f(x) is 2.
0, xe(0,m/2).
_ —sin2x, xe(m/2,7)
=Y o xe, 3m/2)
sin2x, xe(3m/2,2m)

= The range of f(x)is (-1, 1).

e R PLN Find the range of f(x) =sinx| +|cos x|, x € R.

-Eé)Sol f(x)=|sinx| +|cosx| Vx& R.

W Clearlyf(x)>0
' Also, f2(x)=sin’ x+cos® x+ |2 sinx cos x| = 1 + |sin 2x|
=1< fz(x)sz

=1<f@)<V2.

Find the range of f(8)=5cos 6 .

~ +3cos [9+g]+ T

Sol. f(8)="5 cos 8+ 3 cos (9+%J 3

33 Gino+3
2

=5cos 8+ % cos 80—



=Ec059——3fgsm6+3— (53—9-%?1) sin(6— ) +3
2 2 4 4

Thus, the range of f(6) is [~ 4, 10].

1. Find the domain of f(x)= v sinx +y16—x .

2. Solve (a)tanx<2, (h)co'sxé—%

3. Prove that the least positive value of x, satisfying

tanx=x+1, lies in the interval [% %)

4. Find the range of f{x)= sec[g cos’ J;} , where —eo <x<oo,
5. Ifxe [1,2], then find the range of f(x) = tan x.

6. Find the range of /(x) =

. -
1—3'Jl—sin2x

Inverse Tngonometnc Functions

Sx)=sin" x
Domain: [—1,1], .

T T
Range: | ~—, =
ge[ 2’ 2]

sin”! (sinx) = x, forall x e [-w/2; m'2]
forallxe [-1,1}

for all x [=1,1]

sin (sin" X)=x,

! () =—sin” (),

2t
-y - x
-1 0 1

-ml2+

Fig. 1.34
f(x)=cos” Iy
Domain: [- 1, 1]
Range: [0, 7 ] ' : y;

for all x € [0, 7]
forallxe [-1,1]
cos’! (-x) =7~ cos'x, forallxe [-1,1]

cos™! (cosx)=x,

cos (4;:05'l X)=x,

£
Lo

Functions 1.13

y
=4
w2
X' X

-

Fig. 1.35
f(x)=tan'lx -
Domain: R

- T
Ran
% ( 2 zJ |
an” (tanx) = x, forallx e (—7/2, m/2)
tan (tan™" x)&= x, forallxe R
tan~ (—x)=—tan "' %, forallxe R
________________ .
- - X
0
S s | M

Fig. 1.36
f(x)=cot'.1x
Domain: R
Range: (0, 7)

cot™ (cotx) =x,
cot (cot™ x)=x,
cot™! (x)=n- cot !x,

forallxe (0, m)
forallxe R
forallxe R

Lo

Fig. 1.37

flx)=sec'x

Domain: (—eo,~ 1] U [1, )

Range: [0, n_] ~{m/2}
sec! (secx) =x,

sec (sec”' x)=ux,

- sec ! (x) =T~ sec” x,

forallx e [0, ]~ {72}
forallx € (—eo,~11U[1,%)
forall x & (—oo, ~1] U [1,%)
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A
S |
i
]
r\
= :

[ !
-
-

; ‘lo
Fig. 1.38

f(x) = cosec” 'x

Domain: (—ee,— 1] [1,00)

Range: [—m‘ M 2]— {0}

cosec”' (cosec x) =x, forallxe [-x/2, /2] — {0}

forallx e (—eo, =11 [1,0)

. cosec™! (—x) = —cosec™ ! x, forallxe (—oo,~1]1U[1,50)

cosec (cosec™ x) =x,

Fig. 1.39

: 2
e Sk Find the domain of /()= sin™" [-x?_] N

o

Sol. f{x)='sin”’ ["7] is definedyif —1 < % <1 or-2<2<2

=0<x*<2
2<x<2
Therefore, the domain of f(x) is [—\[i ; V2 ].

eI CE PN Find the range of f{x) = sin? x+tan” x+cos™ x.

Sol. Clearly, the domain of the function is [-1, 1].

(as x” cannot be negative)

- Alsotan'xe [—E, E] forxe [-1, 1]
4" 4

Now, sin™ x+cos™ x= g forxe [-1,1].

Thus, f(x)= tan™ x+% _wherexe [-1,1].

Hence, the range is [—-E+E, £+£:| = [_1_:_, 3—”]

Sol. We must have cos  x 2 sin”! x

T el s -l
= E-sm x2sin” x

T . -
= 5225111 'x

G2 b1 B
= sin'x< Z,but—ESsm 3

. b4 T
= sin|—— |Sxssin—
2 4

. . TR
('.‘ Sinx 18 mcreasmg function 1n I:"' —2‘-, _]]

2
= XE [-1 -1—]
2 -J’Z_ - .
ST ; o 2x
Find the range of tan 5 |-
3 T4
v/ . 4 ¢

. 2
Sol, First, we must get the range of N x = =¥
+x

Wehaveyx” —2x+y=0
Sincexisreal, D=0,=>4 - 4y2>0=> 1<y<1

= tan" ()€ [*%, E] (as tan x is an increasing function).

- Z
e KA Find the domain for f (x) = sin™ [_—-—l 42-x ] 4
X

) 2 ¥ 2
Sol. f(x) = sin™ LR is defined for -1 < % £1, or
2x g 2x
' 2
1+x <1
Zx
= |l +x%<[2x], forallx.
= 1+x*<2x|, forallx (as 1+x>>0)
= x*-2x|+1<0
= |xf?-2Jx|+1<0 (as x> =|x%)

= (Ix|-1)’<0

But (jx| - 1)? is always either positive or zero. Thus,
(x]-1)?=0=|xj=1=>x==%l.

Thus, the domain for f (x) is {~1, 1}.

Examplel’*ﬁ Find the range of f (x) =cot ' (2x— x%).

\? Sol. Let 8=cot™' (2x—x7), where 8¢ (0,7)
= cotf=2x—x*, where 8¢ (0,7)
= cotf=1—(1—2x+x"), where O (0, %)
= coté=1—(1—x)’,where 8 (0,7) -
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= cot0<1,where e (0, m)

= = sB<':r.
4

= Therangeof f(x)e [%, J’E].

1. Find the domain of the following functions:

=y R

& Jiy= sin” x

' x

b f()=sin" (x—1|-2) _ :

¢ f(x)=cos™(1 +3x+2x%) Logarithmic Function

d f(x)= Eiﬂf-_—g') Logarithm function is the inverse0f exponential function.

G xP Hence, the domain and range/of the logarithmic functions are
(6-3x Sl - range and domain of exponential function, respectively.
e. flx)=cos'| — +cosec | —— Also, the graph of function.can be obtained by taking the mirror
4 2 : graph Ofg ) :
. : _ image of the graph of the exponential function in the liney=x.
f f(x)= sec”! (m] _ ~ y=log,xma>0anda#1
4 ' Domaifi=> (0, 2s)
2. Find the range of f(£) = tan"" (\/xz “ox+ 2] : . Rafige— (=%, )
) ' ' “Period = non-periodic
3. Find the range of flx) = J cos! y1- x? =sin"'x Natare — ne;ither odd nor even
4. Find the range of the function, |
log, x(a > 1)
Fx)=cot™ logys(c* ~ 2x* +3)

Exponential and Logarithmic Functions

o ) \ - X
Exponential Function ; \
y=da.a>1 ; logax(0 <a<1)
Domain—R . "
. - .1.42
Range - (0, o) : Fla: 142
Nature — ¥ y=logax
Non-periodic v =logs x
-One— one : = 'y =logsx
Neither odd nor even T r=lognx
Monotonically increasing, (a > 1)
Monotonically decreasing, (0 <a <1)
0 1
y
O<a<1} 1 a>1
\ .
A"
Ay
g
. RN i : Fig. 1.43
X’ / i o PO > X Properties of Logarithmic Function
; Forx,y>0anda>0,a#2 - T
| L logiy)=logxHlogy
Fig. 1.40 2. log (aly) =logx ~log,y

LD)=blog,x. . -




1.16 Calculus

K b.

...:}..4' Ing"y _-_IOg-“y-_'" .

x)y, lf a>l ;
<y,—' 1f 0<a<1 e

: ‘\'-_6. Iflog,x= y:)x a" LR b

5. Iflog,,plog,,y'::{

7-.'_' Iflogaxbvy::» e

T

Sol. Wemusthaveg(xj=[ i~3 ]20 = Bl <0

7% -17 7 =17
Now5 —1=0=x=0and 7" -7=0=x=-1
The sign scheme of g(x) is '
-, + I'_
10
Fig. 1.44

Hence, from the sign scheme of g(x)
x€ (—o0,—1)U[0,0).

Find the domain of

Example1.38 -

16)= (0.625)*3F — (1.6 .

Sol. Clearly, (0.625)4‘3" > (1'6)::(&43)
' 4-3x, o \x(x +8)
” [E] . [ﬁ)
8 5
3x—4 x(x+8)
-
5 5

=3x—-42x"+8x=x"+5x+450
—=—-4<x<-1
‘Hence, the domain of ﬁmctlon f(x)isxe [-4,-1].

IR CH G Find the range of

a. f(x)=log, sinx
b.f(x)=logy(5— 4x—x%)
Sol. a f(x)=log,sinxisdefinedif sinx (0, 1]
for which log, sinx € (—eo, 0].
b f(x)=logy(5-4x~x%)
=logy(9—(x—2)*)
© f(x)is defined if 9— (x—2)*> 0, but 9 — (x—2)*<9
= 0<9-(x-2)°<9 '
= —oo<logy(9—(x—2)%) <log9
Hence, the range is (— o, 2].

Example 1.43

(Bt ARl Find the domain of

. J(x) =log,q log, logy, (tan™ x)™.
Sol. “We must have log, logy, (tan™ x)™ > 0
= logy, (tan' x)'>1
=0<(tan'x)' <2/
= 71/2 <tan™' x < oo, which is not possible.
Hence, the domain is ¢.

e IS RIW Find the domain and range of

S &)= y/log;(cos(sinx)). .
Sol. f(x)= Jlogg‘(cqs(sinx)) =

f(x) is defined only if log;(cos (sin x)) 2 0

.= cos (sinx) =1
= cos(sinx)=1as—1<cos 8% 1
=sinx=0=x=nmne L
Hence, the domain consists of the multiples of 7, ie., Dommn
={nmne I}.
Also, the range is {0}

Solve logy(®— 1) <0.

Sol. Givenlog,(F=1)<0
Ifx>1, then.
=0<x=1<1
L1=<xt<2
% xe [—2,-)U(1,V2]

Uexe (1,42]
Fo<x<l=P-121=x22
=X€E (—m,—ﬁ]u[\[i’w)
=x=¢
Thus, x € (l,\/f].
Findﬂlemnnberofsolqﬁonsof?+3‘+4x—5x=0

Sol. Z*+3*+4*-5"=0
=2+ +4°=5

-

Now, the number of solution of the equation is equal to
number of times

2 X 3 x 4 X .
={=| 4| =| +|=| andy=1 intersect.
¥ [s] (s) (5} 4

L3
\ el
= X
0
r k
Fig. 1.45

From the graph, the equation has only one solution.



e BEZN Find the domain of /(x)=sin"" (logg(x*/4)).

S.ol. We have f(x) =sin™’ {logg [é)}

Since the domain of sin™* xis [-1 1].

) .
Therefore, f(x) = sin! {lcng9 ({T)} is defined,

(Cag|xjsb e
x€ [-b,—ajua, b])

Hence, the domain of f(x) is [—6, —-g] U [_% p 6] ;

3
IRCL AN Find the domain of function

f(x)=log, {logs(log; (18x~x"~77))}
Sol. We have f(x) = log, {logs (18x—x*~77))}

Since log, x is defined for all x > 0. Therefore, f(x) is

defined if ;
logs {log; (18x—x*~77) } >0and 18x—x*<77> 0
= log; (18x—x*~77)>5andx* — 18x+77<0
= log; (18x—x*—77)> 1 and (x— 11) (x 27) <0
=18x—x*-77>3'and 7<x<11
= 18x—x*—~80>0and 7<x <1l ,
=x*—18x+80<0and 7<x< 11 9
=5 (x—10) (x—8)<0and7<x<11
=8<x<10and 7<x<11
=8<x<10
=xe (8,10).
-_Hence, the domain of /(x) is (8, 10).

_ _ =3
2 SR Find the domain of f(x)= ]ogo",(x 5).
X

- =]
Sol. f(x) = ,[logy4 (I—lj exists if logg, [—]20 and
SAEES

x+5
x+5

_] =
oy 2 S04 ppd
x+5 x+

+

=

x-1

>0
5

x—1

>0

=>x—_151and
x+5 X+

Functions 1.17

=27l 1<0md 250
x+5 x+5
= e <0and E_—1>0
x+5 x+5

i
—x+5>0and ——>0
x+5

=x>-5andx-1>0
=x>-5andx>1
Thus, the domain f(x) € (1,0).

" (asx+5>0)

Find the domain of the following funetions: (1 to 7)

2 K
1. fE)=\4"+ 83(”_) - "R
2. f(x)=sin"" (logp¥)

3. f(x)=log, 4(F=1lx+24)

4. f(x)= 4._3:‘; +log;q (13 -x)

'lo 22|
8 f(x)= goTlT | |

A\ _logox
6. f(x)= J“’gm {2 (3 - logyp x)}

1
Jiogl 12 (x2 -Tx+1 3)

7. f®)=

inx— +34/2
8. Find the range of f(x) = log, [Smx c:)/six J_]

‘Greatest Integer and Fractional Part Function

Greatest Integer Function (Floor Value Function) -
y=f(x)=[x] (Greatest integer < x)

I

1"'1

Y Tp——
Y
ES

*x
N
|
. —
o
|
—
—
N |

Y.
Fig. 1.46

Graph of y =[x]

S RRange—Z; .
e Dxe [mntl)s
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® x—1<[x]<x

o [-x]+[x]=0,ifxe Z

o [x]+[x]=-1,ifxe Z.

e [x]zn=x2nne’Z

e X]<n=>x<n+l,neZ ...

* kI>n=x2n+l, nEZ

Lhegh o - =
[x]22=x€ 2, o0)

: [x]>3=>[x]>4=>xe [4 o0)

F{acﬁonaf Part Function
y=f(x)={x}=x~[x]

©, 1

) Graph of y = {x}
Propertles
e Domam—)R Range—-)[o 1); Penod—) I3

e . {x} Fx}= 0ifx T

L {x} £ {x} = i 1fx$ L il - G

Find the domam of

J)=([x1-1) +J(4—[x]) , (where ]
the greatest integer function).

Sol. Givenf(x) = \/([x]-1) ++/(4=[x])

- f(x) is defined when [x]-120and 4 - [x] =20
~1s[x]sdorlsx<s.

Hence, the domain of f (x) =D;=[1, 5).

represents

Find the domain and range of f(x) = sin™ [x]
(whem { ] represents the greatest integer function).
Sol F(x)=sin"" [x] is defined if - 1<[x]41

= [x]=-1,0,1

=xe [-1,2)

= Rangeis {sin"'(=1), sin™ 0,sin”" 1} = {~m/2, 0, w/2}.

Example1.48

Find the domain and range of /() =10g {x},
where { } represents the fractional part function).
Sol. Weknowthat0<{x}<1V xeR
Now when {x} =0, log {x} is hot defined. So x cannot be
integer. Hence, the domainis R —1.
Now for 0< {x} <1, e <log {x} <0 => Rangeis (—,0)

Find the range of f(x) = [sin{x}] where {.}

represents the fractional part function, [.]
represents greatest the integer function.
Sol. f(x)=[sin {x}]

Here, {x} can take all its possible values and sine function

is defined for all real values.

Hence, 0< {x} <1

= 0<sin {x} <sin 1

= [sin {x}]=0.

Hence, the range is {0}.

Solve2[x]=x * {x}, where [.] and {.} denote
: the greatest integer function and fractlonal part,
: ~ respectively:
Sol. Given2[x]=x+ {x}
= 2= [x]+ 2 {x}

:»{x-_}=[—x1
[x]

Example 1.51

=0<—«<l1

= 0<[x]<2
= [x]=0,1.
For [x] =0, we get {x} =0=>x=_0‘

' 1 3
For[x]=1,weget {x} = 3 x= 5

Exmple 19y Find the range of f(x) = Lm—,where [1
. 1-[x]+x
\> . represents the greatest integer function.
x—[x] {x} 1
1. = = s -
Sk S e 1+6) 1+{x)
Now, 0< {x} <1 i
S1<{x}+1<2
= l < <1
2 1+{x}
= -1<- ! _l
1+ 2
= 0<1- < l
1+{x} 2

Example 1.53

Solve the system of equation in x, y, and z
satistying the following equations
x+[y}+{z}=3.1

{x}+y+[z]=43

[x]+{y} +z=54

(where [.] denotes the greatest integer function
and {.} denotes fractional part.)




Sol. Adding all the three equations 2(x + y + z) = 12.8 or

x+y+z=64 )
Adding first two equations, we getx +y + z + [y]
+{x}=74 @
Adding 2nd and 3rd equations, we get x + y + z + []
+{y}=97 _ ' &)
Adding st and 4th equations, we get x +y + z + [x]
+{z} =85 @

From (1) and (2), [y]+ {x} =1

From (1) and (3), [z] + {¥} =3.3

From (1) and (4), [x]+ {z} =2.1
=[x]=2,p1=1,[z1=3, {x} =0, {y} =0.3 and {z} =0.1
=x=2,y=13,z=3.1.

el Solvex®—4—[x]=0is (where [.] denotes the
greatest integer function).
Sol. . The best method to solve such system is graphical one.
Given equation is x* —4 = [x] '
Then, the solutions of the equation are values of x where
graph y =x* — 4 and y = [x] intersect.
¥y

e
T

4

_z\_ b

" Fig. 1.48

From the graph, it is seen that graph intersects, when
#—-4=2andx*-4=-2

=xP=60rx’=2

= x= 6 or —2

0<{x}<05

[x]‘l .
Ex ILRREE Iff(x)= th that
xamp f(x) {[x} 11,08 (x} <1 en prove tha

f(x)=—f(=x) (where [ . ] and { } represent the
greatest integer function and fractional part
function). '

_ [, 0s{=x<05

Sol. f(-x) {[_x}-g-l, 0.5<{x}<1
[-x1, {=x}=0

=3[-x], 0<{-x}<05

[-x]+1, 0.5< {-x} <1

-l (<=0

=d-1-[x], O0<l-{x}<0.5

—1-[x]+1, 0.5 <1-{x} <1

({x, =0

—l-[al,  O5<jged

-x), 0<{}<05

A
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_ {-[x], 0<{x}<0.5

-1-[x], 05<{x}<1
(), 0£{x}<05 _
- {l+[x], os<py<1 @

pplicatic

In the following questions:
([x] and {x} represent the greatest integer function and
fractional part function, respectively).

1. Solve [xP—5[x]+6=0.

2. If y = 3[x] + 1 = 4[x — 1] — 10, then find the value of|

[x+2y].
3. -Find the domain of
1

T 1 1 N=
/0= =8 WO

4. Find the domain of fi(x)= Wl—lm
l-111-

5. Find thedomain of (x) LS
. : 1 e
l | logs (1—4x7)

c.f(x)= log{x}.

& . +cos™t (1 - {x}).
6. Find the range of f(x) = cos(log, {x}.

x
7. Find the domain and range of f(x) = cos™! logg) [l l] .

X

&

Find the range of f(x) = log,_; sinx.
9. Solve: (x—2)[x] = {x} — 1, (where [x] and {x} denotes the
greatest integer function less than or .equal to x and
fractional part function respectively).

Signum Function "
y=f(x)=sgn(x)

| x|

sgn(x) = X’ x#0 or
0, x=0
-1, x<0
sgn(x)=40, x= 0
1, x>0
Domain — R;

Range — {~1,0,1};
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Nature : Many one, odd function

x
In general, sgn(f(x)) = 1 | ;E x; I’ F#0
. 0, f(x)=0
-1, f(x)<0
orsgn(f(x))=40, f(x)=0
L L f(x)>0

Example (Bl Write the equivalent (piecewise) definition of
J(x)=sgn(sinx). -

-1, sinx<0
Sol. sgn(sinx)=40, sinx=0
| I, sinx>0 _
(-1, xe((2n+V)m, (2n+2)7),neZ
=10, x=nmne’Z
1, xe(2nx, (2n+1)n),neZ
y
x,‘ ‘J' \=—ﬂ.' Fi \= -=z \' _—
-2n s S % S 2n 3r
. —
y
Fig. 1.50

Find the range of f(x) = sgn(® — 2x + 3).
Sol. X-2x+3=(x—1)’+1>0V xe R.
= f(x)=sgn(x*—2x+3)=1
Hence, the range is {1}.
Functions of the Form f(x) = max.{g, (%), g,(x), ...,
g,(x)} or f(x) = min.{g, (x), g;(x); ..~ g,(x)}

Let’s consider the function f(x) = max. {%;x*}

To write the equivalent definition of the function, first draw
the graph of y =xand y = x°.

Now from the graph, we can see that

4
2 y=x2 V=X
| [rmrmmgd —Neglecling
X'— 4 it \ i : - X
) -1 o 1 2
Neglecting
Neglecting
-y'
Fig. 1.51

For x € (o, 0), the graph of y = x* lies above the graph of
P=X; orx*>x.

Forxe (0, 1), the graph of y = x lies above the graph of y=x" or
x>x* _
For x € (1, «), the graph of y = x* lies above the graph of

 yp=xorx*>x.
xz, x<0
Hence, wehave f(x)=1x, 0<x<1
xz, x>0
x, x<0
For f(x)=min. {x, ¥}, we have f(x)= {x*, 0<x<I
x, x>0

Iff: R R, g: R —> R be the two given functions,
_ then prove that 2 min {f(x) — g(x), 0} = fx)

—g(x) — lg(x) — ).
Sol. h(x)=2 min {f(x)—-g(x),0}
R { 0 6> 2(x)
20/ - 26, Fx) < g(x)

_ ) -gx- |/G) -], f(x)>g)
@ =g@ =) -g®)], f()<gl)

hOy=f () —g(x)~18() - ().

Draw the graph of the function f (x) = max {sinx,
' cos 2x}, x € [0, 2m]. Write the equivalent
definition of f(x) and find the range of the’

function. -

Sol. sinx=cos 2x
=>sinx=1-2sin’x
=2sin’x+sinx—1=0
= (2sinx—1)(sinx+1)=0
= sinx=1/2orsinx=-1
=x=7m/6,5n/60orx=17

T
H

y= rli'nax{sin X, cos 2x}

1{2 RN 3ni2 ‘:gn
\ = sjn x

-

y=cos 2x
Fig. 1.52
cos 2x,0<x < d
6
: . T Sn
From the graph f(x) =4 sin x,Ech -

cosh,%-cxgbr

L

Also range of'the function is [—.1_,- 1].



1. Consider the functionf(x)=max. {1, x—1],

min{4,3x—1|}} V¥ x € R, then find the value of /(3).
2. Find the equivalent definition of
f)=max. {*, (1-x)>, 2x(1 —x)} where 0<x<1.
3. Write the equivalent definition and draw the graphs of the
following function. '
a f(x)=sgn(logkx])
b f()=sgn(~x)

DIFFERENT TYPES OF MAPPINGS(FUNCTIONS)

One-One and Many-One Functions
If each element in the domain of a function has a dlstmct image in

' the co-domain, the function is said to be one-one. One-one

functions are also called injective functions.

For example, f: R — R givenby f(x)=3x+5is one-one.

On the other hand, if there are at least two elements in the
domain whose images are the same, the function is known as
many-one.

Forexample, f: R — R given by f(x) =x*+ 1 is many-one.

Note that a function will be either one-one or many-one.

Lines drawn parallel to the x-axis from the each corresponding
image point should intersect the graph of y=f(x) at one (and only

one) point if f(x) is one-one and there will be at least one line

parallel to x-axis that will cut the graph at least at two different
points if f(x) is many-one and vice versa.

Graph of f(x) = 3x + 5 (one-one function)
Fig. 1.53

Note that a many-one function can be made one-one _by-

restricting the domain of the original function.

\ y fx)=x2+1

————

X
—Xz2—X1

o
>

1 X2

Graph of f(x} = x2 + 1 (many-one function)
Fig. 1.54

Functions 1.21

Methods to Determine One-One and Many-One

a. Letx,,x, € domainof fand if x, #x, = f(x;) # f(x2) for
every x;, x, in the domain, then f is one-one else many-
- one.
h. Conversely, if f(x;) =f(x) =>xl =x, for every xi,xz 1n thc.
" domain, then fis one-one else many-one.
e i-.e. If the function is entirely increasing or decreasmg in the
» domain, then fis one-one else many-one. - ;
e d. Amy continuous functxon f(x) that has at least one 1ocal
: axn;na orlocal minimais many-one. 3
e All even ﬁmctlons are many—one ] :
L All polynmmals of even degree deﬁned in R have at. 1east
- one local maxima or minima and hence are many—one in the
: omain R. Polynormals of‘odd degree can be onc one or
© " rhany-one. :
g. Iffisa rational ﬂmcnon, then f (xl) = f (xﬁ wﬂl always be
-'satisfied whmxl =Xpin the domain. Hence; we can e
S f (xz] (. -x2) g(x;, xz) where g(xy; %) is some
: ‘=0 _gives sornq
and hes inthe

olutxon whlch is: dlfferent ﬁ'om xl"—. X
omam then f is rnany one clse one- -one

eione or many one

x+4x7

eI SN Letf: R— R wheref(x)= Is f()

L \9 one-one?

- Sol. Letf(x))=f(xy)

x4 +7 _ x)+4x+7

X +x +1 X2 +x, +1 _

= (= %) (2%, + 2%, + x5y + 1) =0

One solution is obviously x; = x,

Let us consider 2x; +2x, +xx, +1=0

Here, we have got a relation between x, and x, and for
each value of x, in the domain we get a corresponding
value of x, which may or may not be same as x;. Let us
check this out:

If x, =0, we getx, =—1/2 #x, and both lie in the domam of
f Hence, we have two different values x; = 0 and
= —1/2 for which f(x) has the same value.

That is, £(0)=f(~1/2) =7 and hence fis many-one.

e gl If /: X — [1, =) be a function defined as

fy=1+ 3x°. Find the super set of all the sets

\.\' X such that f(x) is one-one.
Sol. Note thatf(x)21
=1+3021
=x 20

T =xe [0,00).
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Moreover, forx;, x; € [0, 00), x; #X,
=1+3x>21 +3x,°

= f(x) 2/ (x)

Thus, f: [1, eo) is one-one for x € [0, ==).

3 0nt6 and Into Functions

Letf: X—> Ybea function. If each element in the co-domain Y has
at least one pre-image in the domain X, that is, for every
y € Ythere exists at least one element x € X such that f(x) =y, then
fis onto. In other words, the range of /= Y for onto functions.
- On the other hand, if there exists at least one element in the
co-domain Y which is not an image of any element in the domain
X, then fis.into. '
Onto function is also called surjective function and a function
which is both one-one and onto is called bijective function.

For example, f: R — R where f(x) = sin x is into.

f:R— Rwheref(x)=ax’+bis onto where a#0,b € R.
Note that a function will be either onto or into.

Methods to Determine Whether a Function is Onto or
Into

a. If range = co-domain, then fis onto. If range is a proper
subset of co-domain, then fis into.
h Solvef{x)=y forx, say x=g(y).

Now if g(y) is defined for each y € co-domain and g(y) € domain
of fforallye co-domain, then f(x) is onto. If this requirement is
not met by at least one value of y in the co—domam, then f(x) is
into.

Remark

‘a. An into function can be made onto by redefining the
co-domain as the range of the original function.

h Any polynomial function f: R — R is onto if degree is
odd; into if degree of f'is even.

Number of Functions (Mapp'it_lg's)

Consider set 4 has n different elements and set B has r different
elements and function f1 4= B

- functions “of objects

~Description - - | 'Equivalent to number of waysin | Number of functions .
: |- which n differentballscanbe | ) L

s et 1 M1 _:distnbuted amongrpersonsxf 5

. 1. Total number of | Any one can get any number

2. Total number of -one-
to-one function

Each gets exactly I object (
| permutation of n chﬁ'erent objeef;s J‘
"| taken ratatime © -

At least one gets more than one
_ba]l

3. Total number of many-
" one functions

5c, .,
N fon n
By R G 1
g

r2n

r<nm

EaCh gets at _Icast‘éné" H STl

~4. Total number ofonto . St =TG- n "'?Ci (r=-2)"- -'C;(r —3)' 4., 7 <n_.'_ .
© ‘functions ) : -t e i
£ 0;: " r>n
5. Total number of into i "G =1 - "C, (r—2)" + "Gy (r=3)" - r<n
function B ! . -
r”’ T n

* 6. Total number of
constant functions

Al the balls are received b‘y_
‘any one person

OISR et/ R — R where f(x) = sin x. Show that fis

into.

Sol. Since the co-domain of fis the set R, whereas the range of
[is the interval [-1, 1], hence fis into.
Can you make it onto?
The answer is ‘yes’, if you redefine the co-domain.
Let fbe defined from R to another set Y= [-1, 1}, i.e.,

f: R — Y where f(x) = sin x, then f is onto as range
SO=-L1=¥
IRV TICRRR] Let /@ N — Z be a function defined as
f(x)=x—1000. Show that fis an into function.
Sol. Letf(x)=y=x—1000 :

= x=y+1000=g(y) (say)

~ Here, g(y) is defined for each y € I, but g(y) € N for
y<-1000. Hence, fis into.




BT CMRTEY et A = {x: -1 <x < 1} = B be a mapping

f:A— B’

Then, match the following columns:
Column I ColumnIT
(Function) (Type of mapping)

p fx)=[x a. one-one
g flx)=xlx| b many-one
r. ix)=x3 ¢. onto
5. flx)= [x] where[-] | d into
represents greatest
integer function
t. f(x)=sin % *

p-(b,d) g—(a,c) r—(a,c) s—(b,d.) t.—(a,c.)
Sol. p.f(x)=x|

¥ ' - X
- 0 1

Fig. 1.55
The graph shows that f(x) is many-one, as the straight

line parallel to x-axis and cuts at two points. Here, the!

range for f(x) e [0, 1] which.is clearly a subset of co-
domain, i.e., [0, 1] < [-1, 1]. Thus, into. '
‘Hence, function is many-one-into, thereforé neither
j injective nor surjective.

o [X2, x20
@f@=spi=1" ",
—x°,x<0
¥
. y:xz
x” : X
-1 7|0 i
H S B 4
4 '
- S
£
y=-x2
v
Fig. 1.56

The graph shows that f(x) is one-one, as the straight line
parallel to x-axis cuts only at one point.

Here, the range f(x) € [-1, 1].

Thus, range = co-domain.

Hence, onto.

Therefore, f(x) is one-one and onto or (bijective).

r.f()=x,

Functions 1.23

“F !

Fig. 1.57

The graph shows that f{x) is one-one onto (i.e., bijective)
(as explained in the above example).

5.f(x)=[x],

X — —p———— X

Fig. 1.58

The graph shows that f(x) is many-one, as the straight line .
parallel to x-axis meets at more than one point. '
Here, the range f(x) € {~1,0, 1}, which shows into as the
range C co-domain.

Hence, many-one-into.

t.f(x)=sin %{

Fig. 1.59

The graph shows that f(x) is one-one and onto
as range = co-domain.
" Therefore, f(x) is bijective.

|3 SN Show f: R — R defined by

f()=(x—1) (x—2) (x~— 3) is surjective but not
injective.
Sol.

e

Fig. 1.60
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Graphically, y=f(x)=(x—1) (x— 2)(x-3),
which is clearly many-one and onto.

12

If the function f: R — A4 given by f(x) = Z4
is surjection, then find 4.

Example 1.66

Sol. The domain of f(x) is all real numbers.
Since, f: R — A is surjective, therefore A must be the range

of fx).
Let f(x)=y
= y= x
x2 +1
= Jc2y_+y=x2
= Xx= o i exists, if = Bl
1-y 1-y
- \ + 5 -
0 1
Fig. 1.61

= 0<y<l.Hence,4€ [0,1).

T B 1f/: R — R be a function such that f(x) = %

+ ¥ + 3x + sin x. Then identify the type of
function.

Sol. f(x)=x3 +x*+3x+sinx

= f(x)
=3 +2x+3+cosx

2 . 2
ol (eea] ifrsmn som{ (s3] 5

:-§

and — cos x has a maximum value 1.

= f(x) is strictly increasing and hence one-one.

Also lim f(x)=o and lim f(x)==°9" Thus, the
X—yoo X—p—o L

range of f(x) is R, hence onto.

Examic 100 RIEREE RN,
xam_pe = X , nen
x_le—\E, xeQ

identify the type of function.
Sol. /(2)=/(3""*)=> many-to-one function
and f(x) # J3 ¥ xe R= into function.

Conce slication Exercis
1. Which of the following functions from Z to itself are
bijections?
a f(x)=x b f(x)=x+2
¢ flx)=2x+1 d fx)=x*+x

-1
_n__, when 7 is 0dd jdentify the
2. ff:N—>Z f(n)=

——, when 7 is even

: 2
il
3. If f:R— Rgivenby f(x) = _IT_I_' identify the type of
; x“+

function. .

4. If f:R— S, defined by f{x)=sinx— J3cosx+ l;isonto,
then find the set S.
5. Let f:(=1,1) > Bbea function defined by f(x)

X .
5, then fis both one-one and onto. when B is

a4 2
=tan ——>
1_
T n
0,— b 0, —
- [o3) »(05)
o[22 d _E,fi]
2 2 22

2.k
6. Letg: R— (o,ﬂ is defined by 2(x) = cos™ [" z].

1+x

Then find the possible values of ‘k* for which g is
subjective function. <

EVEN AND ODD. FUNCTIONS

Even Function
A function p=f(x) is said to be an even function if f(=x) =
f(x)¥xe Dy ;
Graph of an even function y = f(x) is symmetrigal about the y-
axis, i.6,, if point (x, y) lies on the graph then (-, y) also lies on the

the interval.

y
| ‘ y=s
o
@
¥ y=1x|
45° 45" '
p o — X
Y
v
()
Fig. 1.62

0dd Function

A function y = f(x) is said to be an odd function if f(-—x)

=—f(x)Vxe D;. _ ‘
Graph of an odd function y = f(x) is symmetrical in opposite

quadrants, i.e., if point (x, y) lies on the graph then (~=x, —y) also

lies on the graph.




¥
L o
y y=x3
=¥ x’ - X
0 @ o]
a
(b)
Yy
4 y=sinx

Fig. 1.63
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! A function can be either even or odd or neither.

." .5 & e Function (not necessarily even or odd) can be expressed

'asasumofanevenandanoddﬁnmhon,le,

[f(x)+f( x)] (f(—x)—f(ex))

oo

can now easﬂy be shown that A(x) is even and g(x) is odd
3 Thg._f_ﬁrst denvanvc of an even functaon is an odd. funct:on

f e domam off, then for odd ﬁmct:on §i63) wh:ch is
continuous atx = 0, (0) = O4ie., if for a function, f(O)
# 0, then that-function cannot be odd. It follows that fora
dlfferent:able even funetion T (0) 0; ie., if- ﬁ)r a

_. - only ﬁmwon which is defined on the ent:re
number line 1s even and odd: at the same time.

e -:..:14»:\.

ery ' cn ﬁmcnon y = f (x) is many—one Vx & Df

fog'_<x)-l'f*i-

Even .

Bven

. 0dd

Example 1.69 Wlnch of the following functions is (are) even,
odd or neither

a f(x)=x*sinx.

h f(x)= Vi+x+32—Vl=x+x" .

L efe- 1ogﬁ+j,
d‘f(x)=10g(x+vl+x2).

‘e. f(x)=sinx—cos x.

—X

£ 100~ ex 2

Sol. a f(—=x)= (—x) sin (~x) =- sin x =~/ (x), hence f(x) is
odd.

b f(=x)= \/1+(—-x)+(—x)2 —Jl—(—x)+(—x)2
= Vl—x+x* —Jl+x+x°

=—f(x), hence f(x) is odd. i

o fH)= 1og(i;§:3] - log(i—t—::J

=— f(x), hence f(x) is odd.

d (=)= log(—x+M)

[(—x+'\}1+x )(x+\)l+x )]
: (x+1+x2)

= log[——l-——J =—f(x), hence f(x) is odd.
14 x2

e. f(—x)=sin (—x) —~cos (=x) =—sinx — COS X. Hence f(x)
is neither even nor odd.
*1e ) et e

ff= x)“ =5 == 3 = f(x), hence f(x) is

even.

Prove that(x) given by f(x +3) =/() +/() ¥

x € R isan odd function.

Sol. Gwenf(x+y)—f(x)+f(y) YxeR ’ )
Replace y by —x , we have f(x—x) = f(x) + J=0
= f(x)+/(=x) f ) .

Now put x = y = 0 in (1), we have f(0 + 0) = f(0) +f(0) '
= £(0)=0.
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Then from (2), f(x) + f(~x) = 0 . Hence, f(x) is an odd
function.

Extension of Domain

Let a function be defined on a certain domain which is entirely
non-negative (or non-positive). The domain of f(x) can be
extended to the set X= {—x : x € domain of f(x)} in two ways:
a. Even extension: The even extension is obtained by
defining a new function f(—x) for x € X, such that f(—x) =
J&.
b. Odd extension: The odd extension is obta.med by
defining a new function f(-x) forxe X, such that f{-x)

()

\ _
'\‘ Example 1.71

et

3 x? <x<

I£f(x) = X +x forO"I_'z.Then
x+2 for2<x<4

find the even and odd extension of f(x).

Sol. For even extension f(x)=f(-x)

/

(=x)* +(~x)%, 0<-x<2
J&x)=f(=x)=
ST { —x+2, 2<-x<4
-x+2, —-4<x<-2
-2’ +x%, -25x<0

The odd extension of f(x) is as follows:

5() x-2, —4<x<-2
x =
x —xz, -2<x<0.

DI BPY Let the function f(x) = x* + x + sin x — o8 x

+log(1 + [x|) be defined on the interval [0, 1].
Define functions g(x) and A(x) in [-1,,0]
satisfying g(—x) = — f(x) and h(-=x) = f(x)
V xe [0,1].
Sol. Clearly, g(x) is the odd extensionof the functron f(x)and
h(x) is the even extension.
- Since x?, cos x, log(1 + |x|) are even functions and x, sin x
are odd functions.
gxX)=-x"+x+sinx+cosx— log (1+xP
and A(x) = x* - x — sin x — cos x + log (1+ |x])
Clearly, this function satisfies the restnctlon of the
problem.

Conce'. Applxcatlon Exercrs :

Identify the followmg functions whether odd or even or neither

- )= (gx)-g=x))*

: 4, 2
x +x°+1
f(x)= log | ————
/ B x4+ x+1

 f(x) = xg(x)g(x) + tan (sin x)

. f(x}=cos |x| + [ :l

ek

I

%]

sinx

ES

where [.] denotes the greatest integer function.

5. f(x)=log(x + \/ﬂ]

x|x|, x<-1
6. f()=q[x+1]+[1-x], -1<x<1,
—x| x|, x=1:

where [ ] represents the greatest integer function.

PERIODIC FUNCTIONS

A function f: X — Y'is said to be a periodic function if there exists
a positive real number T" such that f(x +1) = f(x), for all
x € X. The least of all such positive numbers T is called the
principal period or simply period of /. All periodic functions can
be analyzed over an interval of one period within the domain as
the same pattern shall be repetitive aver the entire domain.

In other words , a function is said to be periodic function if its
each value is repeated after a definite interval.

Here, the least positive value of T is called the fundame.ntal
period of the function. Clearly, f(x) = f(x + T) = f(x + 27T)
=/(x+3D)=... :

Important Facts about Penodic Funcl:lons

L o flak b+ aT’) —f(ax * b)

S Syt aT’)=f(») =fly* T)

L T=|al|=T"=Tla = (- penod i alway

o Let f(x) has period p = m/n (m,n € N and co—pnm_'

- g(x) has penod q n"s (r seN and co—pnme) an
LCM of (m, r)

HCF of (,s) ="+

- Then 1 will be the perlod of f+g, prowded lhere does not

~ exista positive number k (< ¢) for which - S

f(x+k) +g(x +k)"f(x)+g(x) else kwill be the period.

same rule is apphcable for any other algebrarc comb" tion

of f (x) and g(x)

~ the LCM ofpand q, ie. t—

and irrational is not possible. .
* sin" x, cos” x, cosec” x-and sec” x have pcnod 2z 1f nis
-Iandmfnlseven = o :
“tan” x and cot” x have period 7 whether n is odd or.gven.
A constant functmn s penodtc but does not- hav
deﬁned perlod Cl i G




o Ifgis periodic, then fog' will always be a periodic function.
~ Period of fog may or may not be the penod of f:4
_e A continuous periodic function is bounded.
o If f{x); g(x) are periodic: functions with periods T\, 15,
" ‘respectively, thén, we have h(x) = = fx)+ g (x) has penod as
a. LCMof {T, T,}; iff(x) and g(x) cannot be interchanged
by addmg a least positive: number less than the LCM
~of (T,
h ey if _)“(x)2 and g(x) can be mterchanged by adchng a
- least positive numbet & (k <LCM of {T}; T,}).
For example, consider the function f(x) = !smxi + |cosx],
|sm x| and |cos x| have period 7, hence accord:ng to the
_ rule of LCM period of /1 (x)is . :

) But f[x+ )—- sm(x+—)+ cos(J.c}E) '
201 2.,

=|cosx|+| smxl Hence,penod of f(x) is /2.

Example 1.73 Find the periods (if periodic) of the following .

functions, [.] denotes the greatest integer
function.

a. f(x) = €°sE")+ tan® x — cosec (3x - 5)

b f(x)=x—[x—b),beR

, _ |sin x + cos x|
e 1o |sinx| + |cosx|
, n
d fx)= tanE[x]
Sol. a. f{x)=¢ 86" + tan’ x — cosec (3x—5)

Period of %69 is 277, tan? x is 77, cosec (3x— 5)is %

. period=L.C.M of {2?:, T, 23—?:} =21
b f(x)=x—[x—b]=b+ {x—b}, (" pedodof {.} is 1)
= flx) has period 1.
|sin x +cos x|
¢ f)=

| sin x |+|cos x|

Since period of [sin x + cos x| = 7 and period of
|sin x| + |cos x| is /2.

Hence, period of f(x)=L.C.M.of {g— s J’I} =7

d flx)=

tan — [x] = tan— [x+T) —tan—- [x]

= 5 [I+T]=H}T+ 5[.'(]

= Period = 2 (least positive value).

e IR Find the period if /(x) =sinx+ {x}, where {x} is
. the fractional part of x.
Sol. Here sin x is periodic with period 27, {x} is periodic with 1.
LCM of 27 (irrational) and 1 (rational) does not exist.
Thus, f(x) is not periodic.

Functions 1.27

e NN If f(x) = sin x + cos ax is a periodic function,

\}— show that a is a rational number.
£ 2 . 2
Sol. Period of sinx=27= T and period of cos ax= T—l
a
21 2

. period of sin x + cos ax = LCM of —

LCM of 27 and 27 _2r
= here HCFof1and
CFof s i P ieHCFatlada

Since A is the HOFof 1 4nd a. "1;{ ) L;_l should be both

integers
la|
1 la| A _ 4
Suppose — = p and =g, then =~ = =, where
PP 2 P P q _l_ o
A
p9€l
i.ﬁ., ial= S

Hence, 4 is the rational number. _
Discuss whether the function f{x) = sin (cos x +
x) is perodic or not, if yes then what is its period.
Sol. “Clearly, f (x +27m) =sin(cos(2m+ x) + 27+ X)
=sin(2z+ (x +cosx))
=sin(x +cosx)
Hence, period is 27.

Example 1.76

\ e IBRLA Find the period of cos(cos x) + cos(sin x).

Sol. Clearly, the domain of the functionis R -
Let f(x)=f(x+T),forallx
= f(0)=f(T)

= cosl+1= ms(cosT) + cos(sinT)

b2
Clearly, T= E satisfies the equation, hence period-is E

et WA Find the penod of the function satlsfymg the

Q relation f(x) +f(x +3) = 0 VxeR

Sol. Givenf(x)+f(x+3)=0 M
Replacexby x+3, _
We have f(x +3) +f(x+6)=0 (@)

From (1) and (2),/(x)=/(x+6).
Hence, the function has period 6. -

1. Match the column
Columﬁ_l (Function) - Column II (Period)
p.f()=sin’x+coste | a.m2
4= '(-:95';‘5? ¥ sm4x . _b._fr .
r. f(x)=sin’x + cos3x | e2m
s. fx) = cc_:f‘x - sm“x
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2. Which of the following functions is not periodic?
a. |sin3x|+sin’x b. cosv/x +cos® x
¢. cos 4x + tan’ x ‘d cos 2x+sinx

3. Let[x] denote the greatest integer less than or equal to x. If

the function f(x) = tan (y/[n] x) has period — , then find
the values of n. .
4. Find the period of
. | sin4x|+|cos4x|
| sin4x—cos4x|+|sindx+cos4x|

b f(0)=sinZ~ —cos

n! (rH—l)!
¢ flx —smx+tan—- +sin — +tan -—-+
Sx) 5 o =
.X Xx
+8m +tan—
20 an

5. Iff(x) = Alsin x| + A |cos x| + g(A) has the period equal to
71/2, then find the value of A.

6. If f(x) satisfying the relation f(x) + f(x + 4) = f(x + 2)
+ f(x + 6) for all x, then prove that f(x) is periodic and find
its period.

COMPOSITE FUNCTION

Fig. 1.64

Let 4, B and C be three non-empty sets.
Letf: A — B and g: B — C be two functions, thén gof: 4 — C.
This function is called composition of f and g, given by

gof0)=g(fx) V xe 4.
Thus, the i 1mage of every x € A under the function gey' is the
g-image of the f-image of x.
The gof is defined only if Vx e A , f(x) is an element of the
domain of g so that we can take its g-image.
The range of fmust be a subset of the domain of g in gof

Properties of Composite Functions

a. The composition of functions is not commutative in
general, i.e., fog # gof.

b The composition of functions is associative ie., if
h: A4 — B, g B—> Cand f: C — D be three functions, then
(fog)oh=fo(goh).

¢. The composition of any function with the identity
function is the function itself, i.e., f: 4 — B then fol,
= Iz of =fwhere I, and I are the identity functlons of 4
and B, respectively.

d Iff:4—Bandg:B— Careone-one, thengof: 4 — Cis
also one-one.

Proof:
Suppose gof (x;) = gof (x,)
= g(fm)=g/(®)
= f(x;) =f(x,), as g is one-one
= x; =Xx,,as s one-one
Hence, gof'is one-one.
e. If f:4— Band g: B— Care onto, then gof: 4 — Cisalso
onto.
Proof:
Given an arbitrary element z € C, there exists a pre-image
y of z under g such that g ( y) =z, since g is onto. Further,
for y € B, there exists an elemcnt xin 4 with f(x) =y, since
fis onto.
Therefore, gof (x) = g (f(x)) = g(y) =z, showing that gofis
onto.
f If goflx) i is one-one, then f(x) is necessarily one-one but
g(x) may not be one-one.
Consider the function f(x) and g(x) as shown in the

following figure.
g

A, B C
L 1 \_
2 2
2 : |
4 = 4 !

5 T

6

(a) (b)
Fig. 1.65
Here fis one-one, but g is many-one. But g(f(x)): {(1,
1),(2,2),(3,3),(4,4)} is one-one.
g. If gofix) is onto, then g(x) is necessarily onto butf(x) rnay
not be onto.
f

Fig. 1.66

Here, fis into and g is onto. But gofix): {(1, l), 2%
(3, 3), (4, 3)} isonto.

Thus, it can be verified in general that gof is one-one implies
that fis one-one. Similarly, gof is onto implies that g is onto.

Letf: {2,3,4,5)} - {3,4,5,9} and g: {3,4,5,
9} — {7, 11, 15} be functions defined asf(2)
=3, f3)= 4, f(4) = f(5) = 5 and g (3)
=g(4)=7 andg(5)=g(9)=11.Find gof.

Sol. Wehave gof (2)=g (f(2))=g(3)=7,80f(3)=g (fB)=¢
W=7 gf@=g(f@A)=g(5) =11 and gof (5)
—g(S) 111 4

Let f(x) and g(x) be bijective functions where
' fi{a, b,c,d} —{1,2,3,4) and g: {3,4,5,6} =
{w, x, y, z}, respectively. Then, find the number

of elements in the range set of g(f| ).

(a)



Sol. The range of f(x) for which g(f(x)) is defined is {3,4}.

Hence, the domain of g{ f(x)} has two elements.

. The range of g(f(x)) also has two elements.
Letf(x)=ax+band g(x)=cx+d,a#0,c#0.
Assume a= 1, b=2.If (fog) (x)=(gof) (x) forall
x, what can you say about ¢ and d ?

Sol. (fog) (x)=f(g(x)=alcx+d)+b

and (gof ) (x) =g(f(x)) = clax+b) +d

Given that ( fog) (x) = (gof) (x)and ata=1,b=2

= cx+d+2=cx+2c+d= c=1anddis arbitrary.

Example 1.81 .

Suppose that g(x) = 1 + Vx and f(g(x))
=3+2+/x +x, then find the function f&).

Sol. g(x_)=1+\/§ andf(g(x))=3+2x +x 1)
= fl++x)=3+2x +x

Putl+ Jx =y=>x=(y- 1)?
Thenf(y)=3+2(y— D+ (r-1)’=2+y"
Therefore, f(x)=2+ 2, '
The function f(x) is defined in [0, 1]. Find the
domain of f(tan x).
Sol. Here, f(x)is defined in [0, 1]

= x e [0, 1], i.e., the only value of x that we can
substitute lies between [0, 1]

For f(tan x) to be defined, we must have 0 Stanx < 1
* [as x replaced by tan x]

Example1.82

5 b/ g
ie,nrsx<nm+ T ne zZ : [in general]

' T
Thus, the domain for f{tan x) ["ﬁs WH'E] ,ne Z.
3. x<l

——a - |7 thESO andg()-
xample 1,6 x)= : x)= s
x%, x20 7 |2x-1, x21
then find f(g(x)) and find its domain and range.

2+, g(x)<0
A A {(g(x))z , 8020

-x3+1, <0, x<1
2x—1+1, 2x-1<0, x21
)% x> 20, x<1
(2x-1), 2x-120, x21
- Forx<0,x+1€ (~o, 1)
For0<x<1,x*e [0,1)
Forx>1,(2x=1)*€ [1,)
Hence, the range is R and function is many-one.

X +1, x<0

= x(’, 0<x<l

(2x-1)%, x>1

Functions 1.29

s

1. If f be the greatest integer function and g be the modulus

function, then find the value of (gof) (——;—] — (fog) [—%) 4

I+ x|, x<-1
2. Let = 3
/@) { ), x2-1
integer function. Then find the value of /{ f(-2.3)}.

where [.] denotes the greatest

3. If)‘(x):log[llic-], then prove that f[ 2 2} =2f(%).

—x 1+x

4. If the domain for y = f{x) is [-3, 2], find the domain of

g(x) = f(|[x]]). where [ ] denotes the greatest integer
function).

5. Let f be a function definedion [0, 2], then the domain of

function g(x) =£(9x* - )¢

P log, x, O<x <l dg(2) x+1, x<2 i
o TR . and g(x) = , then
I )_ X -1, . s B e

find g(f(x))-

7. Letfix)=tanx, g(f(x)) = f (x - —E] wher f{x) and g(x) are|

: : -1
réal-valued functions. Prove that f{g(x)) = tan J—C—ﬁ .
X

8. A function f has domain [-1, 2] and range [0, 1]. Find the
domain and range of the function g defined by glx) =1
—f(x+1).

INVERSE FUNCTIONS

(@

Fig. 1.67
Iff: A — B bea function defined by y =/(x) such that fis both one-
one and onto, then there exists a unique function g: B — 4 such
that for each y € B, g(y) =xifand only ify = £(x). The function gso
defined is called the inverse of f'and denoted by f~ I Alsoif gis

" the inverse of f, then fis the inverse of g and the two functions f

and g are said to be inverses of each other. _

The condition for the existence of inverse of a function is that
the function must be one-one and onto. Whenever an inverse
function is defined, the range of the original function becomes
the domain of the inverse function and the domain of the original
function becomes the range of the inverse function.
Properties of Inverse Functions

» The inverse of bijective function is unlqueaﬂdbljemve

¢ a function such that f is by ective and
g: B— As inverse of £, then fog = I identity function of
© 5ct B. Thén gof = [, = identity function of set 4.
& If fog = gof then either /' =g or g =f and fog(x)
G ‘—"'-gof(x):xi_ e S e e e
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o If fand g are two bijective functions such thatf: 4 — Band
gB—-C, thcn gof : A — Clis bijective.
. Also(gofy ' =f" og™!
o Graphs of y = f(x) and y=/""(x) are symmetncal about
" 'y =x line and intersect on line y = x or f{x) = 1 x)=x
whenever graphs intersect.
¥ Y

y =) 2 G y= r\tx) |

(=1.0),7] (0, -1)

- X —
s i
I
' !
\ . : - X
. \y=F1() 0

y
(a (b)

Fig. 1.68 . |
x+4, xe[l,2]

'-B'ut-ih thé case of the function f(x) = | 4
s -x+7, x€[5, 6]

7 | x—4, xe[5, 6]
f () {7 -x, x€[l, 2]

; f(x) and y = f~ 1(Juc) intersect at (3;’2 11/2) and
_ _1 1/2, 3/2) which do not lie on the line y=x.

y=x

64---ke-oA-

_ Which of the following functions has inverse
function?
a [ Z— Zdefinedby f(x)=x+2
h f: Z— Z defined by f(x) =2x
c. [: Z— Zdefined by f(x)=x
d /> Z— Z defined by f(x) =| x|

Sol. Functions in options a and ¢ are both one-one and have
range Z, i.e., onto, hence invertible. /> Z — Z defined by
f(x) = 2x is one-one but has only even integers in the
range, hence not onto.
f: Z — Z defined by f(x) =| x | is many-one and has range
Nu{0}.
Thus, both the functions are not invertible.

Example 1.89

—

LetA=R-{3},B=R-{1}andletf:4—B

defined by f(x)= = _i. s finvertible? Explain.
. x p—

Sol. Letx;,x, € AC
andletf(x;)=f(x;)

X -2 xz"_z

— £

= XXy —3x =20, +6=x%— 36, - 3x, - 2%, +6
= Xy =Xy
= fis one-one.

To find whether fis onto or not, ﬁrst let us find the range

off.

M

X,

Lety=f{x)=

u.:

X=
= xy-3y=x-2
= x(y-1)=3y-2

3y
y-1

%isdefined ify # 1, i.e., the range of f is R — {1} which is
also the co-domain of .
Also, -for no value of y, x can be 3, i.e., if we put

= xS

3y-2
F=x= _y_._

y-1
= '3y —3=3y—2 = -3=-2 not possible. Hence, f is
onto. :

Lctf R— , R be defined by f(x) = (¢' —€™)/2.
Is f(x) invertible? If so, find its inverse.

Sol. Letus check for inevitability of f(x)
(a) One-one

Letx;, x, € Rand x; <x;

= et<e? (e>1) (M

Alsox; <x; = —x,<—X

- e <e™ (ve>1) _ (03]

1)+@)= %(e*' —e)< %(e"z —e) = f(x) <f(x).

i.e. f is one-one.

(b) Onto

Asx—> oo, fx) —> e _ _
Similarly, as.x — —e, f(x) = — o, i.¢.,— 0 < f (x) <oosolong
asx e (—oo,00).




Hence, the range of fis same as the set R. Therefore, f(x)
is onto.

Since f(x) is both one-one and onto, f{x) is invertible.
(c) To find !
y=fx)=(-e™)2
= -e =Y
= &&-2ye'~1=0

e 2y 4y +4
2
= €= y+\Iy2+1

(as y—+/y? +1 <O forally and &' is always positive)
= x=log, (y+\fy2+l)
= )= log, (x+\l'x2 +1)

I£f(x) = (ax? + b)’, then find the function g such
that f(g(x)) =g (/(x))
Sol. f(g(x))=g(f(x))
f@=(ax +b)’

If g()=/"'()

= y:i:\jy2 +I.

I£f(x) = 3x — 2 and (gof) ™ (x) = %= 2, then find
the funiction g(x). ;

Sol. f(x)=3x-2
= j‘__l(x): Eg
Now (gof)”'(x) =x—2
= flogl(x)=x-2.
= [T W)=x-2

. =1
o BLNEL

3
= gl(®)=3x-8
x+8
=% g(x)
3
X, x<1
B SR A Find the inverse of f(x) = x?, 1<x<4
8Jx, x>4
x; cx<l]
Sol. Givenf(x)=1 x>, 1<x<4
8Jx, x>4

Functions 1.31

.Let f()=y
=x=f"'(») D
A y<l b2 y<l
nx=1 Jy, 1gfysa=1 Jy, 1=ys16
y2 164, y*/64>4 y* 164, y>16 .
¥, y<l o &
=1 . 1<y<16 [From(1)] -
Y2164, y>16
X ¢ x<l
Hence,f‘(x)= Jx, 1<x<16
¥ 164, 4x>16

_ , 1 '[ 3
Example 1.93 B the equation F—x+1= -2-+ x-—z,

where xz?’- :
' 4

© Sol. f(x)=w=x*1

and g(x) = }2- +1‘x —%

are inverse of one another so f(x) = g(x)-
When f(x)=x

=x’—x+1=x

=x=1

ok A aLens

Find the inverse of the followmg functions:

+2

X

. -
L e
e +e

. f:R—(—oo, 1)isgivenby f(x)=1-27"
. Letf:(2,3)—(0,1) be defined by f(x) =x— fx], where [. ]
_ represents greatest integer function.

. f:Z— Zbe defined by f(x) =[x+ ]}, where [.] denotes the
greatest integer function.

3
el

x> 43,x22
. f:[-1,1] = [~1, 1] defined by f(x) = x|x]|

. f (=o0, 1] = [%, tM'),V\fl'h‘:ref(x)=2"f("‘2)

W N

=

, x<2

wn

=)

~]

IDENTICAL FUNCTION .

Two functions fand g are said to be identical if
a The domain of f=the domain of g, i.e., D;/= D,
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b. The range of /= the range of g.

¢ f(x) =gx), V xe Dyorx € Dy eg., f(x) = x and
glx) = J_:z are not identical functions as D, =D, but
Rf':R’Rg:[O!m)' .

(et (SR M Find the values of x for which the following
@ N functions are identical. o

(3%

xX—-

Vv al.f(x)=Jca.ndg(x)-——L
1/x
b f(x)=cosxand g(x)= :
“1+tan® x
/ 2 2
9-x D= 9—x

¢ fx)= Vo)

df(x) = tan'x + tan“—l- and g(x) =
x

sin ' x+cos' x

Sol. a. f(x)=xis defined forall x.

But g(x) = % =xis not defined for x= 0 as 1/x is not
X
defined atx=0.
Hence, both the functions are identical for x € R —{0}.
b. f(x) = cos x has the domain R and the range [~ 1, 1].

1

1
\/ 1+tan” x \/a-‘._eu::2 x
domain R— {(2n+ 1)m/2, n € Z} astanxis not defined
forx=(n+1)m2,ne Z
Also, the range of g(x) =|cos x| is [0, 1].
Hence, f(x) and g(x) are identical if x liesdn 1st and 4th
quadrant. .

But g(x) = = |cos x|, has

=x€ (—%+2m,g+2nﬁ'} neZ,

9—x?

S0 =

=xe[-3,3]landx>2=x€(2,3]

is definedif 9 —x*=20andx—-2>0

— %2 .2
glx)= X is defined if A= >0
= g
2
x —950
x-2
— + = ’+
-3 2 3
Fig. 1.70

From the sign scheme, x € (—e0,-3] U (2, 3].
Hence, f(x) and g(x) are identical if x € (2, 3].

z x>0
t.‘l.f(;vc)=.tan".1c+tz=ur’l =
-

and g(x)= sin”! x+cos™ x = % forxe [-1,1].

Hence, the functions are identical ifx € (0, 1]

TRANSFORMATION OF GRAPHS |

a. f(x)transforms to f(x)+a (wherea is +ve)
That is, f (x) = f(x) + a shift the given graph of f(x)
upward through a units. :

£(x) = f(x) — a, shift the given graph of f(x) downward
through a units.
Graphically, it could be stated as

y

ﬁyﬁ(x)w'
. ~ y=1(x) '
S / — X
\_/V T Ny=fx)-a

Fig. 1.71

b f(x) transforms to f(x—a)
That is; fi(x) — f(x — a); a is positive. Shift the graph of
(x) through @unit towards right.
Thatis, f(x) — f(x+a); ais positive. Shift the graph of i
(x) through a units towards left.
Graphically, it could be stated as

/

y=f(X+8}7 y:f{x.—a)
. =f(x - : i
=8z e

/

¥

Fig. 1.72

BN KLIN Ploty=|x|,y=|x—2|andy= |x+2].
Sol. As discussed f(x) — f(x — a); shift towards right.

= y = |x — 2| is shifted 2 units towards right.
Also y = |x+ 2] is shifted 2 units towards left.

y=x+2




= f{xI2)

y Y= y=10
1 . / /
Fig. 1.74
Thatis, f(x) = f(ax);a>1.
Againf(x) > f [—1- x}; a> 1, stretch (or e){pand) the graph
a
of f(x) a times along the x-axis.

¢. f(x)transforms to f(ax)
y
Shrink (or contract) the graph of f(x) @ times along the x-axis.
Graphically, it could be stated as shown in Fig.1.74.

e NARI Plot y = sin x and y = sin 2x.

Sol. Here y = sin 2x, shrink (or cohtract) the graph of sin x by
factor of 2 along the x-axis. '

b e F Y Sl <4 R e ¥

Fig. 1.75

From Fig. 1.75, sin x is periodic with penod 297t and
sin 2x with period 7.

BTN RPN Plot y = sin x and y= sin%.
)

Sol. Here y=sin [2} stretch (or expand) the graph of sin x, 2
times along the x-axis.

e DOe) o

Fig. 1.76

From Fig. 1.76, sin x is periodic with period 27zand sin ( 2) is
periodic with period 47T

d f (x) transforms to y = q f(x)

tis clear that the corresponding pomts (points with same
x co-ordinates) would have their ordinates in the ratio of 1
77 :

E\amplc 1.98

Functions 1.33

y=afix),a>0

=X
y afix),0<a<i

Fig. 1.77

2x+3, x<1

—x* +6, x>1 .
Then draw the graph of the function y = f(x),
y=f(x),y=1()| andy=|f (D)l

~ Consider the function f{x) = {

Sol.
y=fx) ’ yeps )'-'ftlfl) .
3l ARVAAN
y=2x+ 3 : \
N AR
1 a6 T 2\\‘; 4 -3[[—2 = "\\ 5 )
/! \ f 1 ; \
y= Il y= IR i
' \ » 1]
sl WM
4N | IVARVAA
\ 2
4 § \ 4 \ ’
4 ) V! Vil Y
T3434241,0 1 15 G324, > 3 4
Tt i y
Fig. 1.78

Fig. 1.79

=> Stretch the graph of f(x) a times along the y-axis.
s y=2sinx.
= Stretch the graph of sin x, 2 times along y—a:us

e. f(x)transforms to f(—x)
That is, f(x)—= f(—x)
To draw y=f (), take the image of the curve y = =f(x)inthe
y-axis as plane mitror.
Or _
Turn the graph of f(x) by 180° about the y-axis.
Graphically, it is shown as
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y
y=1f-x) y=flx)
PN
<k
\\
o/ i
3 \ .
\\H //
Fig. 1.80

IBEL I SWUIE Plot the curve y = log, (—x).

Sol. Here y =log,(—x); take mirror image of y =log, x abouty-

axis. Graphically, it is shown as
Y

\y:mg(ﬁx} y=logx a——"""
e
B T :

-1\ O 71

Fig. 1.81
f. f(x) transforms to—f(x)

Thatis, f(x) > —f(x)
To draw y = — f(x), take image of : = f(x) in the x-axis as
plane mirror.
Or
Turp the graph of f{x) by 180° about x-axis
g. f(x) transforms to —f(—x)

Thatis, f(x) = —f(-x)

To draw y = — f(—x), take image of f(x) about y—axis to

obtain f(—x) and then the image of f(—x)about x-axis to
obtam —f(=x).
. FO )
= a.Image about y-axis
b. Image about x-axis
Graphically, it is shown as

Fig. 1.82
h. f(x) transform to y=| f(x)} .
| /@)= f(x)if f(x) 20 and | f(0)| =-f(x) if f(x)<O.
It means that the graph of :f(x) and | f(x)| would coincide
if f(xx) = 0 and the parts where f'(x) < 0 would get inverted
in the upward direction.
Figure 1.82 would make the procedure clear

y=1fx)|
y=fx) y

Fig. 1.83

IRCITN BTN Draw the graph for y = [log x|.

Sol. To draw graph for y= |log x|, we have to follow two steps:
a. Leave the (+ve) part of y =log x as it is.
b Take images of (—ve) part of y = iog x, 1.e., the part
below x-axis in the x-axis as plane mirror. Gmp}ncally, it
is shown as

Graph of y = log x Graph of y = |log x|

y
log x_ \/yﬂlcﬂﬂ
[3) 1 X ol 1 X
(a) - (b)

Fig. 1.84
y=log,x is differentiable for all x e (0, «) (Fig. 1.84(2))
y =|log x| is clearly differentiable for all x € (0, ) — {1}
as atx = | there is a sharp edge (Fig. 1.84(b)).

IBELNIARPA Sketch the graph for y = |sin x].

Sol. Here y =sin x is known.
. To draw y = |sin x|, we take the mirror image (in x-axis) of
the part of the graph of sin x which lies below x-axis.

¥
Yy Y 3 pr=lany
_“_\,’— _“—_x_\}; ll/o x\\l }i.z:r Sx‘\\/
Image of the part
below x-axis
Fig. 1.85

From the above figure, it is clear
=|sin x| is differentiable for all x e R— {nm; n € integer}.

i f(x)transforms to f(|x|)

Thatis, /(x) - £ ()
If we know y= f(x), then to plot y=f(|x[), we would follow
two steps:
a. Leave the graph lymg right side of the y-axis as it is.
h Take the image of f(x) in the right of y-axis with
y-axis as the plane mirror and the graph of f(x) lying
left-side of the y-axis (if it exists) is omitted.
Or -
Neglect the curve for x < 0 and take the images of
curves for x = 0 about y-axis.




1 y=f(x)/ -\_,[‘leglecﬂ‘ ' /Fﬂixil

Fig. 1.86

IREL I ERIRY Sketch the curve y = log [x].

Sol. As we know, the curve y =log x.
. y=1log |x| could be drawn in two steps:
a. Leave the graph lying right side of y-axis as it is.
h Take the image of f(x) in the y-axis as plane mirror.

4
'. )
Fig. 1.87

i- Drawing the graph of | y| =f(x) from the known graph ofy
=f) : "
Clearly, |y} >0, if f(x) <0, graph of | y | = () would not
exist. And if f(x) 20, |y | =S (x) would give y==% f(x).
Hence, the graph of’| y | = f(x) would exist only in the
regions where f (x) is non-negative and will be reflected

abotit x-axis only in those regions. Regions where f(x) <0
willbe neglected. p
y

P i N

(b)

() ;
Flg. 1.88

IRe NS Sketch the curve [y| = (x— 1)(;—-2)-.

Sol.

Thew 1 Q0

2T =123

Functions 1.35

k. Drawing the graph of y=[f(x)] from the known graph of
y=sf)

Fig. 1.90
Itis clear thatifn < f(x) <n#l,ne Ithen [f )1 =n. Thus,
we would draw lines parallel to the x-axis passing through
different integral.points. Hence, the values of x can be
obtained so_that f(x) lies between two successive
integers.
This procedure can be clearly understood from Fig. 1.90.

Draw ﬁle'g[aph of the following functions: (1 to 5)
\],(‘(f(x) =sin [x]|

37 | [(x)]=tanx

3 flo)= sz 3 +2|

S =—-1""

|_6. Find the total number of solutlons of sin 7rx = |In |xi|.

2

7. Solve |——
x—

< 1 using the graphical method.

\,8./Which of tﬁc following pair(s) of function have samg

graphs?

secx tanx cosx sinx
a X)= - s X )= o
@) fx) cosx cotx 8(x) secx

: cosecx
(b) flx)=sgn (x*—6x+10), '
g(x)=sgn {cos2 x +sin® ( X+ %D , where sgn denotes
signum function.
© fl= eln(x’+3x+3)’ 2(x) = 2 + 33

2

sin x "COS X 2cos” x

@ f(x)= » &%)

SEC I COSEcC X

MISCELLANEOUS SOLVED PROBLEMS
1. Letf: X — Ybea function deﬁned by f(x)

cotx

T
a sin (x+z)+b cos x+e¢.If fis both one-one and

onto, find sets X and Y.

Sol. f(x)iasin(x +%}+bcosx+c
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; T vy B
=flx)= a{smxcosZ+cosxsmz}+bcosx+c

=f(x)= isinx+(—a— +b]cosx+c

V2 V2
Let {%] =rcosc, (-—\% +bJ= rsinc

= f(x)=r[cos asinx +sin crcos x] + ¢
=f)=rsin(x+a)]+ec

where r= ya? ++2ab + b*
and o= tan_] (ﬂ@}
a

Y

@

For fto be one-one, we must have -2 < x+ o< /2. Thus,

a2 /4
domain € [—Z-—a, E—a] andrangee [c—r,c+7].

OrXx= [_—:—a, g~a] and Y=[c—r,c+r].

2. Find the set of all solutions of the equation 2% — 2 — 1|

=27+
Sol. Here, 2" — |2 —1|=2"1+1.
Casel: y<0

as when y<0

=27+ -1)=2"+; |yl=-y

and |22 -1|=-@2""'-D

=27=2! :
Hence, y=—-1, which is true wheny <0.
Casell: 0<y<1
_as when 0y <1
=S+ -)=2"+1; |yl »

M

and| 2’ =1| = - (27 =)

=2=2
=y =1, which shows no solutionas 0 <y < 1.
Caselll: y>1

22— -n=2"4+1

as when y20

¥y
and | 277 -1}= 2" -1)

'=>2y=2y‘-1 +2}‘*|;

@

=>2"=2", which is an identity, therefore it is true V y>1

©)

{yiyz2luy=-1}.

Hence, from (1), {2) and (3) the solution of the set is

3

Sol.

Sol.

Letx € (0, -;E), then find the domain of the function

1

f(x) ) V'dlogsinx tan x ‘

Herexe (0, E)
2

= 0<sinx<l 1)

b

x<a’,

log,x<b = x>a®, if 0<a<l
' if a>1

and we know {

@

: 1
Thus, f(x)= '\lﬁ exists, if —log,;,, (tanx) >0
sinx *¢

= log, tanx<0

[as inequality sign changes on multiplying by —ve]
tan x > (sinx)° [using (1) and (2)]
tan x >1

T
= xel— —
L)

T
=

[asx€ (0, W2)]

_ Find whether the given function is even or odd function,

x(sin x + tan x)

&E

greatest integer function.

where f(x)= , where [ ] denotes the

x(sinx+tanx) _x(sinx +tanx)

Jx)= ["”‘]_l = [E]H—%

T 2 T

x(sinx +tan x)
[i:l+ 0.5
Wb

—x(sin(—x) +tan(-x))

= fEx)=
' [-—i]+0.5
b2
x(si’nx_+tanx), e
= =)= 1{ -1 —[ﬂ+ 0.5
0, X=Hnm
Hence, f(-x)= - b and f(—x)=0.

[2]ros



Sol.

Sol.

Sel.

f(=x)=—f(x). Hence, f(x) is an odd function if x # n7
and f(x) = 0 if x = nz is both even and odd function.

. Let f(x) be periodic and k be a positive real number such

that f(x + k) + f(x) = 0 for all x € R. Prove that f(x) is a
periodic with period 2k. '

We have f(x+ k) +f(x)=0,Vxe R

= fix+k)=—f(x),Vxe R Putx=x+k

= fx+2b)=—f(x+k), V¥ xeR (asf(x+k)=—f(x))

= f(x+2k)=f(x), V xeR
which clearly shows that f(x) is periodic with period 2k.

. If f{x) be a polynomial function satisfying f(x) f [—1—]
- : x

= f (x)+ f(i} and f(4) = 65. Then find f(6).

Let/f(x) = ap" + ™ +ay" + '

Then, f(x) f[l]_= f(x)+f[1]_
X d X

Ta,xta,

= (aof'+alx"_1+---+a“) [-:—':—

l
+—_T+---+an
¥

o +%+---+aﬂ)

x
On comparing the coefficient of x" we have aya,= a,
= =1 (as ay#0)
On comparing the coefficient of x"~ !, we have aga;y
+a,a, =4 '
= “oan—l ta =a
= 0y = 0
= a,,=0

= (aox"+ﬂtl}'_]+'“+an)+(fg

(as@,= 1)

(asay#0)

Similarly,a, ;=a,,=

andgy=+1
Ffx)=£x" +1 L@ =#4"%1

= 4'+1=65

= 4"=64

= =3

So, f(x)=x"+1. Hence, (6)= 63+l—217

=a|=0

(as f(4)=65)

. Consider a real-valued function f(x) satisfying 2 f(xy)
=(fY+(fO)' V x,ye Randf(1)=awherea#1.Prove

that (a— 1) 2 f=a
=1
We have 2f() = (/&)Y + ()
Replacing y by 1, we get 2f(x) =1(x) + (f(1)) =f1x) = a

n+l_a

= if(f) =a+a?+ta" =2

i=l ' a-1

= (a-1) if(i) =a" -

=1

Sel.

Functions 1.37

. fix+y+ )= (Jf(x) +f) ) andf(O)— 1, Vx,yeR.
Determine f(n),ne N.

Givenfx +y+1)= (Jf )+ ()’

Puttingx=y=0,

thenf(1) =" (/£ (0) +// (@) =(1+1)? =2*-

Again putting x=0, y=1

Thenf(2)= (/£(0) +// @)

=(1+2)*=3"

“andforx=1,y=1

Sol.

10.

Sol.

3= ([fO+TD) =@+2)* =4
Hence, f(n)=(n+1)*.-

. Check whether the fungction. defined by f(x + A)

=T \I 2f(x)— f*(x)V x& Ris periodic or not. If yes,
then find its period. (4> 0)
For the function to be true, 2 f(x) =fHxz 0 f
= f(x) [f(x)—2] S0 0<f(x) <2 1)
and from the given function, f(x +X) 21 =f(x)2 1

‘ A @

From (1)and (2), we have 1 < f(x) <2
Again, we have {f(x +A)-1}2=2fx) - “FHx)

= et -1 =1+ 20 -1 -1)

= {fard)-17=1- (-1} O
Replacing x by x+ A, we get )
(fa+2)-1P2=1-{fx+1)-1} ' @
Subtracting (3) from (4), we get :
(fa+2)-1y= (f -1}
= | fe+2)-1|=|f)-1] (- 1= f(x)=2)
= f is periodic with period 24.
If for all real values of u and v, 2f(u) cos v = f(u + V)
+ f(u— v), prove that for all real values of x

a f(x)+f(—x)=2acosx.

b f(m—x)+f(-x)=0.

¢ flm—x)+ +f(x) 2bsinx.
Deduce that f{x) = a cos x + b sin x, where a, b are arbitrary
constants.

Given 2 f(u) cos v=f(u+ V) + f(u—v) (4))
Putting u = 0 and v=xin (1), we get
f@)+f0)= 2f(0) cosx=2acosx (93]

@ is an arbitrary constant.

-
Now putting u = g—x and v= 3 in (1), we get

flr—x)+f(=x)=0 )]
Again putting ¥ = /2 and V=2 —xIn (1), we get
fr—x)+f(x)=2f(n/2) sinx=2bsinx )]

b is an arbitrary constant.
Adding (2) and (4), we get
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2f(x) +f (=" +f(-x)=2acosx+2bsinx
= 2f(x)+0=2acosx+2bsinx
fix)=acosx+bsinx.

[From (3)]

11. Let f(x) = i— . Show f(x) + f(1 — x) = 1, and hence
9" +3 _

evaluate =
1 2 3 - (1995Y
+ + ot fl —|.
\'FEDQGJ f(1996j f(]996} f{l996) _
Sol. f(x)= — M
o 9% +3
9i—x
and f(l-x)=
=% 9% 43
i
9
= f(l-—x)—- =
5 9439
9* '
= 1-x)=
J(1-x) G+ 9;) @
Adding (1) and (2), we get f(x) +£(1 —x)
e O o B o
943 (3+9%)
= f@+H-0=1 - )|
Now, putting x = ! - 2 s o 5 e ﬂ in
: ©1996° 1996 1996 1996

(3), we get

L), A(1995) _y o2, (1999,
f[1_99€)+f(199éj . f(m%]”(w%]'l’

3 1993
4 o)

(997 999 . (998, (998)_
f[@)”(@)“l ’f[1996)+f(1996)_

998 1.
o f(m%)‘E

Adding all the above ekpression; we get

(1 2 1995
f(rg%] g )+ (@3)

=(1+1+1+---+997)+%=99?+%=997.5

12. Letf(x) be defined on [-2, 2] and is given by

Ly

-1, 2=2x<0

f)= { e g andg) =)+ 00

x—1,

“Then find g(x).
Sol. We have

=% 2%%<0
SO e N <2 <2
' A -1, 2<x|<0
= S0, 0, emaled

= fixD- il Loslxk2

. (as —2< |'x| <0 is not possible)

—22x<0

= ‘f(lx!)={ b - a
, -2<x<0
. again, f(x)= {I 1, 0sxs2
IIL A<yl -
= el= x=1], 0<x<2
o -
1, -2<x<0
= f@I={-G-1, 0<x<I ®
' +Hx-1), 1<x<2

s g =f(x])+| f(x)l can be expressed as

(x=D+1, =2<x<0
g(®)={(x-D+(1-x), 0<x<1
(x=D)+(x-1), 1<x<2

[using (1) and (2)]
—X, —2<x<0
= - gx= 0, 0<x<l1
2(x-1), l<x<2

13. For what integral value of n, is 37 period of the function
cos (nx) sin {S_x) ?
n



Sol. Let f(x)=cos nx sin (S—x}
B n 4

JS(x)1s periodic
= flx+A)=f(x) where A is period.

S [5x+54 ' i (5%
= cos (nx +nA)sin =cosnxsin| —
n n

. atx=0, cos ndsin [2]50
n

If cos nA=0
= nA=rm+ E,re[ : 2
T
= n(3ﬂ:)=rﬂ:+-i- (s A=3m)
1 L
= 3n—r=5(lmposmble).
Again, ietsin[—?—%)zo A
n
— =pm (e,
n 3.
3Gx) =
n
15
Y = n=—
: P
" Forp=:+1,43,45,+15 .
n=:+15,45,43,41 (-ned)
\ M Letf: R — Rand g. R - R be functions defined
L ) by () = 2% &<l . x+2, x<0
T WIOR s, o, IR 520--

Find (a) f+ g, (b) f2.

Sol. (f+g):R—>Rand(fg): R — Rare functions defined by(f
+2) (x)=f(x) + g(x) and (/) (x) =fx) g(x). To find (f+g)
(x) and ( f2)(x), we rewrite f(x) and g(x) as:

2x: x<0 x+2, x<0
fO)=4 2x, 0<x<l gx)=4 2x, 0<x<l
) 2t -1,  x2l 2x; x21
3x+2, x<0
Hence, a. (f+g) (x)= 4x, 0<x<l
2x% +2x-1, x21
2x* +4x, x<0
-~ b (R@=1 4x*, 0=<x<l
_ x=1

4x> - 2%,

15.

Ly

Sol.

Functions 1.39

Iff(x)=-1+]x-2,0sx<4and
. g(x)=2—]x,~1 £x<3. Then find (fog) (x) and (gof) (x)
We have
_f1-x 0€x<2
T®= 1,23, 2<x<4
d _ |2+x, -1£x<0
and g(x) 2-x, 0<x<3,

1-g(x), 0<g(x)s2

5 (fog)xif{gfx)} ¥ {g(x)_3, 2<g(x)<4

1-(2+x), 0<2+x<2 and

_ | 24x-3, 2<2Hx<4 and -1<£x<0
1-(2-x), 0<2=%<2 and 0<x<3
| 2-%:3,012<2-x<4 and 0<x<},
(<1=x, 2<x<0 and -1<x<0

pxs1, "V 0<x<2 and -1<x<0

& —1+x, 0<x<2 and O<x<3
—x—1, 2<x<0 and O0<x<3
~1-x, -1<x<0

| x-] xed :
l-1+x, 0<x<2
—x-1, xep

_ j=l=x, ~1Ex50
x=1, O0<x<2
B _[2+f(®), 1= f(x)<0

and (gof x=g{f(x)} = {Z—f(x), 0< /(<3
(241-x, ~-1£1-x<0 and 0<x<2¢

_]2-(-x), 0<l-x<3 and 0<x<2

" 12+4x-3, -1<x-3<0 and 2<x<4-
(2—(x-3), 0<x-3<3 and 2<x<4
3-x, 1<x<2 and 0=x<2 -

_ | 1#x S2=x<1 and 0<x<2
x—=1, 2<x<3 and 2<x<4
|-x+5, 3<x<6 and 2<x<4
3-x, 1<x<2 1+x, 0=x<l

_|1+x, 0=2x<1 _ |3—-x 1<x<2

" 1x-1, 2<x<3 . |x-1, 2<x<3
5-x, 3<x<4 5-x, 3<x<4

1<x<0.”
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Subj ective Type §

; Solutions on page 1.57
1. Write explicit functions of y defined by the following
equations and also find domains of definitions of the
given implicit functions:
a. x+t|y|l= TN biet-er=2i

c. 105+10=10 2

d. x‘z - Silrl y= 5
\‘}2. Let g(x) = Jx—2k, ¥V 2k < x < 2 (k + 1), where
k € integer, check whether g(x) is periodic or not.

3. Let f(x) = x> — 2x, x € R and glx) = f(f(ix) - 1
+f(5 —f()). Show that g(x) >0 V x € R.
\94. If fand g are two distinct linear functions defined on
R such that they map [—1 1] onto [0,2] and h: R - {-1,

0,1} >R defined by h(x)= ——= /) , then show that | A(A(x))

g’
+ h(h(1/x))| > 2.

- -
{x ~dx+3, 2<3_ 2x 2 N.
x—4, x23 X" +2x+2, x24
escribe the function f/g and find its domain.
"6,/ Let f(x) = log,log;log,log(sin x +a%). Find the set of
values of a for which domain of f{x) is R.
7. A certain polynomial P(x), x € R when divided by x — a,
x — b, x — ¢ leaves remainders a, b, ¢, respectively. Then
find the remainder when P(x) is divided by (x —a) (x—b)

(x —c) (a, b, c are distinct).
8. Let R={(x,)) :x,y€ R x* + 3y’ £

S Ilﬂj(x)-——

A%

25} and
R= {(x,y)-'x,ye Ry ngz}, then find the domain and

" rangeof RO R

N\ 9. If fis a polynomial function Satisfying 2 + f(x) f 0
=) +f) +fGoy), V x, y.€ Randif f(2) =5, then find-

the value of f( f(2)).

\,lﬂ If fla—x) =f(a + x) and f(b —x) =f(b + x) for all real x,
where a, b (a > b) are constants, then prove that f(x) is a
periodic function. -

11. If p, g are positive mtegers, f is a function defined for
positive numbers and attains only positive values, such
that f(x f(»)) = xP ¥4, then prove that p* = g.

. I f: R— [0, =) is a function such that f{x — 1)+ f{x + 1)
=3 3 f(x), then prove that f{x) is periodic and find its
period.

. If a, b be two fixed positive mtegers such that f(a + x)
=b+[6° +1=3b(x) + 3b{f(x)}* - {f()}*]"" for all

real x, then prove that f(x) is a periodic and find its period. -

. Let f(x, y) be a periodic function, satisfying the condition
Sl ) =f(2x+2p,2y—2x)Vx, ye Rand let g(x) be a
function defined as g(x) = (2% 0). Prove that g(x) is
periodic function and find its period.

015.

6.

1

\/\ 18.:

EXERCISES

. Consider the function f{x) =

. x—a ]
Letf.R_—)R,j(x) C—b)r—0) b>c.If fis onto, then
prove thata € (b, c).

Show that there exists no polynomial f(x) with integral
coefficients which satisfy f(a) = b, f(b) = ¢, flc) = a,
where a, b, ¢ are distinct integers.

. .
x—[x}—E,If xel =
0, If xel

[.] denotes the fractional integral function and / is the set of
integers. Then find g(x) = max. {2, flx), x|}; 2<x<2.
Determine all functions f : R = R such that f(x — /()

=) +xf) +f()£ 1N x, y€ R.

‘&19 Let f(x) = (2cosx 1) @cos 2x= 1) (2 cos 2% — 1) ..

Ob]ectwe Type

(2cos 2" 'x < 1) (where n > 1). Then prove that_

2nk

' =1V kel
1)

%-qo If /(8 =

(a > 0), then find the value of

J_

S, )

Each questlon has four choices a, b, ¢, and d out of whlch omfy
“one is correct.

2

1.

2.

The function f: N — N (N is the set of natural numbers}
defined by f(n) =2n+ 3 is

a. surjective only b. injective only

¢. bijective d. None of these
The function f{x) = sin (log(x +y1+%° )) is
a. even function b. odd function
¢. neither even nor odd  d. periodic function
' . 2
x°+14x+9
If x is real, then the value of the expression ————
x*+2x+3
lies between
a. 5and 4 b. 5and -4
c. —5and 4 d. None of these

The function f: R — R is defined by f{x) = cos” x + sin® x
for x € R, then the range of f(x) is

NETRERRNE
Bl e

The domain of the function f(x) = log; , ,(* — 1) is
a. (-3,-1) U (1, =)
h [-3,-1)U[l,)




& (3,-2)U(2,-DU(l,e)
d. [-3,2) U (=2,-1) U [l, =)

1/2
5x—x* ]:I ¢
is
4

6. The domain of the function f(x) = [logm (

A, —co<xy<oco b. 1<x<4 Y
c.4<x<16 d -1<x<1 '
7. The domain of the function f(x) s 103 .
7. The domain of the function f(x)= ——— . 18
- _ In(f x| - 2)
a [2,4] . h (2,3)U(3.4] :
¢ [2,%) d (-, -3 U2, 7
.108. The domain of f{(x) = logflog x| is
| - T b. (1, )
c. (0, 1)U (], =) d. (=20, 1)
. log,(x+3) .
9, Thed f e —
e domain of f{x) o S— is
a. R-— {—1, "2} b. (_25 °°)
& R-4-1,-2,-3} d. (-3, %) - {-1,-2}
\ 10. Let £|—=,=—| = [0, 4] be a function defined as /(x)
v 3" 3] ;

- =3 sinx—cosx+2. Then f~' (x) is given by

a sin*l(x'_z)—-ﬂ B sin_.l(x—_-g)*lrf. s
i 2 -6 2 6 ¥

c. %E} cos™! (x ; 2) d Norie of these

N 2F (n)+1 N
\) 1. fFn+1)= _—%)—n =1,2, .. and F(1) =2, thgn,
F(101) equals = B A

a.52 b .49 c. 48 d. 51

- 3 1
1 e domain of the function f(x) =
\yﬁ’l . ”10 cx 4 - 3x mc’_'x'/

contains the points
a. 9,10,11.
¢. all natural numbers’

b. 9,10,12 _
d. None of these
x

Jsin (In x) —cos(In x)

\’} 13. The domain of the function f(x) =
' (ne 2)is

3 a ( e glint 112)%) b (e{Zn . eltn+ su)n)
¢. (entVax gbn-30m - d. None of these
14. If fis a function such that f(0) =2, f(1) =3 and f{x + 2)
= 2flx) — flx + 1) for every real x, then f(5) is

>

A ] b. 13
(o) d. 5
o | IZ +1 &
15¢ The range of f{x) = sin = is
g x“+2)
a. [0, /2] " b. (0, 7/6)

c. [n/6, i2) d. None of these

—

sec” x

Jx—[x]’

greatest integer less than or equal to x, is defined for allxe

where [x] denotes the-

N 16. The function f(x) =

Functions 1.41

a R

h R—{(1, DUinlne Z}}.
c. RF—(0,1)

‘d. R*— {n|ne N}
)+ fog G- is

a. [-2, 6] b.[-6,2)U(23)
¢ [-6,2] - d [-2,2]V (2, 3)

: , ' ’ i
18. The domain of the function f(x) = log[ - ] is
| sinx| Cr

2—| x|

17. The domain of f{x) = cos™! (

a. R—{-m m} b. R— {nm|ne Z}
c. R—{2nm|ne z} d. (—oo, )
L[_ 19. The domain of the function
/ 1 .
f(x) = log, (— log, 4 (HF]%J is
a. (0, 1) b (0, 1]

The range off(x)=sin"" Wk +x+1)is

SN
R R

21. If f(¥) = maximum {xJ, %% é} Y x € [0, =), then

20.

y i, OSIS-I—_':’
. 64 4
2
0<x<1
a. fx)= illeies ¥ b. f(x) = xz,l<xsl
. ©,x>1 4
x,x>1 -
L,O‘Sxil_- e
64 8 1 1
' 51 —,0Sx<—
e f)=14x*,-<x<1 .d. fx)= {64 8
8 : 3 :
3 x,x>1/8
X%
\A 22. Ifthe period of SOSEIN0E)) i 61, then n s equal to
tan(x.fn)
a3 h2
c. 6 d. 1
23. The number of real solutions of the equation
logys [x]| =2 [x| is '
a. 1 b. 2
c. 0 . d. None of these
|
l\324. The period of the function sin’ % +|cos’ a is -
“a.2n b. 10z
c. 87« d. 5@

I )= VX", n € N, is an even function, then m is
~ a. even integer b. odd integer
¢. any integer d f(x)-even is not possible
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026.- If fis periodic, g is polynomial function and f{g(x)) is
periodic and g(2) =3, g(4) =7 then g(6) is
a 13 : h 15
c 11 d. None of these
\'>g7. The period of function 2% + sin 7 x + 3% 4+ cos 27x
(where {x} denotes the fractional part of x) is
© a2 b. 1
¢ 3 d. None of these
Q 28. The equation [|x — 2| + a| = 4 can have four distinct real
solutions for x if a belongs to the interval

A (oo, —4) b. (—oe, 0]
c. [4, ) d. None of these Rar
29. Given the function f(x) = a—xi;_—x (where @ > 2). Then
St +fE-p= e
a. 2/(x). () b. f(x).f(»)
J{g; d. None of these
30. If Icug;(»:2 6x + 11) < 1, then exhaustive range of values
ofxis
a. (—os, 2) u(4 o)
b. (2,4 .

e (o, HU(1,3)u (4 o)
d. None of these

Q31. The domain of the function f(x) = qxz ~[xP,
/- [x] = the greatest integer less than or equal to x, is
‘a. R b. [0, + o)

¢ (—o0, 0] d. None of these
32. The range of the function f(x) = 1] + |x =2
-1<x<3,is
~a. [1, 3] b. [1, 5]
¢ [3,5] d. None of these

33. .Which of the following functions is inverse toitself ?

. f0) = T b. /)< Ske:

¢ f(x) =2¢-Y d. None of these
. A function F(x). satlsﬁes the functional equation x*F(x)
.. FEA —xy=2x— x* for all real x. F(x) must be .
a x¥ b 1-x? T
e: 1 Fx? d x*+x+1

o

Psin, |xk1 ;
u then f(x) is

35. f(x)= 2
' x|x|, |x|21
b. an odd function

d None of these

4. an even fun!:tion
c. aperiodic function

O36- Function: (~ee, ~1) = (0, '] defined by fix) = e

a. many-one and onto
¢. one-one and onto

b many-one and into
d. one-one and into

3. 1) = % 6= xlz andhp =

a fog(x)=x* x#0,h(g(x))= ;12—

where .

b h(g(x)) = —12- x#0,fog (x)=x
X

& fog (x)=x%x#0, h(g(x)) = (g(x))%, x#0
d. None of these
\38. If [x] and {x} represent the integral and fractional paris of

v +r
x, respectively, then the value of 2 {;000} 1s

ax b. [x]
c {x} - d. x + 2001
\»99. If f(x) is a polynomial satisgying S f(Ux) = fx)
+f(1/x)and f(3) =28, then f(4) is equal to
a. 63 b. 65 2 *
¢ 17 d. None of these %
40. The values of b and ¢ for which the xdcntity S+ l)
—f(x) =8x + 3 is satisfied, where f(x) = _ bx*+cx+d, are
a.b=2c=1 ‘b.b=4,c=-1
" e.b=-1,c=4 d.b=-1,¢=1 #
\41. Letf/: R — R, g :R— R be two given functions such that
V' fisinjective and gis surjective, then which of the following
: is injective? ° 4y

a.gf : b. f,&

. 8,81 - d None of these
427 N> Nowheré f(5) = x — (1)* thenf is
4. one-one and into

b many-one and into
¢. one-one and onto
d many-oné and onto

\-}43-. fgx)=x*+x-2 and_% gof (x) =2x" —5x+2, then.

which is not a possible f(x)?
a 2x-3 b -2x+2
¢ x-3 d None of these N
Q‘M If f: R — R is an invertible function such that f(x) and
f7}(x) are symmetric about the line y = -, then
a. f(x)is odd
b. f(x) and f-'(x) may not be symmetric about the line
. y=x
Ve f(x) may nge odd
d. None of thes
45. Letf:N— Ndefinedby f(x)=+*+x+ 1,x€ N, thenfls
- a. One-one onto
b Many-one onto _
¢. One-one but not onto 2
d None of these .

46. Letf: X—yf(x)=sinx+cosx+ 2+/2 is invertible. Then
\J Wwhich X — Yisnot possible?

B - _ .
a. z, T:| _)[\/5, 3'\!5] w
i 3;‘ "] 2, 2]
¢ :~?%I, 3;] - [V2,3V2] : &

d None of these




L\47 If f(x) = ax +bx3+cx 5, a, b, ¢ are real constants and P

f(=7)=1, then the range of f(7) + 17 cos x is

a. [-34,0] b [0,34]
¢ [-34,34] d None of these
48. If f(x) = w, where [.] denotes the greatest integer’
X" +x+

function, then
a. fis one-one
h fis not one-one and non-constant
c. fis a constant function '
d None of these
\,\ 49. Let Sbe the set of all triangles and R” be the set of positive
real numbers. Then the function f.§ — R*,fld)=areaof A,
where Ae Sis
a. injective but not surjective
‘b. surjective but not injective _
¢. injective as well as surjective - e
d neither injective nor surjective '
50. The graph of (y —x) against (y + x) is shown
(y=x)

(y +x) .

Fig. 1.91
Wh1ch one of the following shows the graph of y against

Vs R
Ny VLG

]maodd
P,

\}51 Ifg:[-2,2] »>-Rwheref(x)=x +tanx+[

function, then the value of parametric P where [.] denotes
the greatest integer function is .
—-5<P<5 h P<5
c. P> 5 d None of these

9}52. If f(;x + % 2x - %)=xy,thenf(m, n)+ f(n, m)="0

a. onlywhenm=n b. only whenm #n
c. only whenm=—n d forallmandn

53. Iffx+y)=f(x)+f(»)—xy-1V x,ye Randf(1)=1, then
\Q the number of solutions of f(n)=n,ne Nis 3

a0 b. 1
c 2 d. more than 2
_ ) & —
54. The range of the function f(x)=———
\ e+ elxt
a. (o0, ) b. [0,1) L
¢. (-1,0] d (-1,1)

55. Iff: R — Ris a function satisfying the property f(2x + 3) +

f(2x+7)=2,V x € R, then the fundamental period off(x) is
. a2 hd4 e R d 12

56.

Functions 1.43

Letf:R— [0,%} defined by f(x) = tan™ ' (x* + x +a), then

- the set of values of a for which fis onto is

. The domain of the function f{x) =

a. [0,e0)

)

b [2,1]
d None of these

1

\/{sm x} +{sm(1r+x)}
where {-} denotes the fractional part, is

a [0,7] h 2n+1)nl2,neZ

c (0,m) d None of these

\634 J&E= I:—Zi%' , where x ismot an integral multiple of 7

59,
v

T 2 . o
and [.] denotes the greatest integer function is
a. An odd fimetion b Even function
c. Neither odd nor even d None of these
Let fx) = ([a]=5[a}+ 4)x° - (6{a}’> - 5{a} + 1) x—(tanx) X
sgn x belan.even function for all x € R, then the sum of all

" possible.values of ‘@’ is (where [-] and {-} denote greatest
integer funiction and fractional part functions, respectively)

e

61.

\ 062.

63.

\> 64.

\'/\65.

N\
6 6 3
Let f: [-10, 10] = R, where f{x) = sinx + [x‘*fa]beanodd
function. Then the set of values of parameter a is/are
a. (-10,10)~ {0} b (0,10)
¢. [100,00) d (100, )
The function f satisfies the functional equation 3f (x)-‘

c3l d.35

+
+2;(x 59] =10x+30 forall real x# 1. The value of {7) is

x-1
a8 x h 4
c. -8 d 11
The period of the function f(x) = [6x + 7] + cos 7x — 6x,
where [.] denotes the greatest integer function, is
a3 b 27
P62 d None of these

- : -1 .
If the graph of the function f(x) = __aT_ is
x"(a" +1)

symmetrical about y—axiS, then n equals

1 1

2 b.— ] & =k
& “ % 3

If f(x) is an even fl.ll’lCtan and satisfies the relation x*f(x)

-2f [;) = g(x) where g(x) is an odd functioh,\l_then (5

equals -
a 0 b 2 & o d None of thesd"
' 75 75
If1(x +y)=f(x). f() for all real x, y and f(0) # 0, then the
x
function g(x) = /()

—t=———ig

L+{f ()}

a. Even function h. Odd function

c. Oddiff(x)>0 d Neither even nor odd
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Q‘/66. Possible values of a such that the equation x* + 2ax +a =

67.

<r

Q 69.

\,\, 70.

71.

72.

N

68.

’ : 1 1 : i
a’ +x —— — —, x = — a, has two distinct real roots
16 16 3 :

are given by

a [0,1] b [, 0) -

()

c. [0, m)

Let g(x) =f(9)— 1. IEf() + /(1 -x)=2V xé R, theng(x)is

symmetrical about

a. Origin h Thelinex=

[ SRR

c. The point (1, 0) d The point [% 0] "
Domain (D) and range (R) of f(x) = sin~" (cos™" [x]) where
[.] denotes the greatest integer function is

a D=xe [1,2),Re {0}

h D=xe [0,1},R={-1,0,1}

c. D=xe[-1,1]},R= {o, sin“g], sin_](n)} -;;,_

d D=xe [-1,1],R= {—% 0, E}

=2
If f(x + 1) + fix — 1) = 2f(x) and 0) = 0, then f(n),
ne N,is ' s
a. nf(l) b {f(D}" el
c. 0 d None of these

The range of the function f defined by f(x) =[—1{—}]
. sin- {x

(where [.] and {.} respectively denote the greatest inte:ger'

and the fractional part functions) is
a. I, the set of integers
b. N, the set of natural numbers
c. W, the set of whole numbers
d {1,284,...)

If [cos™' x] + [cot™ x] = 0, whiere [.] denotes the greatest

integer function, then the complete setof values of x is
a (cos 1,1] b (cos 1, cot 1)
¢. (cot1,1] d [0,cot1)

If f(x) and g(x) are periodic functions with period 7 and 11,

i
respectively. Then the period of F(x) = f(x) gtg ~g(x)

2
a. 177

c. 433
The period of the function

N, (R | (R X
SN~ x+s5n x+—3— +C05XCO I‘I‘E

b 222
d 1155

f@=c
is (where ¢ is constant) ¢
a. ] b. £
. 2
c. d. Cannot be determined

]

\> 74, XS+ ) =f()+y ¥ x,y € Rand f(0) = 1, then the

value of /(7) is
a l b7
c.6 d8

75. Let f(,;;)-—— X [i x| —{x} (where {.} denotes the fractional part
of x) and X, Y are its domain and range, respectively, then

A XxXe (—oo, l] and Ye [l,m)
2 , 2

hxe (M,f%]u[ﬂ,m)and Ye [-;—, oo]

v

c. Xe (—m, —%] U [0, ) and Y &.[0, =0)

d None of these

R g AR SN G P
v 76. Letfbe a function satisfyingof x then f(xy) = 5 fora

positive real numbersx and yif/(30) =20, then the value of

| f(40)is
a I5

“e 40

b 20
d 60

77. The démain ofthe function f(x)= \/Ingq- (+* +4x+4) is
a [-3,-11u(1,2]
L B(2,-1)U[2,00)
<. (—m,—S]u(—Z,—_l)u(Z,oo)
d. None of these

' X
0 78. Themngeofﬂx)=[1+sinx]+[2+sin—§]+[3+sm§]+

et [n +sin i], V x € [0, 1], where [.] denotes the greatest
n ;

integer function, is-
: -

n? +n-2 n(r+l) A
a ;
2 2

'h {n(n+l)}
2

" {n2+n—-2 n(n+1) n2+rz+2} : .

2 "4 " 2

2 72 ;
79. The total mumber of solutions of [x> = x + 2 {x}, where [
and {.} denote the greatest integer function and fractional
part, respectively, is equal to ‘

a2

c. 6

QO80. The domain of f(x)= /2{x}? —3{x} +1, where {.} denotes

. the fractional partin [~ 1, 1], is

A [—l,'l]~[%, l)

d {n(n+l) n’ +n+2}
b 4 _
d. None of these i




81.

85.

86.

<

87.

88.

The period of f(x) = [x] + [2x] + [3x] + [4x]. -

i 1 1
b |-, -—|ul0,=|u{l
Jofoshon
c l,l:|
L 2
d _l,,]
| 2

The range of sin™' [x2 +%] +cos! [xz —%], where [.]

denotes the greatest integer function, is

o
{9

h{rz}-

d None of these

If the period of 228" ¢ Nis 6mthen n =
w2
n
a3 h2
c 6 d 1

Thcdomamoff(x)—ln(ax Fa+B) 2+ (Bt Yt

" 'where a >0, b>—4ac=0, is (where [- ]represents greatest

mteger funcnon)

e (-1,1)~ {—%}

h (1,m)~{—2—ba-}.

d None of these

o [e] -

+
Hal) x, where n € N, is (where [ -] rcprqsents greatest

integer function)

an b1
1
c — d None of these
n :
Iff(x - ] + f (x - —] =fz) forall x € R, then the
period of f(x) is
a l b2
g 3 d 4

Iff:R" =R, f()+ 3xf(i-}= 2(x+ 1), then f(99) is equal to

a. 40
e 30 d &0
If £ X — ¥, where X and Y are sets contammg natural

x+5
numbers, f(x)= 12 then the number of elements in the

domain and range of f(x) are respectively

a landl b 2and1
c. 2and2 d land2
= i
Iff(x)= {x a2l then fof(x)is given by '
; %

\9 92. The fange of f(x)=cos ™! [ 5

b 30

Functions 1.45

a Pforx=0,xforx<0

h x* forx=0,x forx<0

¢. x*forx=0,—xforx<0

d x*forx>0,xforx<0
89. Ifthe graph of y=f{x) is symmetrical about lines x = 1 and

x =2, then which of the following is true?
a flx+1)=1) b fix+3)=/x)
¢ fix+2)=Ax) d None of these

solution, then the value of & is
a3 h O

I | d 2

\991 The domain of f(x) = sin~! [2%” — 3], where [.] denotes the

greatest integer function,is

(. _
S ERPEE)
$:) '
(B )

1+x

2]+\/2——:2_is.

a {0, 1+-’25} b {0,147}
. {1, 1+3;-} d {1,1+7}
= | B is rational .
L093 Hf)= {l—-x, x is irrational then /L fad)ts

axVxeR

oo x, x is irrational
1—x, x is rational

d. None of these

x, x is rational
C. = 3
1—x, x is irrational

94. Therange off(x)=[|sinx|+|cosx|], where [.] denotes the
greatest integer function, is

a {0} h {0,1}
c. {1} d None of these
; . 2
|1 95. 16700 = Tog, [xz +ﬂ then the range of f(x) is
X .
a (0,1) b. [0,1]
a (0,1]

c. [0,1)

oy
\_l 90. Letf{x)=x+2p+1|+2px—1|.If/{x)=khas exactly one real

-
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1

96. The domain of the function f(x) = is

97. If the function f :

\)

Jax—1x* ~10x+9|
b. (0,7+ +/40)
d None of these

[1, ) = [1, ) is defined by
F0) =271 thenf(x) is

x(x— ])
1 1
a. [-Z—J b 5(1+,/1+4log2x) r
.. —(l-\f1+4log2x) d Not defined v

a. (7- /40,7 + \/40)
G (7— -\/&B,w)

\g 98. The number of roots of the equation x sin x = 1,

xe [-2m 0) u (0, 27, is v
a 2 b. 3 _ e
c. 4 d 0
99. The number of solutions of 2 cos x = |sin x|, 0 < x < 47, is
a. 0 b. 2
c. 4 d Infinite
. . 1
100. Ifaf(x+1)+bf ——) =x,x#-1,a#b,then f(2)is equal \105_
. x+1 V
to i
. _2ath ; a 106.
Ha>—b%) a® -b?
——a; 2!:; d None of these
- a“—p - .
Q‘/ 101. The number of solutions of tan x — mx =0, m > | in 107
_z EJ
272
a. 1 b. 2
iy, .3 ; ‘d.m
N/ 102. The range of f{x) = [sin x + [cos x + [tan x + [secx])l)ix €
(0, m/4), where [.] denotes the greatest mtegerﬁmcuon <x, 18
a. {0, 1} b. {=1, 0,1}
_ c. {1} _ d.None of these '
J 103, 16/(Gx+2)+(3x+29) =0 V' xR, them'the period of (x) 308,
i is ‘
a. 7 b. 8
c. 10 d. None of these ng'
. b4
Sin x +Ccos X, O<x<5
104, Letf(x)= a, x=m/2 N
1
tan” x+cosecx, m/2<x<m ot
then its odd extension is
2 ?[
—tan )C-COS&C)C, - (XC.—E
b4
a 3 =a, X=——
. > .
11.
—8in x +Cos x, —%4::.:0 Ql

T
Ltanzx+cosecx, M <x<=
' T
b 4 -da, = ——
2 '
sinx —cosx, —-—g<()
2 4
—tan” x+cosecx, —7T <x<—5
T .
c. | a, X=——
2
3 o
Sinx —CcosXx, -——xx<0
2 T
fan" x+Cosx; —-M<x<=—
d 2
- jr ..
d. 4 -a, X=—— }.'
2
3 - i
sin x +cosx; _E <x<0

If fand g aré one-one function, then

a. [+ gis one-one " b. fgis one-one

c. fog is one-one d. None of these
Thedomainof /(x) is (0, 1), then, domain of f(e*) + f(In |x|)
is

w (@1, ) b. (1, ¢)
. € (—e, -1) d. (—e, 1)
The domain of f(x) = . is

«  4flcosx|+cosx ,

a. [-2nm, 2nnl,ne Z
b. @nm, 2n+1n),ne Z
. ((4;: +1)7 (4n+3)rr)’ e 7

2 2

i ((4;;—1);:' (4n+1)z:} -
2 2 e

If f(2x +3y, 2x — Ty) = 20x, then f{(x, y) equals

a. 7x—3y ‘b, Tx+3y

c. 3x—Ty d. x—ky
Let X= {a,, ay, ... ,a¢} and Y= {b,, b,, b;}. The number
of functions f from x to y such that it is onto and there are
exactly three elements x in X such that f{x) = b, is

a. 75 b. 90
"¢ 100 d. 120

. Let £ R = R and g: R — R be two one-one and onto

functions such that they are the mirror images of each
other about the line y=a. If h(x) = f(x) + g(x), then h(x}«ls
a. One-one and onto.
h. Only one-one and not onto.
¢. Only onto but not one-one.
d. Neither one-one nor onto.

2x
Iff(x)= (- 1)[ ],g(x) Isin x| — |cos x| and ¢(x) =/(x) g(x)
(where [.] denotes the greatest integer function) then the
respective fundamental periods of f(x), g(x) and §(x) are




' 1
112, Let I+ =+ =+
& Ly

b m2n

a mmn
T T
c. — dn—,n
‘73,75,2 . ﬂ',2
1 1
-+ —, then

n

5P\ S+ +/(3) +--- + f(n) is equal to

W

116.

i 1174

118.

119.

113.

- Letfit)=11L

a nf(n)-1
c. (n+I)f(n)+n. i

Letf(x)= € and g(x) = €"*®) x& Rwhere {} and
[ ] denotés the fractional and integral part functions,
respectively. Also A(x) = log(f(x))+log(g(x)) then for real
x, h(x) is

a. An odd function.

b. An even function.

¢. Neither an odc! hor-an even function. -

d Both odd as well as even function.

x,Osx- <1

h (n+1)f(n)-n
d nf(n)+n

x>1
0, otherwise

- and f5(x) =1, (—x) forallx

S3(x)=—fi(x) forallx

Sa(x)=f3(-x) forallx

Which of the following is necessarily true?
a. f, (x)=f,(x) forallx b f(x)=—f(~x) forallx
c. j;(-:r) =f,()forallx  d f(x)+f(x)=0forallx

; ’s

. The number of solutions of the equation [y +[y]] =2 cos x,

where y= % [sinx + [sin x+ [sinx]]] (where [.]'denotes the

greatest integer function) is

a 4 b 2

e 3 d 53 E
The sum of roots of the equation cos™" (cos x) = [x], []
denotes the greatest integér function is

a 27+3 : b 7z+3

c. 73 d 2n-3
The range of

Jx)= \/(] cosx)\j(] cosx)q.’(l cos x)...o0

is

a. [0,1] b. [0,1/2!

c. [0,2] d None of these

Let A(x) = |kx + 5|, the domain of f(x)is [~ 5, 7], the domam '

of f(h(x)) is [-6, 1] and the range of A(x) is the same as the
domain of f(x), then the value of k is
a | h2
€3 d 4
Therangeof fx)=(x+ 1) (x+2) (x+3) (x+ 4) +5 for
xe [-6,6]is K
a. [4,5045]
c. [—20,5045]

b. [0,5045]
d None of these

' 120.

\) 121

122.

\>123.

Functions 1.47

The exhaustive domain of

fx)= \/xlz—x9+x4—x+1
is £ >
a. [0,1] b [1,%)
& on, 1] d R
The range of f(x) =sec™' (logy tan x +10g,.,, 3) is

23055 s[3)
(5

The range of the function f(x) =""*P, _ is

a {1,2,3} b {1,2,3,4,5,6)

c {1,2,3,4) d {1,2,3,4,5}
A real-valued function f(x), satisfies the functional
equation f(x —y) = f(x) fiy) ~fla—x) f(a+y), where ais a
given constant and f(0) = 1../(2a— x) is equal to .

a f(x) b —f(x)

¢ f(=x) d f(@)+f(a—x)

d. None of these

Multiple Correct [

Answers Type

Each question has four choices a, b, ¢, and d, out of which one or
miore ANSWers are correct.

\91

<

&

-f(x+

Let f{x)=max {1 + sinx, 1, 1 —cos x}, xe [0, 27} and
g(x)=max {1, |x—1|} x € R, then

a. g(f(0)=1 b g(f(1)=1

c. f/A)=1 d f(g(0))=1+sinl

. Which of the following functions are identical?

a flix)=Inx2and g(x)=2 Inx

b f(x)=log, e and g(x) = =

¢. f(x) =sin (cos™' x) and g(x) = cos (sin™' x)

d None of these *
Which of the following function/functions have the graph
symmetrical about the origin? - .

a f() givenby £(0)+/(7)= f[ xy} _.
h /) givenby () + () = f(le RN )

c. f(x) givenby f(x+y) f(x) +f()Vx,yeR

d. None of these

. If the function f satisfies the relation f(x + y) + f(x =)

=2/(x) f0) ¥ x,y € Rand f(0) %0, then
a. f(x) is an even function
b f(x)is an odd function
¢ If f(2)=athen f(-2)=a
d If f(4)=bthen f(-4)=-
Consider the function y = f(x) satisfying the condition

l]=:c2+ -)-:—z—(x # 0), then

X
a. domain of f(x)is R
b domainof f(x)isR—(-2,2) -~
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¢. range of f(x)is[-2,%°)
d range of f(x)is[2, )

,\"76. Let f(x) + f(») = f(x,h_y? +y\h-—x2) (f(x) is not
identically zero). Then
a f(4x*—3x)+3f(x)=0
b f(4x*—3x)=3f(x)

e f@x\1-x2)+21(x)=0
d f(er' 1-x2)=2f(x)

N 7. Consider the real-valued function satisfying 2f(sin x)
+ f(cos x) = x. Then

a. domain of f(x) is R

b. domain of f(x) is [-1, 1] #*

. 2n w
: £ | Pl B
¢. range o f(x)ls[ 3 3]

d. range of f(x)is R
- 8. If f(x) satisfies the relation f(x+ y)=f(x)+f(y)forallx,
y € Rand f(1) =5, then ]
a. f(x) is an odd function b. f(x) is an even function

. Zf(r) ~ 5™, d. Zf(-") _ 5m(r:;+2)
ral - R ]
k * 2 _ ¥ -
o, Letf(x)——'{x 4x+3, x<3 i 4
. x—4, X3
) . x=3, x<4
x —
2 +2x+2, x24 %,
then, which of the following is/are true?
a. (f+g)3.5=0 b. f(g(3)) =3
c (/2)2)=1 d. (f-g)4) =0

10. f(x)=x*—2ax+ a(a+1),f [a,) = [4, cs)r If one of the
solutions of the equation f(x) = f ) i8:5049, then the

other may be
- a. 5051 b, 5048
c. 5052 d. 5050

1. Which of the following function is/are periodic

1, x is rational
N oafm= { =

0, x is irrational

2n<x<2n+l

x~[x];
b. f()=1 1,
S

g , where [.] denofes
2n+1<x<2n+2

the greatest integer function, n € A

2x :
e fx)= (—l)[ * ], where [.] denotes the greatest integer
function : -

d fx)=x—[x+3]+ tan(zrzi}, where [.] denotes the

greatest integer function, and q is a rational number

<

12. If £ R* — R is a polynomial function satisfying the
functional equation f( f(x)) = 6x—f(x), then £(17)isequal

to
a 17 h —351 ,
c. 4 d -34 "_‘
, : _JB)-s
13. Letf: R— Rbea function definedby f(x+ 1)=— 3 3
f(x)-3
V x & R. Then whici of the following statement(s) is/are

true
‘a. f(2008) =f(2004) - b. £(2006) = f(2010)
¢. £(2006) = f(2002) d. £(2006) =£(2018)
14. Letf(x)= sec”'[L + cos” x] where [.] denotes the greatest
™ integer function. Then
a. the domain of fis R
b. the domain of fis [1, 2]
¢. the domain of fis [1, 2}
d the range of fis {sec™ 1y sec™! 2}
15. ‘Which of the following pairs of functions is/are identical?
a. f(x) = tani(tan ' %) and g(x) = cot (cot™ x) !
b, f(x)=sgu(r) and gx) = sgn (sgn ()
¢. f(x) =G0t x . cos’ x and g(x) = cot? x —cos* x
d () =€ and g(x) = sec™x
\'>16. fR—> =1, 2) and f(x)=1n( [lsin2x| + jcos2x{ 1) (where [.]
is the greatest integer function).
. & f(x) hasrange Z '
h f(x)is periodic with fundamental period 7/4

¢. f(x)is invertible in [0, ﬂ B
d f(x) is into function _
\\/17. Which of the following is/are not a function ([.] and {.}
denotes the greatest integer and fractional part functions
respectively)? '
. : 1
a. ____1_—— b. _x._
In[1-]x[] {x}
e. x! {x} - d Jnfe=1)

Ja-=) |
18. Ifthe following functions are defined from (-1, 11to [-1; 1},
select those which are not objective

i " sy
a. sin(sin™ x) b =sin”'(sinx)
T

c. (sgn(®)) In () d # (sgn()
Iff:R—>Nu {0}, where f(area of triangle joining points
P(5, 0), O(8, 4) and R(x, y) such that the angle PRQO i$°a~
right) = number of triangle. Then, which of the following is

O 19.

true 7
a f(5)=4 h £(7)=0
c. f(6.25)=2 d f(x)isinto

\) 20. 1ff(x)isa polynomial of degree n such that £(0)=0, f(1)=

—1-, e f(M)= —n——, then the value of f(n+1)1s
2 n+1



a. 1 when nis odd h _n_i when n is even

n+

whennisodd d —1whenniseven

n+l
3

. Shzl. Let f(x)= 3
and forn>2, f"*'(x)=f(f"(x)). f A= lim f "(x) , then

a. Ais independent of x
b. A is a linear polynomial in x
¢. the line y = A has slope 0
d. the line 4y = A touches the unit circle with centre at
the origin.
©22. The domain of the function

c.

x+1, and/"(x) be defined as 1 %(x) =f(f(x)),

Sf(x)=log, {log; (Jc2 —8x+23)~ ———3 -
e sin x|
_ log, |sinx|

contains which of the following interval / intervals.

3 o (x2)
)

c. (37; d None of these

2
=28
2
9‘\23. Let f{x) = sgn(cot 'x) + tan (%{x_])., where [x] is the
' greatest integer function less than or equal to x. Then
which of the following alternatives is/are true?

a, f|(x) is many one but not even function

h f(x) is periodic function

c. fx) is bounded function

d Graph of f{x) remains above the x-axis

Each question has four choices a, b, c and d,__out-pf which on{v
one is correct. Each question contains STATEMENT 1 and
STATEMENT 2. - '

a. if both the statements.afe TRUE and STATEMENT 2 is
the correct explanation of STATEMENT 1.~
if both the statements are TRUE but STATEMENT 2 is
NOT the correct explanation of STATEMENT 1.
if STATEMENT 1 is TRUE and STATEMENT 2 is FALSE.
if STATEMENT 1 is FALSE and STATEMENT 2 is TRUE.

. Statement 1: f(x) =log x cannot be expressed as a sum of
odd and even function. -
Statement 2: f(x) = log,x is neither odd nor even function.

. Statement 1: If g(x) =f() - LI fG) + f(1 -x) =2V
x € R, then g(x) is symmetrical about the point (1/2, 0).
Statement 2: If gla—x)=—g(a+x) ¥ x € R, then g(x)is
symmetrical about the point (&, 0).

h 5“’"“0"

b.

5

| \93. Consider the function satisfying the relation
. [ 2tanx ) (1+ cos2x)(sec’ x +2 tan x)
itf| g |= .
' 1+tan” x 2

Statement 1: Range of y=f(x) isR.

Céatammant ¥+ T insar finction hac rance R ifdomain is R,

LoV

\4/(()/nsider the function if f(x) = sin(kx) + {x}, where {x

Functions 1.49

}
represents the fractional part function. ’
Statement 1: f(x) is periodic for k= maz W
rational number.
Statement 2: The sum of two periodic functions is always
periadic.

fatement 1: Function f(x)=
function.
Statement 2: The sum of two non-periodic function i
always non-periodic.

here m 1s a

x* +tan " 'x is a non-periodic

S«

6. Statement1: Ifx ¢ [1, v/3 ], then the range of f{x) = tan™'x

7. Statement1:/: N =R, f(x)=s

1O 8-

is [7r/4, 7/3). g o
Statement 2; If x € [a, b], then the range of (x) is [f(a),
SO : :

in x is a one-one function.
Statement 2: The periodof sinxis 277and 27is an jrrational
number. -

Statement 1A continuous surjective function f: R = R,
f(x) can never be a periodic function.

Statement 2: Forasurjective function f: R = R, f(x) to be
periodi€, it: should necessarily be a discontinuous
function. ;

[_—J 9. Statement 1: The solution of eqliation |Ix? - 5x+4|—|2x~

[_110

T M

[

13

y 3]_|=|x2—3x+11isxe (—m,l]u[—%, 4].

Statement 2: If | x +y|=|x|+|y/|, thenx.y 20.
. Consider f and g be real-valued functions such that
f+y)+fx-»)=2().g®) V x,y€ R.
Statement 1: If‘f(x) is not identically zero and | S <
1V xe R, thenlg®)|<1VyeR. )
Statement 2: For.any two real numbers x and y, lx+y|<
x|+l
Statement 1: f(x) = cos(x’
function. ;
Statement 2: x* — tanx is a non-periodic function.
. Statement 1: The period.of function f(x) = sin{x} is 1,
where {.} represents fractional part function.
Statement 2: g(x) = {x} has period 1.
. Statement 1: If f 'R — R, y = f(x) is periodic and
continuous function, then y = f(x) cannot be onto.
Statement 2: A continuous periodic function is bounded.

]

— tanx) is a non-periodic

!_[14. Consider the functions f(x) =log x a and g(x)=2x +3.

115

[O17

Statement 1: f(g(x)) is a one-one function.

Statement 2: g(x) is a one-one function.
. Consider the functions f: R = R, f(x)=

g(x)=3x+4.

Statement 1: (g(x)) is an onto an function.

Statement 2: g(x) is an onto function.

¥ andg:R—-R,

6. Statement 1: f(x) = sin x and g(x) = cos x are identical

functions.
Statement 2: Both the functions have the same domain
and range.

. Statement 1: The period of f(x)=sinx is 27z=> the period
of g(x)=|sinx| is 7. :
Statement 2: The period of f(x)= cos x is 27 => the period
nf ol =lcos xl is 7. '
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\ 18. Statement 1: f(x) = \{axz + bx + ¢ has a range [0, =) if
Vo g dac>0.-
Statement 2: ax? + bx + ¢ = 0 has real roots if b* — 4ac=0.
Statement 1: If f(x) = cos x and g(x) = X, then f(g(x))
is an even function.
Statement 2: If /(g(x)) isan even function, then both f.{x)
and g(x) must be even function.
Statement 1: The graph of y = sec’x is symmetrical about
| y-axis.
Statement 2: The graph of y = tan x is symmetrical about
origin.

19.

©20.

AV

Linked Comprehension (SEEESEEEEEE
Type e
Based upon each paragraph, three multiple choice questions
have to be answered. Each question has four choices a, b, cand d,
out of which only one is correct. - , 1

A
For Problems 1-3
Consider the functions

x+1 x<1 . X, -1£x<2
f&= {2x+1 Legn B { ¥2, 25x<43
1. The domain of the function f (g(x)) is
a [0,2] b[-1,21
c [—l,ﬁ] d. None of these .
2. The range of the function f(g(x)) is
a. [1,5] b [2,3]

¢ [1,2]1u(3,5] d None of these
* 3. The number of roots of the equation f(g(x)) =2 is

al b 2
c. 4 d None of these VD
- For Problems 4-6 '

7 C'onsider the function f(x) satisfying the identity fG)+ f (x_—_l] X
. : X0 i

=1+x,V x& R-{0,1} and g(x) 32f() —xhl.-
4. The domain of y = Jg(x) is

-
\ "2 ,

2
e
~1-+5

)5

2 2
d None of these

5, The range of y=g(x) is
a. (~oo,5] b. [1,00)
€. (oo, 1]U[S5,29) d None of these

6. The number of roots of the equation g(x) =1is ~ *.d
a2 b1 &3 do

—00

C.

For Problems 7-9
Letf: N —>Rbea function satisfying the following conditions,

S)= 1/2and f(1)+2,f(2)+3, f3)+ - +nf(n)= n(n-t- 1),
f(n)forn22.
7. The value of f(1003)= %, where K equals g ¢
a. 1003 b 2003 ¢. 2005 _ d 2006
1
8. The value of f(999) is = where K equals
a. 99 b 1000 c. 1998 d 2000
9. 7(1), f(2), f(3), f(4), ... represents a series of
a an AP * h aGP
¢. aHP d An arithmetico-geometric
For Problems 10-12 -

If (f(x))* % f[ ] 64z, Vxe thhen

/3
hx“ﬂ l‘x
Al+x
/3 )
dx[l+x] e
J 1-x - T

\10. f(x)is equal'.to

a 4x*? T4e¥ i
L=

onll x|
1+x

11. The domain of f(x) is

2 0,20) - {1}
€. (—o0,0) d None of these
12. The value of f(9/7)is
a 8(7/9)° b 409
c. —8(9/7y" d None of these
For Problems 13-15
=172 715550 L g(s)= sinx. Consider the functions
X)= an x) = sin x. Consider tne 10]
7 x> ,0<sx<1 .

Iy (x)=/(lg(x)]) and hy(x) =S (€G)I

13. Which of the following is not true about &,(x) ?
a. Itis periodic function with period 70
b Rangeis[0,1]
¢. Domainis R
d None of these .

14. Which of the following is not true about /,(x) ?
a. Domainis R
b. It periodic function with period 270 _
¢. Rangeis[0,1] B
d None of these

15. For hy(x) and h,(x) are identical function, then which of

the following is not true ?

a. Domain of & (x) and h,(x), x € [2n7 (2n+ 1)7);n €z’
h Range of & (x) and h,(x) is [0, 1]
c. Period of 1,(x) and h,(x) is 7
d None of these
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P¥or Problems 16-18 : ' 24, Ifa=2and b= 3, then the range of g( f (x)) is |
If ay=x, a,, = fla,), where n =0, 1, 2, ..., then answer the a. (-2,8] b. (0, 8] ?5'
following questions. - c. [4, 8] d. [-1, 8] ;

16. 1679~ wa=x"),x>0,m>2,me N.Then { ForProblems25-27

Let f: R —.R is a function satisfying f(2—-x)= f(2 + x) and
S (20 -x)= f(x),V x € R. For this function f, answer the
following.
25. If f(0)=>5, then the minimum possible number of values of
x satisfying f(x)=35, forxe [0,170],is

a a =x,n=2k+ 1, where kis integer

b a = f(x) if n =2k, where k is integer

¢. Inverse of a_ exists for any value of n and m
d None of these '

1 ’ .
17. If f(x)=— = then which of the following is not true? a. 21 . b. 12
: 1- : c. 11 - d. 22
2= L n=3k+1 26. The graph of y = f(x) is not symmetrial about
"o 1=x _ a. symmetrical aboutx =2
"ox—1 b symmetrical aboutx= 10
bhas== e ifn=3k+2 ¢. symmetrical about x =8
¢ a=xifn=3k . d. None of these
d. None of these 27. 1f /(2) # f(6), then the ‘
18. If f:R— Rbegivenby f(x)=3 +4xanda, =4 + Bx, then a. fundamental period of f(x)is 1 ¥
which of the following is not true? b. fundamental period of f(x) may be 1 ’
a A+B+1=2"" ‘b |A-B|=1 ¢. period.of f(x)cannot be 1
_ 4 d. fundamental period of f(x)is 8’
& ,-!I—E?-E :_F'" . d None of these anr Problems 28-30 .
—2<x<+1
For Problems 19-21 .Consider two functions f (x) = { (> - =¥ and
Let S@)=f)-2f, (), - |x|+], -l<x<2
. : —r<x<0
“where  f()= {Imn &% 1x1}, |xil g() ={ [.x]’ ; 0‘1 x<< , where [.] denotes the greatest integer
iy i . sin x, i S
max {x*, | x[}, |xp1 : function. ; .
and fo)= min {x |xi}s |xP1 28. The exhaustive domain of g(f (x)) is 2, '
max {x, |x[}, |x[£1 ' a. [0, 2] _ b. [-2,0]
. . - . [-2,2] d. [-1,2]
. 1—3<t1< -3
and 8= {mm R S x, S q} 29. The range of g( f(x)) is
. ' max {f(r):0<t<x, 0s%=3}. - a. [sin3, sinl] b. [sin3, 1] U {~2,— 1,0}
19. For-3 <x<-1, therange of g(x) is ‘ e [sinl,1JU {~2,—-1} 4. [sinl, 1]
a [~1,3] h=1,=15] ‘ : 30. The number of integral points in the range of g (f(x)) is
, ¢ [-1,9] d None of these a2 b. 4 .
20. Forxe (~1,0), f(x)+g(¥)is ¢.3 d.5

a x2-2x+1 hS 2x—1
e xt+2x+1 d x?=2x-1 B Matrix-Match: Type Sa!uhons on page 1. 79

21. The graph of y = g(x) in its domain is broken at Each question contains statements given in two columns which.

& pamt b 2 points have to be matched. )

¢. 3 points - ~ @ None of these Statements a, b, ¢, d in column I have to be matched with
For Problems 22-24 statements p, q, r, s in column IL If the correct match is a-p,

D g T a-s, b-q, b-r, ¢-p, c-q and d-s, then the correctly bubbled
Let Jx)= { 3 ’ - ~ . 4x4matrix should be as follows:
. bx® + 3, seaa=1
P q@ T s
ma - {31 O5rE (OO
— 3= 2 — Qi)

- 22. g(f(x))isnot defined if b @ f @

a ae (10,00),b€ (5,0) b ae (4,10),be (5,) @@

c. ac (10,0),5€(0,1) d ae (4 10).be (L5) ¢ q
2 a=1,b>5 hoa=2,b>7 | OO ®

23. Ifthe domain of g( f(x))is [-1, 4], then
¢ a=2,b>10 da=0,be R
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1. The function f(x) is defined on the interval [0, 1}.
0 Then match the following columns

-

5. Let f:R—> Randg:R—>Rbe functions such that f(g(x)) is a one-one function.

~J

n is an odd integer -

p odd function

Column I: Function Column IT: Domain
a. f(tanx) p |:2mr—%,2i‘uf+%:|,nez
: . n B i
b f(sinx) G [Znn:, 2nm +E]u[2mr +—6—, (Zn +1)::_], r_:-e__z
c. f(cos x) r. [2n7, @n+1)7],n ez
. T .
d f(2sinx) s. [m:, nw+ Z]’ nezZ H
Column I: Function _ Column I1: Type of function
& £ = {(sgn )} x 0,

-1.2

| h.f(x)=%e;x—+§-+.l..

g even ﬁ_mr_;tion

iy

1

el

0, Ifxisrational - L . S
e o r. neither odd nor even furiction
If x is irrational : L

d. f(x)= max{tan x, cot x}

s. periodic

. 4'-3/

Column I: Functions

‘inany optmn of the colum [ are identic

t '.a.f(x)— tan (12 ) glx)= 2tan oS R x€ {_'1,_.1'_}_._. ;
b f(x)= sin~'(sin x) and g(x) = s;n(sm x) qxe[-1, 11 :
¢ f(x)= log » 25 and g(x) =log,5 r.xe(-1,1)
d f(x)=sec” lx + cosec™'x, g(x)=sin= x+ cos™'x. s.x€ (0, .1')_ et

Column I

W [%HJ and (x) = cot~! (2~ 32— 3), then f(x) s

b f: R— Rand f(x)=e" singx wherep,q € R, then f(x)is

q into’

c. f:R* >[4, 0] and f(x)=4+3x% then f(x)is’ _

T, many—one

d f: X— Xand f(f(x))=xV x € X, then f(x) is

= _S onto g

. ColumnI ColummnII
a. Then g(x) p must be one-one
b Then f(x) G may not be one-one

c. Ifg(x) is onto then f(x)

r. may be many-one

d. If g(x) is into then f(x)

. s. must be many-one
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6. ColumnI: Function'

" a f(x)=cos (sinx|~|cosx])-

|, Columa T Period _
P mR '

g

U Thef )= cos(tzmx+ otx) cos(tanx cotx}
c. f(x) sin’ l(smx)+ ' :

& f@smysnae | o [ s

7. {.} denotes the fractional part function and [] denotes the greatest integer function:

Integer Type

U 1£Letf be a real-valued mvernble functlon such that

3
f[Zx ) =5x—-2, x#2. Then the value of /' (13) is

x-2
- 2. Number of values of x for which ||1 x* —x+4] _—2 I-3|

=x’+x-12is
3. Letf(x)=3x"~Tx+c, where ‘¢’ isa variable coefficient and

7
x> 7 Then the value of [¢] such that f(x) touches /™~ 1)

is (where [ - ] represents greatest integer function)
9P\4. Number of integral values of x for which

T
(2“”‘_' *~ 4J(x —4)(x—10)
~(x=1!
5. Letf: R" — Rbea function which satisfies f{x) - f{y) = f(xy)

<0is

<

1
+2[ +— +11 forx, y> 0, then possible value of f(1/2) is

L { 6. A continuous function f{x) on R = R satisfies the relation
)+ f2x+y)+5xy=f(3x~y)+ 2 +1for Vx,y€ R,then
the value of | f(4)] is of
A7. Leta>2beaconstant. If there are just 18 posmve integers
‘satisfying the inequality (x— @) (x —2a) (x— @ ) <0, then

the value of a is
L! 8., Number of mtcgcrs in the domain of function, satlsfymg

£

+1-
, 15

SO+ ==

Y.k R—->Rf(x"+x+3)+:>.f(x2 3x+5)=6x"—10x+17V
x € R, then the value of f(5) is
10. If f(x) is an odd function and f(1) = 3, and f(x + 2) =f(x)
+£(2), then the value of f(3) is '
P\l 1. Letf: R — R be a continuous onto function satisfymg fx)

+f(-x)=0,VxeR. ;
If f(-3)=2and f(5)=4in [~ 5, 5], then the minimum’

number of roots of the equation f(x) = 01is.
12. Number of integral values of x for which the ﬁmcnorh

Jsin x + cos x +4/7x —x* —6 is definedis ’.,
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\ 13. Suppose that fis an even, periodic function with period 2,
and that f(x) = x for all x in the interval [0, 1]. The value of
[10 f(3.14)] is (where [-] represents the greatest integer
function)

u 14. Iffx)= \/4 —x* +4/x* 1, then the maximum value of
(S@)is

x+1
15. The function f(x)= — 7 can be written as the sum of an
% :

even function g(x) and an odd function A(x). Then the
value of |g(0) | is |
U 16. If Tis the period of the function f(x) = [8x + 7] + |tan 27mx +
cot 2mx| — 8x (where [-] denotes the greatest integer
function), then the value of 1/T is
17. If a, b and c are non-zero rational numbers, then the sum of
LBl el

all the possible values of lal
a

An even polynomial function- f(x) satisﬁes a relation

S(2x) (1 =¥ [%D +f(16xX%) =f(-2)-f(4n) V x,ye R

—{0} and f(4)=-255, f{0) = 1, then the value of |( f(2)+ 1-):‘ 2|
is

19. If flx) = sin® x + sin® [x+%]+cosxcos (x+§}

9 P'\ls.

¢

g i
and g(z) =1 then (gof)(x) is
20. LetE={l,2,3,4} and F= {1, 2}. If N is number of onto
functions from E to F, then the value of N/2 is '
D 21. The function f'is continuous and has the property f( f(x))
= 1 —x, then the value of f(%)+ f[%) is
22. ﬁumber of integral values of x satisfying the inequality

[3 ]6x+ 10-x* 27
iy s
4 64

23. A function ffrom integers to integers is defined as f(x) =
n+3, neodd 3
n/2, neeven

A%

. Suppose’k & odd and f(f(f(k))) = 57,

. then the sum of digits of k is
24. If @ be the fundamental period of function f(x) = sin”x +

) 2r . 4 .
smgrg (x + T} +sin” (x + ?) , then complex number z

=|z|(cos 8+ isin 6) lies in the quadrant number.

25, Ifx= g— satisfy the equation log, P-x+2)> log, (-2 +

2x + 3), then sum of all possible distinct valués of [x] is
(where [-] represnts greatest integer function) :

\ )26, 164%- 2*2+ 5+ ||b— 1]-3]=|sinyl, x, », b € R, then the
possible value of b is

A 27, Iff: N> N, and x, > x; = f(x,) > f(x;), V x;,x,€ Nand

J(f()=3n, ¥V ne N, thenf(2)=
\28. Number of integral values of a for which f{x) = log (log] 3

(log, (sin x + a))) be defined for every real value of x

. 1. 4
\} 29. Let f(x) = sin”x - cos™x and g(x) = 1 + 5 tan™ |x|, then

the number of values of x in interval [-10r, 87] sat:sfymg
the equation f(x) = sgn(g(x)) is

u30. Suppose that f(x) is a function of the form f{x)
b v+ +15x+]
- X
the value of |f(=5))/4 s

(x#0).If f{5)=2,then

Subjective
2
1. Find the domain and range of the function f(x)= T+ 2
Is the function one-to-one? (IT-JEE, 1978)
2. Draw the graph ofy—|x]m for-1<x<1
(IIT-JEE, 1978)
3. If f(x) =2 — 68 =267 F12x5 + x* —7x>+ 6x* +x~3, find
J16). (I'T-JEE, 1979)

t 4. Letfbe a one-ene function with domain {x, y, z} and range
{1, 2, 3.1t is given that exactly one of the following
staternents 1§ frue and the remammg two are false f(x)=1,

f(y)# 1l f(z) #2 determine £~ (1).
(OIT-JEE, 1982)

\>S. Fmd the natural number a for which Z fla+ k).
g k=1
=16(2" - 1), where the function f satisfies the relation
f(x+y)=f(x) f() for all natural numbers x, y and further

F()=2. (IT-JEE, 1992)
6. Let {x} and [x] denote the fractional and integral part of a
real number x, respectively. Solve 4 {x} =x+[x].
(OT-JEE, 1992)
, _ ox® +6x-8
u‘?. A function f: R — R is defined by f(x) = ———*—a YL
Find the interval of values of & for which fis onto. Is the
function one-to-one for o= 37 Justify your answer. &

(ITT-JEE, 1996)
Objective
Fill in the blanks

- : r’ 3 . ;
1. The values of f(x)=3 sin s x* | lie in the mterv_al.__,

(IIT-JEE, 1983)

’ 2
: g .
2. The domain of the function f(x) = sin : [log2 —2—] 18

givenby . (OT-JEE, 1984)
ul Let 4 be a set of n distinct elements. Then the total number
of distinct functions from 4 to 4 is and out of

these (IT-JEE, 1985)

_are onto functions.

_ 2
4. If f(x)=sin loge[ ":‘ = ] then the domain of /(x) i
 (UT-JEE,1985)

and its range is




0 5. There are exactly two distinct linear functions,
and which map [- 1, 1]Jonto [0, 2].

\ 6. Iffisan even function defined on the interval (-3, 5), then

four real values of x satisfying the equation f(x) =

x+1
d
f[x+2]are , an

(T-JEE, 1985)

@?. If f(x) = sin® x + sin’ [x + g) + cos x cos[x + %) and
o Pt

N (s
g [z] =1, then (gof)(x) =

v

True or false
1. If £(x)=(a —¥")"" where a> 0 and n is a positive integer,

x-2
8. The domain of the function f{x) = sin™ (1 8_(3;)2&—1) ) o

(IIT-JEE, 2011)

then f[f(x)]=x. (IIT-JEE, 1983)
- x% +4x +30
2. The function f(x)= x2—+i+— is not onto. -
x“ —8x+18
(OIT-JEE, 1983)

3. If f;(x) and f,(x) are defined on the domain D, and D,
respectively, then f,(x) + f; (x) is defined on D, U D,.

' (IIT-JEE, 1988)

Multiple choice questions with one correct answer

1. Let R be the set of real numbers. If f : R — Ris a function
defined by f(x) =2, then fis

a. Injective but not surjective

b Surjective but not injective

c. Bijective \ - ol

d None of these (IIT-JEE, 1979)

2. The entire graph of the equation y = %tk —x+9is

strictly above the x-axis if and onlyif

a k<7 h -5<k<7
c. k>-5 d None of these
\ (IT-JEE, 1979)

Let f(x)=|x - 1]. Then
a f()=(f(®))
d None of these

c. f(xD=lfG)
,_ (UT-JEE, 1983)
4. Ifx satisfies x— 1| + [x— 2| + |x~3| 2 6, then
a 0<x<4 h x<-2orxz4
c. x<0orxz4 d None of these

| (UT-JEE, 1983)
5. 1f £ () =cos (log ), then £ () /() - 12 [f [i) +f (XJ')]

has the value
a—1
c. -2

L\S.

b f(x+y)=f®)+f0)

h 12
d None of these

(OT-JEE, 1983)
6. The domain of definition of the function

y —~1——+Jx—+—i=

- log)o (1‘ x)

(UT-JEE, 1996)
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a. (-3,-2)excluding—2.5 b [0, 1] excluding 0.5
c. [-2,1)excluding 0 d None of these
(IT-JEE, 1983)
\7- Which of the following functions is periodic?
a. f(x)=x—[x] where [x] denotes the largest integer less
than or equal to the real number x

b f[x):sin%forxiO,f(O)-—-ﬂ

¢. f(x)=xcosx

d. None of these (IT-JEE, 1983)

8. If the function f: [1, o) — [1, =) is defined by f(x)
=22¢-D then £ (x) is

fiyec! B
a [5) h 5(1 + T+4 Tog, x)
c. % (1 - |1+ 4log, x) & Not defined

' (OT-JEE, 1992)
u 9. Let f(x) = sin x and g(x)'= log,|x|. If the ranges of the
composition funiction fog and gof are R, and R,,
respectively, then
a R =fu=1<u<l},R,= {vi—oo<v<0}
b, jR1'='{u:FW<u<O},R2= {vi—oo<y<0}
¢ Ry={u:—1<u<1},R,= {v:—e0<v<0}
AR ={u:—-15us1},R,= {y:—oo<v <0}
(UT-JEE, 1994)
if 10 Let f(x)=(x+1)>—1,x2—1. Then the set
1 f)=/" ()} is
{ 3+i3 —3—:\/3}
a 40,—1, .

Py

2 2
b {0,1,-1}
e. {0,-1}
d empty (I T-JEE,1995)
U 11. Let f(x) be defined for all x > 0 and be continuous. Let

Sx)satisfy f (f;] = f(x) - f(y) forallx,yand fle)=1.Then

a. f(x) is bounded b f[%)—aOasx—)O
c.x f(x)>1lasx—0 d f(x)=logx
(IIT-JEE, 1995)

\5) 12. The domain of definition of the function f(x) givenby t}_l_é
equation 2*+27=21s '

a 0<x<] h 0<x<1
c. —0o<x<0 d —e<x<l
(IIT-JEE, 2000)
-1, x<0
U 13. Letg(x)=1+x—[x]and f(x)=40,x=0 . Then for all x,
Lx>0
f(g(x)) is equal to (where [-] represents greatest integer
function) .
a x b1 _
e f(x) d g(x) (OT-JEE, 2001)
1
ol4. If f:[1,00)—[2,0)is given by f(x)=x* = then
/7! (x) equals (IXT-JEE, 2001)
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( 2
N (x+ X —4) . ¢
2 1+x? i
)

e d 1+x* -4

log, (x +3) |
T

[

15. The domain of definition of f(x) = 3
X +3x+2
aR-{-1,-2} h (~2,)
¢ R-{-1,-2,-3} d (-3,00)={-1,-2}
(I'T-JEE, 2001)
\:\ 16. LetE {1,2,3,4} and F= {1, 2}. Then the number of onto
functions from E to F'is
a 14 h 16 12 d8
(OT-JEE, 2001)
17. Let f(x)= x?l »X #— 1. Then for what value of o is
SF@)=x? -
a 2 b -2
e 1 d -1 (IT-JEE, 2001)
18. Suppose f(x)= (x+ 1)* for x >— 1. If g(x) is the function

whose graph is the reflection of the graph of f(x) with
respect to the line y = x, then g(x) equals

a —x~1,x>0 WP NN,

(x +1)°
d Vx-1,x>0
(IIT-JEE, 2002)

C Jx+1, x=2-1

\919.

€ R, then fis
a. one-to-one and onto
b. one to one but NOT onto
¢. onto but NOT one-to-one
d neither one-to-one nor onto

(TIEE, 2002)
20. I£ £:[0, ) = [0, o), and f (x) = i_::'}' then Fis

a. one-one and onto
c. onto but not one-one

h one-one but not onto
d neither one-one nor onto

(IIT-JEE, 2003)
. The domain of definition of the function

f&)= ‘/sin"l (2x) +g~

for real-valued x is

[ 11
B |——y—
- 4’2
11
B | ==y
2’9

’ (IIT-JEE, 2003)
%
22. The range of the function f(x) = x_Lr“-l_-_Z »X€ER, Is
g e
a (1,%) b (1,11/7) %
c. (1,73] d (1,7/5) (UT-JEE,2003)

Let function /- R—éRbedeﬂnedbyf(x) 2x+sinx forx"

23. If f(x)=sinx+cosx,g(x)=x*—1, then g(f(x)) is inver:i};l(':
in the domain

T
P ) d [0,
c. |: 5 2] [0, 7]
If the functions f(x) and g(x) are defined on R — R such

that fi(x) = {

(IIT-JEE, 2004)

024.

0, x € rational A,

: ]
X, x € irrational . Bl
0, x € irmational

and g(x) = { ;

SO then (f- ) () is
X, x & rational
h. neither one-one nor onte
d onto but not one-one
(ITT-JEE, 2005)
Xand Yaretwosetsand [ XSYIf{f(c)=y;ccX,
ycY}and f(d)= x,dcl’xc:X} then the true statement

is

a. one-one and onto
¢. one-one but not onto

D 25.

a f(/7(b)=b b fY(f(a)=a
c f(f'®)=bbey d f'(f(a)=aacx
(IIT-JEE, 2005)
Multiple choice questions with one or more than one correct
answer
1. Ify = fifx) = then
ax=f{y)
b f(1)=3

¢. y increases with x forx < 1

d. fis a rational function of x (IT-JEE, 1984)
Let g(x) be a function defined on [- 1, 1]. If the area of the
equilateral triangle with two of its vertices at (0, 0) and

(x, g(x)) is +/3/4 then the function g(x) is
a g(x)=+41-x b g(x)=41- %

fsi® d gx)=

uZ.

14 x*

(IT-JEE, 1989)
3. If f(x)=cos[n?]x+cos [~ 1{3]5, where [x] stands for the
greatest integer function, then

a. f[%} =—1 b f(m)=1

a f(g]-zl

(IT-JEE, 1991)

c. é(x]=—

e f(=m)=0

4. If f(x)=3x-5,then /' (x)

1
a. 1is given by s

.. +5
h is given by xT

c. does not exist because f is not one-one
d. does not exist because f is not onto

(OT-JEE, 1998)I



\9 5. Ifg(f(x)) =lsinx| and f(g(x)) = (sin vx)?, then
a. f(x)=sin’x, g(r) = Vx
b f(x)=sinx, g(x)=|x|

¢ f(x)=x% g(x)=sin /x
d f and g cannot be determined

Match the following type

This question contains statements given in two columns which
have to be matched. Statements a, b, ¢, d in Column I have to be
matched with statements p, g, r, s in Column II. The answers to
these questions have to be appropriately bubbled as illustrated in
the following example. If the correct match is a—p, a-s,
b—q, b-r, c—q and d-s, then the correctly bubbled 4 x 4 matrix
should be as follows:

Subjective Type

1. a x+|y|=2 '
Ify=0,wehavex+y=2y=y=x
= y=x,x20

Ify<0 x-y=2y=>y=§
x
=y y= - s )
773
E, x<0
= y=13 DIER'
x, x=20
b. & —e?=2x

= ¥—2xe’—1=0 (Multiplying by e”)

I )
=, e}':..z.x__—:x_-l_-i =x+ \’xz-f.]_
= e’=x+Yx’+1 (as ¥x’+1 >x, then

x— x% +1 <0, which is not pdssible)

= Y= In(x+yx +1)
Df=R
c. 10+10=10
= 10¥=10-10*
= y=log, (10-10?)
Fordomain 10-10°>0= 10"<10=x<1
= DIE(—M,I)

b
dx?—sinty= =
4 2

= smlv=22_

(IT-JEE, 1998)

ANSWERS AND SOLUTIONS

p q@ r s

a p gq r s
b p q r s
c p q r s
d p g r s
1. Let /) 2 _6x+5
x——

2 -5x+6

Match of expressions/statements in
expressions/statements in Column If

Column]
a. If-1<x<], then f(x) satisfies
h If1 <x<2, then f(x) satisfies
¢. If3<x<S$,then f(x)satisfies
d Ifx>5, then f(x) satisfies

Functions 1.57

Column I with

Column II
p0<f()<I
¢ f(x)<0
r. f(x)>0
s. fx)<1
(OT-JEE, 2007)

= y=sin(x*-mw2)
_DJ,E R

2. g(x)= _,[x —2k,V 2k<x<2(k+1), where k €, integer

\fx+2,—25x¢:0
J;, 0<sx<?2

x—2,2<x<4

x—4,4<x<6

= gx)=1

= g is periodic with period = 2
y

s sz;
y=x-2
y=.x+2 y=x-4
’(- . - 4 — X
-2 o 2 4
y .
Fig. 1.92
3. Given f()=x*—2x=(x~-1)*-1
= gW)=fUf)-D+ f(5-fx)
=f[x-1)*-2]+ f[6—(x~1)’]
=[x=-12-2-1P-1+[6-(x-1) -1 -1

=@x-1)"-6(x-1)*+9-1+ (x-1)*

10 =12 4+25 1
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=2(x—1)*-16 (x-1)*+32
=2[(x—1)*-8(x-1)*+16]
- =2[(x-1)*-4*=0VxeR
4. Lt_attwoIi.nearﬁmctionsbef{x)=ax+bandg(x)=cx+d
They map [-1, 1] — [0, 2] and mapping is onto
= f(-1)=0andf(1)=2andg(-1)=2and g(1)=0
= —ag+b=0anda+b=2 1)
and—c+d=2andc+d=0 V)]
= a=b=landc=-1,d=1
= f()=x+landg(x)=-x+1

oox+l 1
= k(x)% Tox = h(h(x))=

h(h(1/x))=x
| A(h(x)) + h(h(1/x))| =[x + 1/x|>2.

I

x2—4x+3, x<3

> Jey= { x—4 x23

x?—4x+3, x<3
= f)=1 x-4, 3<x<4 )]
x—4, xz24

- x-3, x<4
- |

x2+2x+2, x24
%3, x<3

= gx)= {x-3, 3<x<4 )
X 4+2x+2, x24

‘From (1) and (2), we have

(x*-4x+3 .
— I<3
x-3
e e
&Z* =k 3<x<4
g(x) x-3
—4
. = By
Lx“ +2x+2

Clearly, f(x) / g(x) is not defined at x =3, hence the domain
is R— {3}.
6. Given f(x) =log,logsloglogs(sinx +a”)
f(x) is defined only if logslog,logs(sinx +a?)>0,Yxe R
log og(sinx +a®)>1,Vx € R
logs(sinx +a*) >4,V x € R
(sinx +a®) >5% Vxe R
a*>625—sinx, Vxe R
a* must be greater than maximum value of 625 —sinx
which is 626 (when sinx =-1)
a* > 626

(| VA

{

5

= ae (-=—626)u(V626, oo) f*

7. By remainder theorem, P (a)=a, P(b)=band Ple)=c;
Let the required remainder be R(x), then P(x) = (x — @)
(x—b) (x—c) O (x) + R (x) , where R(x) is a polynomial of
degree at most 2. '
We get R(a)=a, R(b)=band R(c)=c.

So, the equation R(x) — x = 0 has three roots a, b and c.
But its degree is at most 2, So, R(x) — x must be zero
polynomial (or identity). Hence, R(x) = x.

The equationxz.-i- y’ =25 represents a circle with centre (0,

0) and radius 5 and the equation - y= _‘;_ L2 represents a

parabela with vertex (0, 0). Hence, R N K’ is the set of
points indicated in the figure = {(x,y): -3 <x<3,0<y<5}.
Thus, the domain R N R’ = [-3, 3] and the range R N R
=10, 5).

9. Puty= LE

x ;i
= 2e5@ s(H) -0 (30O
Nowputx=1
= 2+ (1)’ =3/(1)
= f(l)=1or2 ;
But f(1) # 1, otherwise from the given relation 2 + f(x)
= @) +f(D)+f(x)orf(x)=1, which is not possible as
given thatf(2)=5. '
Hence, (1) = 2.

= From (1), we have f(x) f[%) =f(x) + f[i}
= fe)=4x"+1

= f(Q)=42"+1=5

= 2"=4=n=2

= f)=F+1

= fif@)=/(5=26

10. f@)=f+x-§)

=fb-{x—
=f(2b-x)
=fla+@2b—x—a))
=fla-(2b—x-a))
=f(2a-2b+x)
Hence, f(x) is periodic with period 2a—2b.



11. Givenf(xf(y))=x"5"

{f(x f(y))}”P

5 0

= x=

4

Lt ¥()=1=x=  then from (1)

A
()
I
{r@}”

1
)= ———
44 {raye
= f(h=1

L= fO)=y" ' ®
~ Now, f(xy' 9Py = xP 1. Put y¥P = 7, we get

fe2)= (2’

=  fe)=x ‘ &)

12.

13, fla+x)=b+[1+5° =36 f(x)+3b {f ()}

14.

From (2) and 3) ¥ =x?? = p*=¢.

fe=1D)+fx+1)=31() 6))
Putting x + 2 for x in relation (1) we get f{x + D+fx+3)=
V3 fx+2) @
From (1) and (2), we get

SE=1)+2f(xc+ 1)+ (x+3)= V3 (f() +/(x+2))

=3 (\/5 flx +l))
=3f(x+1)
= fe-D+fx+3)=fx+]) @
Putting x + 2 for x in relation (3), we get
S+ +fx+5)=f(x+3) @
Adding (3)and (4) in f(x—1)=—f(x+5)
Now, putx+1 forx, f(x)=-f(x+6) 3 &)

Put x + 6 in place of x in (5), we get f(x +6)==f(x+12)
. from (5) again, f(x) =~ [-f(x *12)] =f(x +12)
. the period of f(x)is 12, '
- {f@r1”
=b+[1+ {b—f(x)}*1"
= fla+x)-b=[1-{f(x)-b}’1""
= pa+x)=[1-{p"" 6}
where ¢ (x)=f(x)— b
= ¢QRa+x)=[1-{ o(x+a)}’1"”*=¢(x) from (1)
= fx+2a)-b=f(x)-b
= fx+2a)=f(x)
. f(x)is periodic with period 2a.
SG6p)= f@x+2y,2y-2x)
(Replacing x by 2x + 2y and y by 2y — 2x)
= f2(2x+2y)+2(2y—2),
2(2y—2x)~2(2x +2y))
S0,9)= £(8x,~8y)=f(8(~8x),~-8(8))
= f(~64x,~64y)
= f(—64 (—64x), 649(-64y)) =2 x,2"*y)
10, 0)= £(2"%x,0) :

15.

16.

17.
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f2,0=122.2,00=£(2"",0)
= g0)=glr+12)

Hence, g(x) is periodic and its period is 12.

x—a
(x=b)x—c)
Now xisreal,=>D2>0 :
= [(b+c)y—1F—4y(bey—a)20, Vye R,

(as given that f(x) is an onto function)
= (b—c)y*-2Ab+c-2a)y+120,VyeR
D=0 :
4(b+c—2a) —4(b—c)’<0
(b+c-2a-b+c)Yb+c-R2a+tb-c)<0
(c—a)(b—a)<0
c<agandb=aorb>candc=aandb<a
c<a<b(ash>c)
ae (b,c) g
Letf(x)=ap+ayx+@g + - +ax", a;€ 1(i=0,1,2, ...,n)
Now, f(@)=ag* ajata,a®+ -

f(b)'=ag+alb+a2b2+ wetg b =c
f@®=atactadt - tac=a
(@1 (B)=(@-b)(a, b)=b—c, |
where f](a, b) is an integer

Similarly, (b—c)fj(b,c)=c—a
and (c—a)fi(c,a)=a—b
Multiplying all these, we get f1(a, b) (b, ¢) fi(c, a) =1
= filab)=fib.0=fica)=1

= ag-b=b-c,c—a=a-bandc-a=a-b

y= = 3P~ [(b+ e+ 1x+ bey+a=0

38848l

~+a,ad"=b

. = a=b=c which is a contradiction.

Hence, no such polynomial exists.

(x?,  -2<x<-1

1-x, -1<x<-1/4
Clearly, from graph g(x)= {3 +x, —%<x<0

1+x, 0<x<l

[xz; 1€x<2

L
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18. Givenf(x—fO) =N+ () +/(x)-1 ()]
Putting x =£(y) =0, then f(0) =£(0) + 0 +1(0) - 1
fO)=1 @

Again putting x =f(y) =Ain (1)
Then f(0)=f(A)+A*+f(A)-1
= 1=2f()+A-1
2- ,1,2 LA
2

{from (2)}

)=

2 ,
Hence, f(x)=1- x? is the unique function.

19. Since f(x)=(2 cosx—1) (2 cos 2x—1) (2 cos 2% —1) ..
(2cos 2" x-1)

(2cos x+1)}(2cosx—1)(2cos2x~1) X

" f)= (2cos22x-1)...(2c0s 2" x—1)
(2cosx+1)

(4cos’® x—1)(2cos 2x —1)(2cos 2*x=1)
_ ~(2c0s2"'x-1)
(2cosx +1)

(2cos2x +1)(2cos2x—1)(2cos 22x-1)
_ -(2c0s2" ' x~1)
(2cosx+1)

_@“ cos? 2x —1)(2c0s2%x—1)...(2c0s 2" x - 1)
(2cosx+1)

_ (2cos2*x+1)(2c0s2*x~1)...(2cos 271 x A1)
(2cosx+1)

Proceeding in similarly way

(2cos 2" x+1)(2c0s 2" x 1)
(2cosx+1)

J®)=

_ (4cos? 2" x=1) (2cos2"x+1)
(2cosx+1) (2cosx+1)

n+l .
2¢os = Job +1
A |
2(:05[ Ak )+l
P
2(:05[ Nk )+1
2" 41
2::05( ank )+1
2" +1

2k \

X

20. f(9)= a*i o

Objective Type ;

Lb. f:N—N,f(n)=2n+3.

2.b.

a™ _ a - \/;

R e e i g e
= @)=

1
o)

.
2

2n—-1 r
1 2  (n-1]
1Ry (%)

oz

—2[1+1+1+
=2n-1

++ (n-1) times] + 1

}orN—-{1,2,

Here, the range of the function s {5,6,7, ...
3,4}

which is a subset of N (co-domain).
Hence, function is into.

Also, it is clear that f(n) is one-one or injective.
Hence, f(n) is injective only.

. JG)= sin (log(x+\h+x2 ))
= f(-x)=sin[log(-x+ V1+x* )]

. W1+x2 +x)
= f(-=x)= smlog[(\}H-x2 —x)m]

1
ak, )—_- 1 l I SR
= f(=x)=sin ong+ 1+x2):l
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